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Abstract. Let Xg,X1,..., X4 be left invariant real vector fields on the homogeneous group G,
satisfying Hérmander’s condition on RV . Assume that X,..., X, ¢ are homogeneous of degree
one and X is homogeneous of degree two. In this paper we consider the following hypoelliptic

operator with drift
q

L= Z aij XiX; +aoXo,
i,j=1
where (a;;) is a g X g positive constant matrix and ag # 0, and obtain Global Holder estimates
for L on G by establishing several estimates of singular integrals.
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1. INTRODUCTION

Let G be a homogeneous group and Xy, X1,..., X, be left invariant real vector
fields on RV (g < N). Assume that X1, ..., X, are homogeneous of degree one and
Xy is homogeneous of degree two, satisfying Hormander’s condition

rank£(Xo, X1,....Xq)(x) = N,x € [RN,

where £(Xo, X1, ..., X4) denotes the Lie algebra generated by Xo, X1, ..., X4. In this
paper we are interested in the following hypoelliptic operator with drift

q
L= Z ainin +aoXo, (1.1)
i,j=1
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where ag # 0, (a;j)? . _ is a constant matrix satisfying

q
pTUER = Y aykily < plgl’ g € R (12)
i,j=1
for a constant pu > 0.

Many authors paid attention to the hypoelliptic operator. The outstanding result
in [8] points out that Hormander’s condition implies (actually, is equivalent to) the
hypoellipticity of L in (1.1). The existence of fundamental solutions for homogen-
eous hypoelliptic operators on nilpotent Lie groups was investigated by Folland in
[6]. Bramanti and Brandolini in [2] proved the uniqueness of homogeneous funda-
mental solutions for L. Let us note that L includes the classic Laplace operator and
parabolic operator on Euclidean spaces. Another special case of L is

q n
L= Z az‘ja,zcl.xj + Z bijxidx,; —0¢,
i,j=1 i,j=1

where (x,1) e R*T1, Xy = Zl'{j=1 bijxi0x; —0sand X; = 0y, i =1,2,....q ’(ai/')?.j=1
is a positive matrix in R, (b;;)is a constant matrix with a suitable upper triangular
structure. Note that L belongs to a class of Kolmogorov-Fokker-Planck ultrapara-
bolic operators. The operator L; appears in many research fields, for instance, in
stochastic processes and kinetic models (see [3—5]), and in mathematical finance the-
ory (see [, 12]). After the previous study on L in [9, 10], the authors of [7, 11, 13]
established an invariant Harnack inequality for the non-negative solution of L u =0
by applying the mean value formula. With the theory of singular integral, Polidoro
and Ragusa in [14] concluded some Morrey-type imbedding results and gave a local
Holder continuity of the solution.

The aim of the paper is to prove global Holder estimates on the homogeneous
group G for L by applying the properties of the fundamental solution for L and
several estimates of singular integrals on the homogeneous space . The method here
is inspired by that used in [14]. Our results reflect the relations between the Morrey
norms of Lu and Holder exponents for # and X;u,i = 1,2,...,q . In order to state
our main results, we first introduce the definition of Morrey space.

Definition 1. For p € (1,00),A € [0, Q), the Morrey space on homogeneous group
G is defined by
LPHG) = {g € L],.(G) : lIgllLrrc) < 00}

where

| 1/p
IIgIILM(G):( sup / 7Ig(y)lpdy) ,
r>0,xeGJB(x) T

B, (x) and Q will be given in (2.1) and (2.2), respectively. Here L?-%(G)=L”(G).
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The main results of this paper are as follows. For the case A # 0, we have

Theorem1. (1) If1<p <, Q—2p <A< Q—p, then there exists a
positive constant ¢ = c(p, A) such that for every u € C§°(G) and any x,z €

G, x#z,
|u(x) —u(z2)|

et ox|’

2p+A—0Q.
p b
Q) Ifl<p< %, 0 —p <A< Q, then there exists a positive constant ¢ =

c(p,A) such that for every u € C§°(G) and any x,z € G, x # z,
| Xiu(x) — Xiu(z)|

§C||Lu||Lp,A(G), (13)

where 0 =

9 SCHLM”L;},A(G), (14)
[zt ox|

§ = LTA=Q

wherei =1,---,q and >

For A = 0, we have the following results, which restores the known result previ-
ously proved in [1].

