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Asstract. In this paper, we define a multifunctidh: X ~» Y as an upper (lower)
Ds-supercontinuous iF* (V) (F~(V)) is ds;-open inX for every open seV of Y.

We obtain some characterizations and several properties concerning upper (lower)
Ds-supercontinuous multifunctions.
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1. INTRODUCTION

Several weak and strong variants of continuity of multifunctions occur in the liter-
ature. The strong variants of continuity of multifunctions we shall be dealing with in
this paper are treated in [1-4]. Certain of these strong forms of continuity of multi-
functions coincide with the continuity of multifunctions if the domain or range space
is suitably augmented. In 2003, J. K. Kohli [5] introduced the concemise$uper-
continuous functions and gave some propertieBgsupercontinuous functions. In
this paper we introduce a new strong form of continuity of multifunctions called the
“upper (lower)Ds-supercontinuity,” which coincides with the upper (lower) continu-
ity if the domain or range is ®;s-completely regular space. Characterizations and
basic properties of upper (lowebs-supercontinuous multifunctions are elaborated
in Section 3. In Section 4, we show that if the domain of a upper (lo@gr3uper-
continuous multifunctiork is retopologized in an appropriate way, theris simply
a continuous multifunction.

A multifunction F of a setX into a setY is a set-valued function mapping set
of X into 2¥ \ {@}, where 2 stands for the power set of Let A be a subset of a
topological spaceX, 7). A andA denote the interior and closure Afrespectively. A
multifunction F of a setX into Y is a correspondence such thgix) is a nonempty
subset ofY for eachx € X. We will denote such a multifunction by : X ~» Y.

For a multifunctionF, the upper and lower inverse set of a Betf Y will be denoted
by F*(B) andF~(B) respectively that i$*(B) = {x € X : F(X) € B} andF~(B) =
{x e X: F(X)nB # @}. The graphG(F) of the multifunctionF : X ~» Y is
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strongly closed [4] if for eachq y) ¢ G(F), there exist open set$ andV containing
x and containings respectively such that{ x V) n G(F) = @ [6]. A multifunction
F : X ~ Y is said to be upper semi continuous (briefly u. s. c.) at a pomtX if
for each open sét in Y with F(x) C V, there exists an open dgtcontainingx such
that F(U) C V; lower semi continuous (briefly I. s. c.) at a pokg X if for each
open se¥ in Y with F(X) NV # @, there exists an open ddtcontainingx such that
F(2 nV # o foreveryze U. A setG in a topological spac¥ is said to bez-open
if for eachx € G there exists a cozero sktsuch thatx e H c G, or equivalently,
if G is expressible as the union of cozero sets. The complement-opan set will
be referred to as aclosed set [7]. A subsdt in a spaceX is said to be a regular
Gs-set ifH is an intersection of a sequence of closed sets whose interior cdhtain
The complement of a regul&;-set is called a reguldf-set [8].

Throughout this paper, the spacé§ ) and (Y,o) (or simply X andY) always
mean topological spaces, aRd X ~» Y (resp.,f : X — Y) is a multivalued (resp.,
single valued) function.

2. PRELIMINARIES AND BASIC PROPERTIES

Definition 1. (a) A multifunctionF : X ~» Y is called uppeDs-supercontinuous
(u. Ds-super c.) at a point € X if for any open seV c Y such that=(x) c V there
exists a regulaF,-setU c X containingx such that~(U) c V.

(b) A multifunctionF : X ~» Y is called lowerDs-supercontinuous (Ds-super
c.) at a pointx € X if for any open se¥ c Y such that=(x) NV # @ there exists a
regularF,-setU c X containingx such that(u) NV # @ for everyu € U.

(c) F is said to beDs-supercontinuous (brieflps-super c.) ak € X, if it is both
u. Ds-super c. and IDs-super c. ak € X.

(d) F is said to be uDs-super c. (I.Ds-super c.Ds-super c.) orX, if it has this
property at each pointe X.

Examplel. Let X denote the real line endowed by the cofinite topolafy, {a, b}
with the topologyr = {@,Y,{a}} and we define the multifunction as follow§: :
X ~ Y, F(X) = {a} if xis irrational andF(x) = {b} if x is rational. ThenF is
u. Ds-supercontinuous (Ds-super c.).

