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ON THE FUNCTORIAL PROLONGATIONS OF FIBER BUNDLES
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Abstract. We study the prolongation of various geometric structures on a fibered manifold with
respect to the Weil functor T4 or a fiber product preserving bundle functor F on the category of
all fibered manifolds with m-dimensional bases and their morphisms with local diffeomorphisms
as base maps. Special attention is paid to connections, vector bundles, principal bundles and
weak principal bundles.
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There are two important classes of geometric functors that can be characterized
in terms of Weil algebras. About 1987, it was clarified that the product preserving
bundle functors on the category M f of all manifolds and all smooth maps coincide
with the Weil functors T4, see [2] for a survey. Further, in 1999 W. Mikulski and
the author, [4], analogously described the fiber product preserving bundle functors
F on the category ¥ .M, of fibered manifolds with m-dimensional bases and their
morphisms with local diffeomorphisms as base maps.

In the present paper, we discuss the application of both types of functors to various
geometric structures on fibered manifolds and we underline the differences between
both cases. In Section 1, we summarize the basic facts about 74 (called Case 1) and
F (called Case 2). The prolongation of vector bundles in both cases is discussed in
Section 2. In Section 3, we consider a general connection /" on a fibered manifold
p:Y — M and its prolongation 74T to T4p: TAY — TAM. Section 4 is devoted
to the prolongation of /" to F'Y — M. Our presentation is systematically based on
the concept of flow natural map 1//}1,7 of F over Y. In both cases, special attention is
paid to linear connections.

The prolongation 741" of a principal connection I” on a principal bundle P — M
is discussed in Section 5. We have already pointed out, [1], that the case of FP — M
is much more complicated. In Section 6, we characterize some induced connections
by the properties related with our original concept of weak principal bundle, [2].

All manifolds and maps are assumed to be infinitely differentiable. Unless other-
wise specified, we use the terminology and notation from the book [3].

The author was supported by GACR under the grant 201/09/0981.

(© 2013 Miskolc University Press



424 IVAN KOLAR

1. TWO TYPES OF BUNDLE FUNCTORS

We recall that a Weil algebra is a finite dimensional, commutative, associative and
unital algebra of the form A = R x N, where N is the ideal of all nilpotent elements
of A. Since N is finite dimensional, there exists an integer  such that N"T! = 0.
The smallest r with this property is called the order of A. On the other hand, the
dimension wA of the vector space N/N? is the width of A. We say that a Weil
algebra of width & and order r is a Weil (k, r)-algebra, [2].

The simpliest example of a Weil (k, )-algebra is

D} = Rlx1, ..., x5/ {xn, .. x) T = JG(RE R).
Fork =r =1, ID% = D is the algebra of Study numbers. In [2], we deduced

Lemma 1. Every Weil (k, r)-algebra is a factor algebra of Dy. If 0, 0: D} — A
are two algebra epimorphisms, then there exists an algebra isomorphism x: IDZ -
D}, suchthat o = o o y.

We apply the covariant approach to Weil functors, [2, 3].

Definition 1. Two maps y, §: R* — M determine the same A-velocity j4y =
;j48 if for every smooth function ¢: M — R,

0(jg (@ or)) = el(iGlg o). (1.1)
By Lemma 1, this is independent of the choice of g.
We say that

TAM = {j4y:y:RF - M} (1.2)

is the bundle of all A-velocities on M. For every smooth map f: M — N, we define
TAf:TAM — TAN by

TA1Gy) = jA4(foy). (1.3)
Clearly, TAR = A.

Case 1. We say that (1.2) and (1.3) represent the covariant approach to Weil
bundles. The following result is a fundamental assertion, see [2] for a survey.

Theorem 1. The product preserving bundle functors on M f are in bijection with
TA. The natural transformations T4 — T42 are in bijection with the algebra
homomorphisms . Ay — As.

We write ppr: T4 M — T42M for the value of u: A; — Ap on M. If A4; is a
Weil (k;,r;)-algebra, i = 1,2, then there exists a polynomial map ji: R¥2 — RK1
such that

pu (M) = jPom. R - M. (1.4)

The iteration 742741 corresponds to the tensor product of A, and A,. The al-

gebra exchange homomorphism ex: A1 ® A — A, ® A1 defines a natural exchange
transformation 742741 — 741742 We have T = TP.
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The canonical exchange %ﬁ: TATM — TTAM is called flow natural. Indeed, if
FIX is the flow of a vector field X: M — TM, then

d
74X = &‘OTA(Flf(): TAM — TTAM
is the flow prolongation of X. On the other hand, T4X:TAM — TATM is the

functorial prolongation of X. One deduces easily, [2],
TAX = xfl o TAX . (1.5)

Case 2. Consider now a bundle functor F' on & M, preserving fiber products. Ex-
amples are the rth jet prolongation J"Y, VAY = Ugem TA(Yy), Uxem JI(M,Yy)
and iterations.