Remark 1. (1) Assume % < p < Q. Then there exists a positive constant
¢ = c(p) such that for every u € C§°(G) and any x,z € G, x # Z,
|u(x) —u(z)|
ﬁEC”LM”Lp(G), (1.5)
|7 ox|

_ 2p=0.
where 6 = >

(2) Assume p > Q. Then there exists a positive constant ¢ = c¢(p) such that for
every u € C§°(G)andany x,z € G, x # Z,

| Xiu(x) — Xiu(z)|

et ox|’

<c|Lullpr(c), (1.6)

wherei =1,---,g and 0 = %.

The plan of the paper is as follows: in Section 2 we introduce some knowledge
of homogeneous group and related lemmas. Estimates of two integral operators are
proved. Section 3 is devoted to the proof of the main result.

2. PRELIMINARY
Given a pair of mappings:

[(x.y) > x oy : RY xRV > RV [x > x7']: RV > RY,
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which are smooth, it follows that RV with these mappings forms a group, and the
identity is the origin. If there exist 0 < w; < w> < ... < wy, such that the dilations

D) :(x1,....x8) = (A® x1,...,A®NxpN), A >0,

are group automorphisms, then the space R™ with this structure is called a homogen-
eous group and denoted by G.

Definition 2. We define a homogeneous norm || - || in G by the following way: if
for any x € G,x # 0, it holds

lxI=p < [DA/p)x|=1,
where |- | denotes the Euclidean norm ; also, let ||0] = 0.

It is not difficult to derive that the homogeneous norm satisfies

(1) |DA)x]|| = Al|x] for every x € G, A > 0;
(2) there exists ¢(G) > 1, such that for every x,y € G,

[x7H| < clxlland [Ixoy| < c(lxll+[y1D.
In view of the above properties, it is natural to define the quasidistance d :
dix,y) =y ox].
The ball with respect to d is denoted by
B(x,r)=B,(x)={yeG:d(x,y) <r}. 2.1)
Note B(0,r) = D(r)B(0, 1), therefore
|B(x,r)| =r2|B(0,1)|.x € G,r >0,
where
O=wi+...+onN. 2.2)
We will call that Q is the homogeneous dimension of G. In general,Q > 3.
Definition 3. A differential operators ¥ on G is said homogeneous of degree
B(B > 0), if for every test function ¢,
Y (9 (D (X)x) = AP (Yo) (D (1) x),A > 0,x € G;
A function f is called homogeneous of degree «, if
fU(DA)x) =A%f(x),A>0,x €G.

Remark 2. Clearly, if Y is a differential operators of homogeneous of degree
and f is a function of homogeneous of degree «, then Y f is homogeneous of degree

a—p.
Lemma 1. ([2]) The operator L possesses a unique fundamental solution I'(-),
such that for every test function u € C§°(G) and every x € G, it holds
(1) I'() € € (G\{0});



GLOBAL HOLDER ESTIMATES 341

(2) I'(-) is homogeneous of degree 2 — Q;
(3) u(x) = (Lux ) (x) = [pnv T'(y~" ox)Lu(y)dy;
@) Xju(x) = [pn Xi I (v~ ox)Lu(y)dy.
Remark 3. If weset I;=X;I",i =1,---,q, then it is obvious from Remark 2 that
I (+) is homogeneous of degree 1 — Q.

Proposition 1. (/2]) Let f € C1(RN\0) is a homogeneous function of degree
A < 1. Then there exist two constants ¢ = c(G, f) > 0and M = M(G) > 1, such
that for any x, y satisfying | x|| > M ||y|l,

|f(xoy) = F@)+]f(ox)— f@) <clylxI*".
where ¢ = c(G, f) sup |V f(z)|, Zn is the unit sphere of R .