Definition 2 ([3]). A multifunctionF : X ~» Y is said to be (a) uppet-supercon-
tinuous (briefly, uZ-super c.) at a point € X if for every open seV with F(x) c V,
there exists a cozero sgtcontainingx such that(U) = ([ J{F(u) :ue U} c V,

(b) lowerZ-supercontinuous (E-super c.) at a point € X if for every open seY
with F(X) NV # @, there exists a cozero ddtcontainingx such thatF(u) NV # @
for everyu e U.

Example2. Let X denote the real line endowed with usual topology and we define
the multifunction as followsF : X ~ X, F(X) = {x} for eachx € X. ThenF is
u. Z-supercontinuous (EZ-super c.).
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Definition 3 ([4]). (a) A multifunctionF : X ~» Y is called strongly-upper semi
continuous (sé-u. s. ¢.) at a poink € X if for any open seV c Y such thatF(x) c V
there exists an open sétc X containingx such thaf (U) c V.

(b) A multifunctionF : X ~» Y is called strongly-lower semi continuous (#-
l. s. c.) at a poink € X if for any open seV c Y such that(x) NV # @ there exists
an open set) c X containingx such thafF(u) NV # @ for everyu € U.

Definition 4 ([2]). (a) A multifunctionF : X ~» Y is called upper supercontinuous
(u. super c.) at a point € X if for any open seV c Y such thaf(x) c V there exists

an open set) ¢ X containingx such thatF(U) c V.
(b) A multifunctionF : X ~» Y is called lower supercontinuous (I. super c.) ata
pointx € X if for any open seV c Y such that(xX) NV # @ there exists an open set

U c X containingx such thaf(u) NV # @ for everyu € U.

Definition 5 ([1]). (a) A multifunctionF : X ~» Y is called uppeD-superconti-
nuous (uD-super c.) at a point € X if for any open seV c Y such that~(x) c V
there exists an opéh,-setU c X containingx such that(U) c V.

(b) A multifunctionF : X ~» Y is called lowerD-supercontinuous (D-super c.)
at a pointx € X if for any open seV c Y such thaF(x) NV # @ there exists an open
F,-setU c X containingx such that-(u) NV # @ for everyu € U.

The following diagram well illustrates the relations that exist betweeD;usu-
percontinuous (IDs-supercontinuous) multifunctions and other strong variants of
continuity defined above.

u. Z-super c. (IZ-superc.) u. super c. (I. super c.)
u. Ds-super c. (I.Ds-super c.) u. stronglyg-c. (l. strongly6-c.)
u. D-super c. (ID-super c.) u. semic. (. semic.)

None of the above implications in general is reversible, as will be shown the se-
quel. We give Example 3, Example 4, and Example 5 to show that a u. stréagly
(I. strongly 6-c.) multifunction need not be Z-super c. (l.Z-super c.) and that
u. D-super c. (I.D-super c.) multifunction need not be Zrsuper c. (I.Z-super c.)
and u.Ds-super c. (1.Ds-super c.) multifunction need not bersuper c. (IZ-super
c.) and that uD-super c. (I.D-super c.) multifunction.

Example3 ([5]). Let X = Y be the Mountain chain space due to Helderman [7],
which is a regular space but nog-completely regular space [10]. Then the mul-
tifunction F : X ~ X, F(X) = {x} for eachx € X is a u. stronglyg-continuous
(I. strongly#-continuous) but not WDs-supercontinuous (Ds-supercontinuous).
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Exampled. Let X denote the set of positive integers endowed with cofinite topol-
ogy. Then the multifunctiofr : X ~ X, F(X) = {x} for eachx € X is u. D-supercon-
tinuous (I. D-supercontinuous) but neither u. supercontinuous (l. supercontinuous)
nor u. stronglyg-continuous (I. strongly-continuous) and hence notZksupercon-
tinuous (I.Z-supercontinuous).

Example5. Consider the spack defined by E. Hewitt in [10, p. 504], which is a
Ds-completely regular but not completely regular. It turns out that the multifunction
F:A~ A F(X) = {x} for eachx € X is u. Ds-supercontinuous (Ds-supercontinu-
ous) but not uZ-supercontinuous (E-supercontinuous.).

3. CHARACTERIZATIONS

Definition 6. A setG in a topological spacX is said to beds-open if for each
x € G there exists a reguldf,-setH such thatx €e H c G. The complement of a
ds-open set will be referred to asda-closed set [5].

Theorem 1. The following statements are equivalent for a multifunckonX ~»
Y:

(@) F is u.Dgs-super c. (I.Ds-super c.).

(b) For each opensef C Y, F*(V) (F~(V)) is ads-open set inX.

(c) For each closed sé€ C Y, F~(K) (F*(K)) is ads-closed set irX.