We say F is of the base order r if for two F M,,-morphisms ¢, ¥:Y — Z with
base maps ¢, y: M — N, jlo = jly and ¢|Yx = ¥|Yx imply Fo|FyY =
Fy|FY,x e M. B N

Write M f5, for the category of m-dimensional manifolds and their local diffeo-
morphisms. The construction of product fibered manifolds defines injection ¢: M f, X
Mf = FMp, (M,N) = (M xN —> M), (f1. 2) = i X fa, Ml — M,
fo:N — N'.

W. Mikulski and the author deduced, [4], that the bundle functors @ = F o
on M fr, x M f are in bijection with the pairs (4, H), where A is a Weil algebra
and H:G), — AutA4 is a group homomorphism of the rth jet group in dimension
m into the group of all algebra automorphisms of A. Since H(g):A — A is an
algebra automorphism for every g € G/, , we have the induced action Hy(g) =
H(g)N:TAN — TAN of G;, on TAN. Then ®(M, N) is the associated fiber
bundle P" M[T4N]. For a local diffeomorphism fi: M — M’ and a smooth map
f 2. N — N /,

O(f1, f») = PTAITA f]: (M, N) — &(M',N'), (1.6)

where P” f1: P"M — P"M’ is the induced local isomorphism of principal fiber
bundles and 74 fo: TAN — T4N’is a G! -equivariant map, [2,4].

Then the functor F is determined by adding an equivariant algebra homomorphism
t:D}, — A, where AutD], = G,,. We have

FY ={{u.Z} € PPM[TAY], tyu = TAp(Z), u e P"M, Z € TAY}, (1.7)

where tps: T7 M — TAM and P"M C TJ,M. For an ¥ My,-morphism f:Y — ¥’
over f:M — M !, Ff is the restriction of @( JS.f)to FY. In the product case
Y = M x N, we have

F(M x N) = P"M[T4N]. (1.8)

If we consider another fibered manifold Y’ — M over M and i = id 57, we have

Ff({u, Z}) = {u, TAf(2)} . (1.9)
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Formally, ¢ induces a natural map
ty:J'Y > FY, {u,Z}— {u.ty(Z)}. (1.10)

Geometrically, we interpret a section s: M — Y as a morphism §: M — Y, where

~ d I o
M =M BaN M) is the “doubled” manifold. Then F'5 is identified with j”s and
1y (jx8) = (F)(x).

2. PROLONGATION OF VECTOR BUNDLES

Consider a vector bundle p: E — M. The vector addition in £ and the multiplic-
ation of vectors by real numbers are two maps

aExy E—E, mRxE—>E. 2.1)
Applying T4, we obtain
TAa: TAE xpay TAE - TAE, TAm:AxTAE - TAE . (2.2)
If we use R C A and express all the basic properties of a vector bundle in terms of
diagrams, we prove

Proposition 1. T4p: TAE — TAM is also a vector bundle. O

However, our concept of A-velocity offers a more geometric proof, that is, one of
jet-like character. We have

TAE = {j4y.y:R* - E}.
For ¢ € R, we define ¢j 4y (1) = j4(cy(r)), t € RE. If poy; = p o y,, we set
@) + it (r20) = 4 (@ + r2(0)

with addition in the individual fibers of E. Then we verify easily that T4 E is a vector
bundle.
We underline that the map T4m: A x TAE — TAE introduces an action of the
Weil algebra A on T4 E, which is important in several applications, [2].
In the case of F = (A, H, ), we can apply F directly to the first formula in (2.1).
This yields
Fa:. FE x)f FE — FE (2.3)
with the fiber product over M, not over TAM asin (2.2). Further, F can be applied
to fibered manifolds only. Hence, we have to rewrite the second formula from (2.1)
as
m:(M xR)xy E— E. 2.4)
Using (1.8), we find
Fm: P"M[A] xyy FE — FE (2.5)
with the action of G,, on A = R x N determined by /7. But R is invariant with
respect to every H(g), sothat M x R C P" M[A]. Restricting (2.5) to this subspace,
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we obtain the multiplication by real scalars on FE. A direct discussion of all the
related diagrams imply

Proposition 2. FE — M is also a vector bundle. O

Even here, it is more geometric to apply the jet like approach based on (1.7). Two
Vi, Va € Fy E can be written as

Vi={u,Ziy, Va={u,Zs}, Z1,Z, e TAE (2.6)
with the same u € P] M. Then TAp(Z1) = tyu = TAp(Z,) imply that Z, and
Z5 lie in the same fiber of TAE over IMu € TAM. But TAE — TAM is a vector
bundle and # is invariant. By (1.4), V1 + V> = {u, Z; + Z5} is defined in an intrinsic
way. This leads directly to another proof of our assertion.

