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Abstract. This paper deals with the properties of a special differential operator with respect to
the general decomposition of tensor fields on manifolds with affine connection. It is shown
that properties of a special differential operator are transferred to the components of a given
decomposition.
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1. INTRODUCTION

The trace decomposition of tensors on an #-dimensional Riemannian manifold M,
was described by Weyl [8]. This decomposition problem may be naturally general-
ized for certain cases (see for example [2,4-7,9]).

In this paper, we generalize some results from [3] concerning decompositions of
tensors and tensor fields. Crasmareanu [1] has studied decompositions of tensor fields
for the case of covariant derivative of such tensors which satisfy certain conditions.
We consider a special differential operator and generalize those results.

2. GENERAL DECOMPOSITION OF TENSORS

It is well known that on every manifold M, a positive definite metric g determin-
ing the structure of a Riemannian manifold may be introduced. For practical reasons
(e. g., in theoretical physics), the pseudo-Riemannian manifolds with an indefinite
pseudometric g are considered, too. In what follows, we will use in both cases the
terms of Riemannian manifold and metric.

Let M, be a manifold with a metric g. We introduce the following notation: For
every ordered system of indices iy, iz, ... ,ig, 1 < i, < n, and every pair (ip, i),
p < o, of them, we denote by

(0,0)
M

. . D . o . .
i1, ip—1Yipt1io—1Y ig41° iq
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the tensor of the type (0, ¢ — 2), where the p-th and the o-th indices are omitted.
Then we have the following theorem:

Theorem 1. Let T;,...;, be a (0, q)-tensor and

(kysin)s Gy ity)s o Gy iz), s < 2q(g — 1), (2.1)

be pairs of indices satisfying ko < ly. Then there exists the decomposition of the
tensor Tj, ..i, of the form

- u (ko lo)
L i, = Tiy i, + Z 8iryily M ko lo , (2.2

o—1 i1 lkg—1 Y lkg4+17lg—1 Y lig4+1 g

where the tensor T satisfies
T; iy - g%l =0, 2.3)

~ (koslo)
for all indices (2.1). The tensor T is uniquely determined and M  are certain

tensors of the type (0,q — 2).

R R

Proof. Let M, be a Riemannian manifold with metric g. Now, let us consider an
a priori chosen point xo at M. Values of metric g as well as all the given tensors
will be considered in xg.

Taking a coordinate system in which the matrix of g fulfills

gij = 8o-D, where gg € R, and D = diag(%1, £1, ..., %1), 2.4)

1 in the form of

g’ =gy' - D. 2.5)

The existence of the coordinated system above is guaranteed only for the concrete
point x¢. A metric (2.4) exists globally in Euclidean and pseudo-Euclidean spaces.
Therefore, the relation (2.3) may be written as

we obtain the inverse matrix g~

n

2

koko=1

=

e iy g B * Bing ity = O- (2.6)

Let us define the inner product o on qu by

12 4 n 1 2
ToT = Z T,'l...,'q - T, g (2.7

i1yeenig=1

*
Now, let us construct a linear subspace 77 CC Tl? which is generated by all the
tensors of the form

u (ko ,lo)
Z Bikgily M ko
o=1

. . . . 10 . .
kg —1 Y lkg+1"lg—1 Y lg+1 Ig

2.8)



ON DECOMPOSITION ON MANIFOLDS WITH A DIFFERENTIAL OPERATOR 593

Considering a linear subspace in Tpo which contains all the tensors fulfilling (2.3), we
~ Ok ~
obtain 7" o T = 0 for any tensors T of this subspace in the obvious way. Therefore,

*
this subspace is contained in the orthogonal complement of the subspace 7', which

implies the unicity of the decomposition (2.2) of the tensor 73, ...;,,. Il

3. SPECIAL DECOMPOSITIONS OF TENSORS

Comparing the decomposition in the following theorem with decompositions in
Theorem 1 (and Theorem 4) as well as in the fundamental theorem proved by Weyl
(see [8]), we may remark that in the following one, not only tensor 7" is uniquely

