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Abstract. We study the structure of second order natural Lagrangians on the bundle of linear
coframes F* X over an n-dimensional manifold X. They are identified with the corresponding
differential invariants which can be obtained by the factorization method. We give an explicit
description of these differential invariants in terms of their bases. For construction of natural
Lagrangians, the canonical odd n-form on F* X is also introduced.
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1. INTRODUCTION AND PRELIMINARIES

The aim of this paper is to characterize all global, second order Lagrangians on
coframe bundles F*X, invariant with respect to diffeomorphisms of X. Such Lag-
rangians are called natural. Natural Lagrangians on coframe bundles play an import-
ant role in several theories, such as teleparallel description of gravity (see, e. g., [11]).
A characteristic property of a natural Lagrangian is that it is a differential invariant.
The domain of definition of second order natural Lagrangians on coframe bundles,
the bundle J2 F* X, can equivalently be understood as the type fibre of J2F*X.

As usual, we denote by R the field of real numbers. The r-th differential group
L’ of R" is the Lie group of invertible r-jets with source and target at the origin
0 € R™. The group multiplication in L], is defined by the compos1t10n of jets. The

1 l
first (second) canonical coordinates are denoted by a aj iys e ]1 i (

b;uz . bj’u2 j) where 1 < i <n,1 < j; < ]2 < ... < jr <n The
canonical jet projection of L’ onto L. is a Lie group homomorphism. Denoting by
K], its kernel, we can represent the differential group L], as a semi-direct product of
Ll and K, L" = L} x4 K. For generalities on spaces of jets and their mappings,
differential groups, their actions, etc., we refer to [6, 10].

By a left G-manifold we mean a smooth manifold endowed with a left action of a

Lie group G. Let P and Q be two left L] -manifolds. A smooth mapping F : P —
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Q is called a differential invariant if it is L} -equivariant, i.e., F(g - p) = g+ F(p)
forallg € L} and p € P.

If L], acts on manifold Q from the left via its subgroup L,11, and F : P - Qs
a differential invariant, then the restriction of the group action of L} to K, gives the
condition F(g - p) = F(p). This is the basic idea of the orbit reduction method, first
time used by Krupka in [7], which utilizes the semi-direct product of L), to compute
the differential invariants.

Let us consider a left L,ﬁ—manifold Q, and denote by 7, O the manifold of r-jets
with source 0 € R" and target in Q. According to the general theory of prolongations
of left G-manifolds, 7,, Q has a (canonical) structure of a left L,’["l—manifold. To
define this structure, denote by 7, the translation of R” defined by z,(y) = y — x.
Consider elements g € T,, 0, q = Jyy,and a € L't a = J™t g, If we denote
Ox = Ix 00 0 l_y—1(y), setting &(x) = Joldx we get an element of the group L}.
Then the formula

a-g=Jj@ (yoa ') (1.1)

defines a left action of the differential group LZ‘H on 7,7 Q. The formula (1.1) is
usually called the prolongation formula for the action of the group L,11 on Q. The left
L,’1+1—manifold T, Q is called the r-jet prolongation of the left L,l1 -manifold Q.

Let X be an n-dimensional manifold. By an r-frame at a point x € X we mean
an invertible r-jet with source 0 € R” and target x. The set of r-frames together with
its natural structure of a principal L} -bundle with base X is denoted by F” X, and is
called the bundle of r-frames over X. For r = 1, we get the bundle of linear frames,
and write F1X = FX. If Q is a left L}-manifold, then the bundle with type fibre
Q, associated with FX is denoted by Fp X. Formula (1.1) defines on J" Fp X the
structure of a fibre bundle with type fibre 7, O, associated with the bundle F” tlx
(see, e.g., [9]).