ZEXN
From Proposition 1, it follows
Lemma 2. If K € C1(G\{0}) is a homogeneous function of degree a < 1 with

respect to the group (D(A))) s, then there exist two constants ¢ > 0 and M > 1,
such that if | x|| > M Hx_l oz|, then

¢ a7 oz]
e =

By Lemma 1 and Lemma 2, we have immediately

|K(z) - K(x)| =

Lemma 3. For every x,y,z € G, it holds
(1) there exists a constant ¢ > 0, such that

c
royox)s —————:
fyrex]
c
Qe P —
i ”y_loxHQ 1
(2) there exist two constants ¢ >0 and M > 1, such thatif |y ' ox | > M |x~'oz|,
then
-1
Ftomy—r(y—ton| < -0l
Hy—l OXHQ_

Ly ox)—Ti(y 'oz)| < :
[yt ox]®

Now let us introduce two integral operators. For p € (1,00) and A € [0, Q), fixed
z € G and 0 > 0, we define for every g € LP*(G) that

Tog(x) =/” Ady,a €1[0,0);

ylox|[zo|xtox|| | y=1ox] @7



342 Y. HOU, X. FENG, AND X. CUI

)
TPg(x) = — 8V _1y.p<(0.0).
/nyloxnwuzloxn ly—tox|27?

Lemma 4. If A + pa < Q, then there exists ¢ = c(p,A,a,0) >0, such that

1 pa+)\ Q
Tag()| =clliglLrr 27 ox| : (2.3)
if A+ pB > Q, then there exists c = c(p,A,B,0) >0, such that
B pBJr -0
TPe)| = cllglLrn 27 ox] ™ 7 24

Proof. We follow the idea of Polidoro and Ragusa in [14]. If A 4+ pa < Q, then it
obtains by decomposing the domain of integration and applying the Holder inequality
that

Tug(x)] < Z/ 8)
k=1

2#-o]|ztox<[[ytox]| <2kolzox] [ y~Tox |27

00 00—«
2::(2k e loxH) /B lg(y)ldy

2ko||z_l ox” (x)

00 1 O—a
g(zk—lauz_—loxu) /B g7 dy

2k0'||z_lox|| (x)

I A

A

p—1

ot tox] (0

O—a N
- p
<CZ(2’< 10”Z_loxH) (2o | ox]) " lglrace)
(=10
(2ol ox])
k

+a1—0 X _
s clgllra e ox| 7T 3 (5
k=1

So (2.3) is proved, since the above series is convergent.
Similarly, if A + pf > Q, then

|Tl3g(x)‘ 52/ %d}/

2-%o|ztox | <[y~ ox]| <2~*o|ztox]| | y

o0 1 Q_ﬂ
SkX:l (m) /B lg()ldy

21*k(r||z*10x||(x)
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o0 1 Q_ﬂ
(o) |/ g1 dy
k=1(2 “ofatox ) Byiko || z=tox|| )

p—1

‘BZ‘*kanzf!ox”(x)
0-8 .

_k _ )

<62(m) (2o ox])” lglLra

=10

(21_k0 ”z_l ox“) ’

<clighprae |27 o x|

pB+ —Q (ng,x)

k=1
This proves (2.4). Il

Remark 4. In particular, when A = 0, we see that if pa < O, then there exists a
constant ¢ = c¢(p,a,0) > 0, such that

-1 pa—0
Tag ()| <cliglra |z : 2.5)
if pB > O, then there exists a constant ¢ = c¢(p, 8,0) > 0, such that
T82(0)| = clgllLr 1™ 2.6)

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1. (1) With the help of (3) in Lemma 1 and Lemma 3, we know
that there exist constants ¢ > 0 and M > 1 such that

u—u@I=|[ P o= I on)Luty)dy

< [ o on=ro o] Lutldy
< / PG ox)— I'(y~" 02)||Lu(y)|dy
Iy tox]| =M [lx—toz]
4 / PG ox)— (3~ o2)||Lu(y)|dy
Iy~ tox]| <M [lx—toz]

< f PG ox)— P o2)||Lu(y)|dy
Iy—tox =]l 1oz]

4 / P o) | Lu(y)ldy
x| <he [lx—tez]
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4 / PG o2)| [Lu(y)ldy
ly-tox | <hfjx-toc]