%
determined but also all tensors M .
Theorem 2. Let T; ;, .., be a (0, q)-tensor and
(i1.i2), (i1,13), ..., (i1,1g) 3.1

be some pairs of indices. Then for n > q — 1 there exists the unique decomposition
of Tj, i, of the form

- i (1,0)
Ti1--~iq :T,-l...,-q+2gili(,~ M, L (3.2)
o=2 Yio,~is—1Yis+1 ig
where T}l...,j o satisfies
Tiyeigeiy - 817 =0, (3.3)

~ (i1io)
for any pairs of indices (3.1). The tensor T and all (0,q — 2)-tensors M are
uniquely determined.

Proof. With respect to Theorem 1 we are only to prove the uniqueness of the
(i lia)

tensors M . Contracting (3.2) with g’1%s for s = 2, ... ,n and using (3.3) for the
tensor 7', we obtain the following system of linear equations
. (1,0)
El...iq gllls :0+}’l Ml o

Yio,is—1Yis41 ig
(3.4)

q
—+ Z M1 o s

Y inrig—1 Y io 1 is—1 Y isp 1 iq
O‘—Z,U#S 2lo—1 o+1"ls—1 s+1 q

It follows from the fixed point theorem that such system of equations with variables
(i1i2) (i1in)
, ..., M hasforn > g — 1 exactly one solution. O
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Let us recall the raising indices of tensors. If given a tensor 7" of the type (0, p+¢),
we may construct a tensor of the type (p, ¢) by the following:
j1eei, def . .
T]lll]l‘; = g”wlglzw2 cee gl”a” Tal--- ap i1 g (3.5)
Raising indices, we obtain from Theorem 2 the known unique decomposition of
the tensor Tilzl._.l.p:

i i i112
Tl =T! . +6!'M

i i
iy iy i, Mizi, + 81'31 My, + -+ 8i11)M,'2...,'p71 , 3.6)
where the tensor 7 is traceless, 1. €.,
=0 3.7
1%

and the tensor 7' as well as the (0, p — 1)-tensors M are uniquely determined.

As we have mentioned above, the decomposition (3.6) is presented by Weyl in [8],
1%
but the uniqueness of tensors M is not contained there.

In view of (3.5), Theorem 1 implies immediately

Jij
Theorem 3. Let T; . i ? be a (p, q)-tensor and

(ks Jn)s Gko i) o - kg Jig)s S = P4 (3.3)
be pairs of indices satisfying 1 < ks < p, 1 <l; <q.
Then there exists a decomposition of T, ...;, of the form

. .
Til"'ip ll lp SZko (ﬁ;)ll,-.qka_l ikg+1Ip 3
]1] ./1 ./ + Z Jio ) (l ) . lo . ] ’ ( 9)
91 Jig—1Y Jig+1 Jg
where the tensor T satisfies

T” IZk(y"' 1:',, 8][(7 — 0’ (310)

Ji= Jig™ Ja lko

(ko)
for any indices (3.8). The tensor T is uniquely determined and (ZIM) are certain

tensors of the type (p — 1,q — 1).

The condition (3.10) means that the tensor 7" is traceless over any pair of indices
(3.8). This may be expressed by
iy ik 1 R ik 1o i
le"' jlg—lajlg-:_l"' J: =0. (.1D)
Let us remark that Theorem 3 holds on every manifold since the metric tensor (which
was used in the proof of Theorem 1) may be constructed in any case.
Immediately, we obtain the following Theorem, which is presented in [3, 6].
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Theorem 4. Let T7 77 be a tensor of the type (p,q). If n + 1 > p + g, then

lll

there exists the unique decomposition of T]l ]p in the following form.

min{p,q} lm zpz o .
Tiyeeip = Tireip + ) Z 8 S M (3.12)
t=1

where

@_{ P1, P2, Pt =1,2,...,p (p1 < p2<---<py)

01,02,...,0; = 1,2,...,9 (0;j are mutually different) ,
(3.13)
{ p1 P2ttt Pt }
*x =
o1 O0p ~--- Oy

~ *
and tensors Tj,...;, and M are traceless.