An r-coframe at x € X is an invertible r-jet with source x and target O € R". If
r = 1, we speak of linear coframes. We denote by F* X the set of all linear coframes
atall x € X. The right action of L,ll on F*X is given by

F*X x L} > (JLE, Jga) > JLE - Jga = Jl (@' o&) € F*X. (1.2)

With this action, F* X is a right principal L;-bundle.
F*X can also be considered as a fibre bundle with type fibre L} associated with
L,ﬁ—bundle FX,i.e., we have an identification F*X = F Ll X. Induced left action of

the group L} on the type fibre L}, is given by
Ly xLLs(Jga,Jgn) = Jg(moa ™) e L), (1.3)

In the canonical coordinates ( p}) on the type fibre L,ll of F*X, (1.3) is expressed as

Pig(moa™) = pi(Jgmal(Joa™") = pi(Jgm bi(Jge).  (14)
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or simply by
—i _ _i5S8
P; = psbj. (1.5)

(1.5) is called the coframe action of L;11 on itself.

J"F*X denotes the r-jet prolongation of F*X. Since F*X = Fj1 X, J"F*X
has the structure of a fibre bundle with type fibre 7, L},, associated with F"T1X,
The action of L1 on 7,7 L} can be obtained by prolongation of the action (1.4) of
L,ll on L,ll using the formula (1.1).

Let us consider a left action of the general linear group L} on the real line R
defined by L} x R > (a,t) — |deta™'|-¢ € R. The real line, endowed with this
action, is an L} -manifold, denoted by R. A differential invariant with values in R is
called a scalar invariant. General result on the structure of natural Lagrangians says
that, given L,ﬁ—manifold Q, there is a one-to-one correspondence between natural
Lagrangians on J” Fg X and differential invariants d : 7, 0 — R (see, e.g., [9]).
This means that for finding second order natural Lagrangians of coframe bundles it
is sufficient to describe all scalar invariants of 7,21} associated with the coframe
action (1.5).

2. BASIS OF THE SECOND ORDER INVARIANTS

We are interested in differential invariants F : P — Q with values in L }-manifold
Q, which can be viewed as manifold with action of L/, via its subgroup L,11. In such
case, each differential invariant F : P — Q has the form F' = f o m, where 7 :
P — P /K] is the canonical projection onto the orbit space, and f : P/K] — Q is
a uniquely determined L ,%—equivariant mapping (see [10]).

Indeed, in this scheme P /K] is considered with the quotient topology, but it is
not necessarily a smooth manifold. The quotient projection 7 is continuous but not
necessarily smooth. If P/K], has a smooth structure such that 7 is a submersion, we
call r the basis of differential invariants on P. The general concepts on equivari-
ant mappings, related with a normal subgroup of a Lie group, and corresponding
assertions with the proofs can be found in [4,7].

Our aim is to find a basis of differential invariants on 7,2 L!. We use the expression
of the action of L3 on 7,2 L} (see [3]), obtained as prolongation of the coframe action
of L on L} (1.5),

By = piby.
Pik = Psabib + pibjy D
Pikr = Psaubi Db} + Pia(bybj + Dby + bibjy) + pibjy.
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Restricting to the kernel K;;‘ of the projection 713 1 L,31 — L,11 we obtain the
group action of K on 72} induced by the coframe action (see [3])
7=l
Phg = Pig + PibSes (2.2)
Pikt = Piaa + Pjobls + Poscby + pobjic + pibiy-
We denote by ¢ the inverse matrix of the matrix p; thus, ¢} : ;7 Ly, — R are func-

tions such that qé pJS. = 8}, where 8; denotes the Kronecker symbol. Symmetrization
(antisymmetrization) in some indices j, k,l, ... is denoted by writing a bar (a tilde)
over these indices, i.e., by writing ; k., ... (., k,I,.. D).