(d) For eachx of X and for each open s&t with F(x) c V(F(X) NV # @), there
is ads-open setJ containingx such that the implicatiop e U = F(y) c V
holds(F(y) NV # 2).

Proor. (a)=(b): LetV be an open set of andx € F*(V). Then there exist a
regularF,-setU containingx such that=(U) c V. ThenU c F*(V). SinceU is
regularF,-set, we havexe U c F* (V).

(b)=(c): LetK be a closed set of. ThenY — K is an open set anB*(Y — K) =
X — F~(K) is ds-open. ThusF~(K) is ds-closed inX.

(c)=(b): Obvious.

(b)=(a): LetV be an open set of containingF(x). ThenF*(V) is ds-open and
x € F*(V). SinceF* (V) is ads-open set there exists a reguRy-setU containingx
such thaty c F*(V). Thus,F(U) c F(F*(V)) c V.

(a)e(d): Clear. O

The proof for the case whekeis |. Ds-super c. is similar.

Definition 7. Let X be a topological space and l&tc X. A point x € X is said
to be ads-adherent point oA if every regularF,-set containingk intersectsA. Let
[Al4, denote the set of all;-adherent points of. Clearly the sef is ds-closed if
and only if [Al4, = A[5].

Theorem 2. A multifunctionF : X~ Yis |. Ds-super c. if and only iF ([A]q,) ©
F(A) for everyA c X.
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Proor. Suppose thaf is |. Ds-super ¢. Sinc&(A) is closed inY, by Theorem 1,
F*(F(A) is ds-closed inX. Also, sinceA c F*(F(A), [Alg, ¢ [F*(F(A)lg; =
F*F([Alg,) Thus,F([Alg,) c F(F*(F(A)) c F(A).

Conversely, suppose([Alq,) ¢ F(A) for everyA c X. LetK be any closed set
in Y. ThenF([F*(K)lg,) € F(F*(K)) andF(F*(K)) c K = K. Hence, F*(K)]q, C
F*(K) which shows thaF is I. Ds-super c. O

Theorem 3. A multifunctionF from a spaceX into a space is . Ds-super c. if
and only if[F*(B)]q, ¢ F*(B) for everyBc Y.

Proor. SupposeF is |. Ds-super ¢. By Theorem I +(B) is ds-closed inX for
everyB c Y andF*(B) = [F*(B)]q,. Hence, E*(B)]q, ¢ F*(B).

Conversely, leK be any closed set iM. Then F*(K)]q, ¢ F*(K) = F*(K) c
[F*(K)]g,- Thus, we havé*(K) = [F*(K)]q,, which in turn implies that F is ID;-
super c. m|

Definition 8. A filter baseF is said tods;-converge to a poir (written asF — x)
if for every regularF,-set containing contains a member &f[5].

Theorem 4. A multifunctionF : X ~» Y is|. Ds-super c. a poink of X if and only
if for eachx € X and each filter basg that Ds-converges tx, F(F) — F(X).

Proor. Assume thaf is |. Ds-super c. and lef % X. Let W be an open set
containingF(x). Thenx € F~(W) andF~(W) is ds-open. LetH be a regulafF,-set

in X such thatx e H c F~(W). Sincef % X, there existdJ € F such thatJ c H and
soF(U) c F(H) c W. Thus,F(F) — F(X).

Conversely, leWW be an open subset §fcontainingF(x). Now, the filterF gener-
ated by the filterbasiy consisting of all regulaF,-sets containing, ds-converges
to x and so by hypothesiB(F) — F(x). Hence, there exists a membgN) of F(Xy)
such that=(N) c W. SinceN e Xy, N is a regularF,-set containingk. Thus, F is
. Ds-super c. ak. ]

Theorem 5. If F : X~ Y is u.Ds-super c. (I.Ds-super c.) and-(X) is endowed
with subspace topology, thénh: X ~» F(X) is u. Ds-super c. (I.Ds-super c.)

Proor. SinceF : X ~» Yis u.Ds-super c. (IDs-super c.), for every open subsét
of Y, F*(VNF(X)) = F*(V)NnF*(F(X)) = F*(V)(F~(VnF(X)) = F(V)NF(F(X)) =
F~(V)) is ds-open. Hencel: : X ~» F(X) is u. Ds-super c. (I.Ds-super c.) O

Theorem 6. If F : X~ Yis u.Ds-super c. (I.Ds-superc.) ands : Y ~ Z u. s. C.
(I. s. c.), therG o F is u. Ds-super c. (I.Ds-super c.).