1*lp

4. SPECIAL DIFFERENTIAL OPERATOR L

Now, let us introduce the following concept on tensors of the type (p, ).

Definition 1. A map L : qu — qu is said to be a special differential operator if
1 2
for any tensors 7', T the following properties are satisfied:

12 1 2
L(T£T)=LTxLT,

1 2 1 2 1 2 4.1
L(T-TY=LT-T+T-LT,

Lg =0; L§ = 0.
By § we denote the Kronecker tensor.

Let us give some examples of the operator L:

(a) V — the covariant derivative, i.e., V is an affine connection on M,

(b) oR — “semisymmetric” operator; 7 oR is in the coordinate description defined
by

hl By

l

hl h,,

Using the Bianci identity, we may write 7 oR in the form

o.. h h h .h h
Tu ; a}m Tl aRalm+Ta pRl1lm+"'+Ti pRl Im» (42)

where thj & are components of a Riemannian tensor R on Mp.
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(c) oZ — “pseudosymmetric” operator; this operator is defined analogously as
the previous one — in the formula (4.2), we replace the tensor R by the tensor
Z defined as follows

h h h h
Ziw = Ry — B(8gij — 6} &ik)-

where B is a function on M,,.

5. ON MANIFOLDS WITH LT =0

It is well known that a symmetric manifold in the sense of Cartan is characterized
by the condition
VR = 0.
Projective symmetric and conformal symmetric manifolds are characterized by the
conditions
VW = 0and VC = 0, respectively;

by W and C we denote the Weyl tensors of projective and conformal curvature,
respectively.
Semisymmetric and pseudosymmetric manifolds are characterized by the condi-
tions
RoR = 0 and RoZ = 0, respectively.

Further, projective and conformal semisymmetric manifolds are characterized by
WoR = 0and CoR = 0, respectively. 5.1)

Replacing in (5.1) the Riemannian tensor by the Weyl tensor, we obtain the character-
ization of projective pseudosymmetric and conformal pseudosymmetric manifolds.
It follows from these remarks that it is useful to investigate manifolds with a gen-
eral condition L7 = 0.
Applying Definition 1 of the operator L. and Theorem 1, we may prove the follow-
ing lemmas.

Lemma 1. Let T be a tensor of the type (0, p) with the decomposition (2.2) for
*

the selected pairs of indices (2.1). If LT = 0 and LM = 0, where * = (ko ly),
then LT = 0.

Lemma 2. Let T' be a tensor of the type (0, p) with the decomposition (2.2) for
the selected pairs of indices (2.1). If LT = 0 then LT = 0.

Consider a C*°(M)-module of k-differential forms $2%(M) on a manifold M,,.
Then for any k-differential form « € £2K(M), the special differential operator L
may be determined by the relation LT = 7.

Let a 1-differential form o € 21(M) with

VxT = w(X)-T (5.2)
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be given (see [1]). Then we speak about T-recurrency. The following special cases
are well-known:

& VR = w - R, the Walker recurrency (or simply recurrency),
o VW = w - W, the projective recurrency,

o VC = w - C, the conformal recurrency,

¢ V Ric = w - Ric, the Ricci recurrency.

Therefore, it will be useful to deal with the case (5.2).
Considering a 1-differential form @ with (5.2) and choosing indices according to
the Theorem 2, we may prove the following theorem.

Theorem 5. Let T be a (0, p)-tensor decomposed in the sense of (3.2). Then
LT = 0T, (5.3)
if and only if

lo lo

LT =wl and LM =oM (5.4)
where w is a k-differential form in 2% (M).

Proof. Consider a decomposition (3.2) of T for pairs of indices (3.1). First, let us
suppose

lo

~ ~ lo
LT =wT and LM =owM. (5.5

Substituting (5.5) into (3.2), we obtain immediately LT = wT.
Now, let us suppose LT = wT'. Applying L to the expression (3.2) of 7', we have

~ 12 13
LT,'I...,',) =L i1ip + gilizLMi3---i,, + gi1i3LMi2i4---i,, + ..