We also introduce the following functions on 7,2 L}:

1Py Phes Phca) = dmP
. o . (2.3)
] _ i t t
Ij,k;(pf,‘, PZ,C, szcd) = q;np}”’l;l + Q;thS(pg?fp,gj - pgf,;pjj)-
Lemma 1. K3>-orbits in T?L} induced by the coframe action of L} on L} are
defined by the equations
i

I i a a a _ i a a a _
P =¢i LDy Py Poea) = Cige Liki(PhPhcs Phea) = Cj i

i _
kT =0

TR | i g i i
where ijcj,k’cj,kl € R are constants satisfying detc ; # 0, ¢

i i _ i i —

Cikl + Crjl = 0, and Cikl — ik = 0.

Proof. Since the coordinates b]s.k are symmetric in j, k, from the action (2.2) we

. Ky _ Ky _l' _ l _ . . . . Ky .
can write bj e =4i( pf, i pj, k)’ and substituting this expression of bj ¢ 0 (2.2), we
get
Sesi 0 N e N
;i (P — Pjx) =4 (P g = P p)-

Now we compare the tensor on the left hand side with its symmetric part. Using g7 =

S oo =S ol — 48 i ; s
q;, it gives us g; pf’]; =q; pj,/? Thus, for the functions Ij,k’ defined by (2.3), we

S (74 #a ~a . a ,a a S 8¢RI _
have 17, (P Py o Phea) = 174 (Ph: P} oo P o). 1 we denote A%y = g7 (p) 1,
Pigs — p},tbfd - p;,kb]t.l - p;,lb]’.k), expressing b7, from (2.2), we analogously
obtain that A; Kl = Aj%l-. Using the Young decomposition of the tensor Aj x> this

1 1 1 N nd [d /] J— N a a a

equation is equivalent to Ij,kl(pb’ Ppe pb,cd) = Ij,kl(pb’ Phe pb,cd)' Therefore
the functions Ijs  and ij‘ &) are invariant with respect to the action (2.2). Finally, it is
easy to see that the functions I]’ o1 ]’ & &re antisymmetric in the indices j, k, and the

functions / ; & &re symmetric in the indices k, /. g
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Corollary 1. The mappings pJ‘ I} e ! J’ ] represent a basis of second order in-

variants of coframes with values in left L,l1 -manifold.

3. SCALAR INVARIANTS OF COFRAMES

In order to obtain scalar invariants of L3 on 7,21} it is sufficient to consider L}-
equivariant mappings defined on T2L. /K3 (see [1]). Let us define the functions

31 4. on TZLE. by
J v =4 a5 Dk 7
J st (3.1)
Iy qjqkql(pstu4—qm(pvsptu—-pv,p )

Theorem. (a) The functions J ik J k1 on T L, are invariant with respect to the
prolonged coframe action.
(b) Any function on TnzL,11, invariant with respect to the prolonged coframe action,

is a differentiable function of the functions Jl ,and 4% Kl

Proof. (a) The group L} ~ L3/K3 acts in orbit space T}?L} /K2, with coordin-
ates 1! ik and I kD by

I’k =a bsbk s, _;,kl = alrbsbkbl st (3.2)
Using relations a!. = 67; pﬁ, and bj. = q%ﬁ}”, obtained from (1.5), in (3.2), we have
ﬁquch ]lk =Py qchlsrt’ plaqéq]ccqgii]l,kl = Pr qchqdlsrtu’
which describes L,11—invariant objects in TnzL,ﬁ / K,?. Applying (2.3), we get
PESGLIl, =3 PRl L = I

where J; & J; k] are given by (3.1).
(b) The statement follows from the invariance theory. O

Lemma 2. The function dg : T?LL > q — do(q) = |detq;-(q)| € Risa
differential invariant.

Proof. Obviously, the function ¢ is smooth, and for every a € Lg, and every
q € T?L) we have do(a - q) = |deta™!|- do(q). a

Corollary 2. Every differential invariant 4 : T?L} — R is the product of some
differentiable function of JJ’ & JJ’ 1> and the function dy.
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4. SECOND ORDER NATURAL LAGRANGIANS OF COFRAMES

Our aim in this Section is to characterize all Lagrangians on J2F*X, invariant
with respect to all diffeomorphisms of X . First, we recall the main concepts to this
purpose.