Proor. LetV be an open subset @ SinceG is u. s. c. (I. s. c.), it follows that
G*(V) (G (V)) is open subset of, and sinceF is u. Ds-super c. (I.Ds-super c.),
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one has thak*(G*(V)) (F~(G~(V))) is ds-open inX. Thus,G o F is u. Ds-super c.
(I. Ds-super c.). O

Theorem 7. Let {F, : X ~ X,,a € A} be a family of multifunctions and let
F : X~ []een Xo be defined b¥r(X) = (F,(X)). ThenF is u. Ds-super c. if and only
if eachF, : X ~» X, is u. Ds-super c.

Proor. Let G, be an open set i,,. Then @,, o F)*(Gy) = F(P;,(Gyy)) =
F*(Gagp X [Taza Xa)- SinceF is u. Dg-super ¢.F*(Gyy X [Tosay Xe) iS ds-open inX.
Thus,P,, o F = F, is u. Ds-super c. HereP, denotes the projection of onto the
a-coordinate spack,.

Conversely, let us suppose that e&ch: X ~ X, is u. Ds-super ¢. To show that
the multifunctionF is u. Ds-super c., in view of Theorem 1, itisficient to show that
F*(V) is ds-open for each open s¥tin the product spacf] e, X.. Since the finite
intersections and arbitrary unions df-open sets arés-open, it stifices to prove
that F*(S) is ds-open for every subbasic open &tn the product spacg] ea Xe.
Let Ug X [1,45 Xo be a subbasic open set jii,ep Xo. ThenF*(Ug X [Tozs Xe) =
F+(P/§(Uﬁ)) = FE(U[;) is ds-open. Hencek- is u. Ds-super c. O

Theorem 8. LetF : X ~ Y be a multifunction ands : X ~ X x Y defined by
G(X) = (%, F(X)) for eachx € X be the graph function. The@ is u. Ds-super c. if
and only ifF is u. Ds-super c. andX is Ds-completely regular space.

Proor. To prove the necessity, suppose tBat Ds-super c. By Theorem &; =
Py o G is Ds-super c., wherd®y is the projection fromX x Y onto Y. Let U be
any open set irK and letU x Y be an open set containir@(x). SinceG is Ds-
super c., there exists a regular ogepsetW containingx such that the implication
X e W= G(X) c UxYholds. Thusx € W c U, which shows thall is ds-open
and soX is aDs-completely regular space.

To prove the sfiiciency, letx € X and letW be an open set containig(x). There
exists open setdd c X andV c Y such that x, F(x)) c U xV c W. SinceX is
Ds-completely regular space, there exists a regbjassetG;in X containingx such
thatx € G; c V. SinceF is Ds-super c., there exists a cozero 8gtin X containing
x such that the implicatiox’ € G, = F(xX') c V. LetG; NG, = H. ThenH
is a regularF,-set containingk andG(H) c U x V c W which implies thaiG is
u. Ds-super c. O

Definition 9. LetF : X ~ Y be a multifunction.

(a) F is said to be uppebDs-continuous (briefly uDs-c.) atx € X, if for each
regularF,-setV with F(X) c V, there exists an opdu set containing such that the
implicationx’ € U = F(X') c V is hold.

(b) F is said to be loweDgs-continuous (briefly [.Ds-c.) atx € X, if for each
regularF,-setV with F(x) NV # @, there exists an open ddtcontainingx such that
the implicationx’ e U = F(X') NV # @ holds.
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(c) F is said to beDs-continuous (brieflyDs-c.) atx € X, if it is both u. Ds-c. and
[. Ds-C. atx € X.

(d) F is said to be uDs-c. (I. Ds-c., Ds-c.) on X if it has this property at every
pointx € X.

Theorem 9. For a multifunctionF : X ~» Y, the following statements are equiva-
lent:
(@) Fisu.Ds-c. (I. Ds-c.).
(b) For everyds-open sev C Y, F*(V) (F~(V)) is an open set iiX.
(c) For everyds-closed seK C Y, F~(K) (F*(K)) is a closed set iiX.

Lemma 1. For a multifunctionF : X ~» Y, the following statements are equiva-
lent:
(@) Fis u.Ds-c.
(b) F(A) c [F(A)]g, forall Ac X
(c) F*(B) c F*([B]g,) forall Bc X
(d) For everyds-closed seK C Y, F*(K) is closed
(e) For everyds-open seG C Y, F*(G) is open

Proor. (a)=(b): Lety € F(A). Choosex € A such thaty € F(x). LetV be a
regularF,-set containindg-(x) and thusy. SinceF is u. Ds-c., F*(V) is an open set
containingx. This givesF*(V) N A # @ which in turn implies thaV N F(A) # @ and
consequently € [F(A)]q,. HenceF(A) c [F(A)]g,.