1p
+ gilipLMiz"-ip—l (5.6)
i.e.

~ 12 13
wlT = LTil---i,, + gilizLMi3~-~ip + giliBLMi2i4"'ip
1p
+ oo 4 gi[iI)LMiQ,"'ipfl . (5.7)
Applying the form w to the expression of 7" in the form (3.2), we obtain

~ 12 13
wlT = LTil---ip + gl‘ll'za)Mj3...jp + g,jll'3a)M,'2,'4...,jp

1p
+ ..o+ gilipriz"'ip—l . (58)
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Comparing (5.7) and (5.8), we have
~ ~ 12 12
(LT —oT) + (gilszMj3...ip — gili2a)Mi3"'ip)
13 13
+ (8iris LM iyiymi, — 8iyia®@M iigeiy)+

1p 1p
+ .+ (gilipLMiz---ipq — gil,jpr,j2...ip71) =0. 5.9

Contracting (5.9) with g/1’e for o = 2, ... ,n, we deduce a system of linear equa-
tions as follows
lo lo p 1t 1t
n- (LM —oM)+ Y (LM—-wM)=0.
1=2,140
lo lo

For n > p — 1, such a system has the unique solution LM — wM = 0 for 0 =
2, ... ,n,which implies that LT — T = 0. O

The following theorem is the consequence of Theorem 5.
Theorem 6. Let T be a (0, p)-tensor decomposed in the sense of (3.2). Then
LT =0

~ lo
ifandonly if LT =0and LM = 0.

REFERENCES

[1] M. Crasmareanu, “Trace Decomposition and Recurrency.” Acta Univ. Palacki. Olomuc., Fac. rer.
nat., Mathematica, vol. 40, pp. 43—46, 2001.

[2] M. Jukl, L. Juklov4, and J. Mikes, “The decomposition of tensor spaces with quaternionic struc-
ture,” in APLIMAT 2007, Bratislava, 2007, pp. 217-222.

[3] D. Krupka, “The trace decomposition of tensor spaces,” Linear and Multilinear Algebra, vol. 54,
no. 4, pp. 235-263, 2006.

[4] L. Lakoma and M. Jukl, “The decomposition of tensor spaces with almost complex structure,”
Rendiconti del circolo matematico di Palermo, Ser. 11, Suppl., vol. 72, pp. 145-150, 2004.

[5] L. Lakoma and J. Mikes, “On the special trace decomposition problem on quaternionic structure,”
in Proc. of the Third Internat. Workshop on Diff. Geom. and its Appl.; The First German-Romanian
Seminar on Geom., Sibiu, Romania, 1997, pp. 225-229.

[6] J. Mikes, “On general trace decomposition problem,” in Diff. Geom. and its Appl., Proc. of 6th Int.
Conf., Brno, Czech Republic, 1995, pp. 45-50.

[7]1 V. V. Vinshnevskij, A. P. Shirokov, and V. V. Shurygin, Spaces over algebras. (Prostranstva nad
algebrami). Kazan: Izd. Kazan. Univ., 1985.

[8] H. Weyl, The classical groups. Princeton: Princeton Univ. Press,, 1946, fifteenth printing (1997).

[9] K. Yano, Differential geometry on complex and almost complex spaces. Pergamon press, 1965.



ON DECOMPOSITION ON MANIFOLDS WITH A DIFFERENTIAL OPERATOR 599

Authors’ addresses

Marek Jukl

Palacky University, Department of Algebra and Geometry, Faculty of Science, Tt. 17. listopadu 12,
771 46 Olomouc, Czech Republic

E-mail address: marek . jukl@upol.cz

Lenka Juklova

Palacky University, Department of Algebra and Geometry, Faculty of Science, Tt. 17. listopadu 12,
771 46 Olomouc, Czech Republic

E-mail address: 1enka. juklovaQupol.cz