We present basic definitions in full generality (for odd base forms). If the under-
lying manifold X is orientable, odd base forms may be replaced by ordinary forms.
The concept of volume form is needed for integration on not necessarily orientable
manifold.

Any chart (U, ¢), ¢ = (x'), on X, induces the fibred chart (V, ), ¥ = (xi,zj.),

on F*X. By setting zj. w,i = 8}; we define another coordinates w]]c on F*X. With a
chart (V, ) we also associate the object

B,y = |detzh |- ¢ @ dx' Adx> A Adx", 4.1)

where ¢ is a field of odd scalars on X, associated with (U, ¢) (see [8]). It is easily
seen that (4.1) represents a globally defined odd base form on F*X; we denote this
form by @, and call it the canonical odd n-form on F* X . This form has the following
properties:

(1) For each coframe field § : W — F*X, where W is an open set on X, the
pullback £*@ is an odd volume form on W.

(2) The construction of @ does not depend on the orientability of the base man-
ifold X. In the case of orientable and oriented manifolds X, @ is equivalent
to an (ordinary) n-form on F*X.

(3) The form & is diff X-invariant, i.e., if F*qa denotes the canonical lift of a
diffeomorphism & : W — X to F* X, then (F*a)*® = & for all a.

It should be pointed out that odd n-forms £*@® may be used as volume forms for
integration on the base manifold X. In particular, these forms naturally appear as a
components of Lagrangians for variational problems for coframe fields.

The canonical jet projection 2 : J2F*X — X is, for every JJ?E € J?2F*X,
defined by t2(J2£) = x. A second order Lagrangian for F*X is any t2-horizontal
n-form A defined on the second jet prolongation J2F*X of F*X. In the chart
V2, vy?), v? = (xi’zj"zj',k’zj',kl)’ on J2F*X, associated with (V, ), a Lag-
rangian A has an expression A = £ - @ ® wo, where wg = dx! Adx? A ... A dx",
@ is a field of odd scalars, and £ : V2 — R is the component of A with respect to
(V, ¥) (the Lagrange function associated with (V, )).

We say that a second order Lagrangian A is natural, if for every diffeomorphism
a: W — X, where W is an open set in X, the canonical lift F*« of @ to F* X is an
invariance transformation of A, i.e.,

(J2F*a)*A = A
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on the corresponding open set in J2F*X. An application of a general result, men-
tioned at the end of Section 1, to the structure considered in this paper gives us that
there is a one-to-one correspondence between natural Lagrangians on J2F*X and
differential invariants J : T2L! — R.

We denote by A} fX the algebra of diff X -invariant functions on J2F*X . In any
chart (V,¢), ¥ = (x*, 4 i), on F*X, define the functions :ﬁ éﬁj x By

R N 2 |

Ljge = WjweZg p-
j 4.2)
i

f’j,kl wj wkwl (Zs tu m(zv sZ_ - Z Z‘ ‘))

(compare with (3.1)). The functions 565. k> :C; ki’ in coordinates expressed by (4.2),
are globally well defined functions on J2F*X.

Lemma 3. (a) The functions SC; i SC; i belong to ALy
(b) Every function £ from Ay can be locally written as a differentiable function

of the functions éﬁ; Ii] -

The following Theorem is an immediate consequence of the invariance theory.

Theorem. Every natural Lagrangian A on J?>F* X is of the form
r=ZEo,

where £ € A}y and & is canonical odd n-form of F*X.

diff

Remark 1. Starting with the frame action of L} on L}, in the corresponding co-
ordinates given by ﬁ; = a}'{ p]].c (compare with (1.5)), by the similar procedure it is
possible to obtain differential invariants of frames. Second order differential invari-
ants, including second order natural Lagrangians of frames, were described in [2].
Orbit reduction method gives us an alternative expression of natural Lagrangians of
frames in comparison with [5].
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