(b)=(c): Let B be any subset of. ThenF(F*(B)) € [F(F*(B))]q, < [Blq, and
consequentlyF*+(B) € F*([Blg,)-

(c)=(d): Since a seK is ds-closed if and only ifK = [K]g,, therefore the impli-
cation (c¥(d) is obvious.

(d)=(e): Obvious.

(e)=(a): Since every cozero setds-open and since a multifunction is Ds-c. if
and only if the inverse image of every regukay-set is open. Hence, ©)a). O

Theorem 10. Let X, Y andZ be topological spaces and let the functien X ~ Y
be u.Ds-c. andG : Y ~» Z be u.Ds-super c. ThefGo F : X~ Zis u. s. C.

Proor. Since G o F)*(V) = F*(G*(V)), itis immediate in view of Lemma 1 and
Theorem 1. O

Theorem 11. LetF : X ~ Y be a u. s. c. (I. s. c.) multifunction defined on a
Ds-completely regular space. Thénis u. Ds-super c. (I.Ds-super c.).

Proor. In a Ds-completely regular space, every open se&kispen. O

Definition 10 ([5]). Let f : X — Y be a surjection from a topological spake
onto a seY. The topology onY for which a subsefA c Y is open if and only if
f~1(A) is ds-open inX is called theDs-quotient topology and the maipis called the
Ds-quotient map.
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Theorem 12. Let F be a multifunction from a topological spa¢¥, ;) onto a
topological the spacéY, r»), wherer; is Ds-quotient topology ofY. ThenF is |. Ds-
super c. Moreover; is the finest topology ol which makes the map : X ~ Y
I. Ds-super c.

Proor. The I. Ds-super continuity ofF follows from the definition of theDs-
guotient topology. O

Theorem 13. Let f : X — Y be aDs-quotient map. Then a multifunctida :
Y~ Zisl.s.c.ifand only ifF o f is|. Ds-super c.

Proor. If U is an open set iZ andF o f is |. Dg-super c. thenK o f)*(U) =
f+(F*(U)) = f~1(F*(U)) which isds-open inX. Sincef is Ds-quotient mapF*(U)
is open inY. Thus,F is . s. c. Conversely, |ef : Y ~ Zbe u. s. c. LeU be an
open set irZ. By the |. Ds-super continuity ofF o f, (F o f)*(U) = f~1(F*(U)) is
ds-open inX. O

4. Dg-COMPLETE REGULARIZATION

In this Section we show that if the domain of upper-lovilag+-supercontinuous
multifunction F is retopologized in an appropriate way, theris simply a upper-
lower semi continuous multifunction.

Let (X, 1) be a topological space and fgtlenote the collection of all requl&, -
subsets ofX, 7). Since the intersection of two regulgg-sets is a reguldf-set, the
collectiong is a base for a topology* on X called theDs-complete regularization of
7. Clearlyt* c 1. The spaceX, 1) is Ds-completely regular if and only if* = 7 [5] .

Throughout the section, the symhdlwill have the same meaning as in the above
paragraph.

Theorem 14. A multifunctionF : (X, 7) ~ (Y, o) is u. Ds-super c. if and only if
F:(X,7)~ (Y,0)isu.s.c.
Theorem 15. Let (X, ) be topological space.Then the following are equivalent.
(a) The spacéX, 1) is Ds-completely regular.
(b) Every upper-lower semi continuous multifunction frQ¥y7) into a space
(Y, o) is upper-lowerDs-supercontinuous.

Proor. (a)=(b): Obvious.

(b)=(a): Take ¥, o) = (X, 7). Then the identity multifunctiory on X is upper-
lower semi continuous and hence upper-loBgfsupercontinuous. Thus, by Theo-
rem 11, k : (X, ) — (X, 1) is upper-lower semi continuous.Sintee 7 implies
1;(1(U) = U € 1", c *. Thereforey = " and so K, 1) is Ds-completely regu-
lar. ]

Theorem 16. LetF : (X, 7) ~ (Y, o) be a multifunction. Thef is upper-lower
Ds-continuous multifunction frortX, 7) to a spacqY, o) if and only if F : (X, 7) ~
(Y, ™) is upper-lower semi continuous.
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