-1
) clxtoz|

< — 2 | Lu(y)|dy
/ny—loxnzMnx—'ozn [y=1ox|

C
+ [ ——— |Lu(y)|dy
ly=tox|| <M |lx—toz| | y=T o x|

C
+ / —— |Lu(y)|dy.
ly=tox||<Mlx—toz| |y~ oz |

Noting that if Hy_l ox” >M Hx_l ozH, then
[y ox] = M |0z = 2 <t ox]:
if [y"tox| <M |x"'oz|,then

[y™ ox]| < Me 2" o]

and
lytoz <e(ly ox] +[x oz]) <e (3 [ oz + [t oz])
= e (1) [x Yoz
it follows
() ()| </ el ozl
" jlytox]|= 2z tox| |yt ox |27
C
+/ —C|Lu(y)ldy
Iy=tox|<Mellz=tox]| |y~ ox |22
C
+/ — |Lu(y)ldy
ly=toz]|<ct+M)|lx=toz | |y~ oz |72
=hL+DL+1s.

Applying Lemma 4 (o =1 and 0 = % ) and noting A + p < Q, there exists a
constant ¢ = ¢(p,A,o0) > 0 such that

-1 -1 p+A—0Q -1 2p+A—0Q
L =c|Lullpra |27 ox| a7 ox| 7 =cllLullpra e ox]| 7

from Lemma 4 (f =2and o0 = Mc; f =2and 0 = ¢(1 + M) , respectively) and
A+2p > Q, it follows

1 2p+A—0Q
L <cl|Lullppagy |z ox| 7
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and
2p+A—0

I3 <cllLullpra |z ox]| 7

In conclusion, we deduce (1.3).
(2) We know from (4) in Lemma 1 and Lemma 3 that there exist two constants
¢ >0and M > 1 such that

Xt~ Xau@)| = | [ D0~ en-r0™ oa)tutay

5/ 5 ox)— (3~ o2)| | Lu(y)ldy
[RN

<

/ L ox) = Ty~ o 2)| | Lu(y)|dy
- tox|= ]|tz

+/ 5 (v ox)— I (v~  o2)| [Lu(y)|dy
ly—tox||<M 1oz

1L (y " ox) =T (y ™ oz)|[Lu(y)|dy

<

/ny—loxnzMnx—lozn

+ / 1 (o x)| |Lu(y)ldy
ly—tox]| <M [lx—toc]

+/ |5 (v~ o) || Lu(y)|dy
[[y~tox||<M | x—Toz|

ozl ity

< / ai ozl
Iy~ toxll=p[lxtoz]| [y~ ox|

C
+/ —|Lu(y)ldy
ly=tox||<Mlx=toz| ||y~ ox |

C
+f o Lu(y)ldy.
ly=tox]l<plx=toz| | y=Toz] 7!

Let us remark that if Hy_l oxH >M Hx_l ozH, then
M
[y ox] = — [z ox];
if ”y_lox” <M Hx_lozH , then

[y~hox| < Mc|ztox|
and
oz <e(ly x|+ Jx "oz ]) <e (M |x oz] +[x~" oz])

=c(1+M) ”x_lozH.



346 Y. HOU, X. FENG, AND X. CUI

It implies

¢[x"toz]

| Xiu(x) — X;u(2) 5/ |Lu(y)|dy

ly=ox[= 4 [lz=1ox|| | y=1 o x|

+/ ————————|Lu(y)|dy
|y=tox||<Mc||z=Tox|| H)’_IOXHQ 1

+f — iLu()ldy
[y rozll<eatanx—toz] [ y~toz|
=14+ 15+ I6.
Applying Lemma 4 (¢ = 0 and 0 = % ) and A < Q, there exists a constant ¢ =
¢(p,A,0) > 0 such that

A=0 -1 pEA=Q
ox| 7 =clLullppa |z ox| 7

1 1

Iy <c|Lulppa |z ox]||z™

from Lemma 4 (8 =1ando = Mc ; 8 =1and 0 = c(1 + M) , respectively) and
A+p> Q,itgets

_1 pPtHA—0
Is <cllLullppag |z ox| 7

and
pPtA—0

Is < cl|lLull L) |z ox| 7
In conclusion we reach to (1.4).
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