3. INDUCED CONNECTIONS ON T4Y — T4AM

Consider a general connection /" on Y as a liftingmap I":Y xpy TM — TY . In
[3], we constructed the induced general connection TA on T4 p: TAY > TAM
by a commutative diagram

A
TAY xpap TATM —T°F o 7ATY (3.1)
l%ﬁ xy

T A
TAY xpap TTAM —Z°L o774y

Proposition 3. Let I" be a linear connection on the vector bundle p: E — M.
Then TATL is also linear:

Proof. Linearity of I" means
Fup, X)+T'(uz, X)=T(uy +uz.X), ujur €Ey, X €T M.
We have
TANTAE xpap TTAM — TTAE
and
TAPGA4y. j48) = i T .9,

yRESE, &RV S TM, poy=mof, m:TM > M.
Then
TAP( A1+ j 72, j48) = AT (n (D) + 72(2). (1) =

= JAT (8 + A (2.8 = TATG Ay 48 + TAT (2. j49).
This completes the proof. O
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Example 1. We present the case 74 = T in coordinates. Let x’, y? be some fiber
coordinates on Y and

dy? = FP(x,y)dx' (3.2)

be the equations of a general connection I". If x’i, yf are the additional coordinates
on 7'Y, then the additional equations of 7 I are, see [2],

dylp:( OF?

oF? . . .
L) 4 —’yf) dx' + FPdxi. 3.3)
In the linear case, we have

ax/

dy4

dy? = I/ (x)y?dx',
(3.4)

ark . . .
dy? = (—axqjl yix{ + quyf) dx' + rfytdxy,

that is linear in y# and yf) .

4. INDUCED CONNECTIONS ON FY — M

It was clarified in several concrete problems that if F is of base order r, we need
an auxiliary linear splitting A: TM — J"TM to construct an induced connection
F, A FY xpg TM — TFY, [3]. Consider a vector field &: M — TM and
its I'-lift I'&:Y — TY. The flow prolongation ¥ (I'§): FY — TFY depends
on j"& only. This yields ¥ I': FY xp JTTM — TFY linear in J"TM. Then
FL,A =FTo(@dFry,A).

It is useful to describe this construction by using the flow natural map 1//)1}7 . In
Section 1, we constructed t7ps: J"TM — F TM . Consider a projectable vector field
n:Y — TY over&: M — TM. If we interpret n as an & M-morphism n: Y — TY
over id 57, we can construct F'n: FY — FTY. By [2], there is a unique map

w;:FTYxFTMJrTMeTFY 4.1)
satisfying

Fn=vyy(Fn,j"§) 4.2)

for every 1. This map is linear in J"TM . Hence
F(LA) =yE (F(IE), j"8) o A= F I o(idpy. A). (4.3)

In the case of a vector bundle E, wg is linear also in F TE, [2]. This implies
directly

Proposition 4. If I" is linear, then ¥ (I, A) is linear for every A.
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5. THE PRINCIPAL BUNDLE T4P — T4M

Consider a principal G-bundle p: P — M and write u - g, u € P, g € G for the
action of G on P. We shall use the same symbol for the induced action of 74G on
TAp:TAP - TAM,

jMu@) - jg(r) = j4(uk) - g(®), teRF. (5.1)

This is a right action. If j4u,(t) and j4u,(z) satisfy p ou; = p o u», then the
relation
uz(t) = u1(v) - g(7)
implies that 74 P — T4M is a principal 74 G-bundle.
The induced action of G on TP is

0 0
(g\ov(l)) ‘g = g\o(v(t)-g), v:R— P. (5.2)
A principal connection I": P x3y TM — TP is characterized by
d 0
F(u,g‘oy(t))-g—F(u-g,g‘oy(z)), yiR— M. (5.3)
The induced action of T4G on TTAP is
d 0
A A A
a7 ' = : 4
(151 @0) - i@ = | i wEn- 5(@). (5.4)

u:[ka[R—>P,g:[Rk—>G.

Proposition 5. If I is a principal connection on P — M, then TAT is a prin-
cipal connection on TAP — TAM.

Proof. For u:R¥ — P, g: RF - G, V. RF x R — M, we obtain by (5.3) and
(5.4)
0
A A A o .4 _
TAD (4 () - @), 5| i v @)

: d| . :
=747 (j4(u(o). o ‘OJAV(T, n)- 4.
This completes the proof of the proposition. U

In the case of a bundle P[S] associated to P with respect to a left action G x § —
S, every principal connection I" on P induces a general connection I's on P[S]. If
I'u,X)= %‘Oy(t), y:R — P, then

9
Fs({u.a} X} = g‘o{y(z),a}, acs. (5.5)

Consider the induced action T4G x T4S — T4S. Analogously to Proposition 3,
we deduce
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Proposition 6. We have T4(I's) = (T4 ) 7.

6. WEAK PRINCIPAL BUNDLES

It is well known that the rth jet prolongation J” P — M of a principal G-bundle
P — M isnot a principal bundle, [2]. When investigating the functor F' = (A4, H, 1),
we realized that some general phenomena are reflected in the concept of the weak
principal bundle, [2]. Let K be a Lie group.

Definition 2. A fibered manifold p: C — M is called a group bundle of type K if
each fiber is a Lie group and for every x € M there exists a neighbourhood U such
that p~1(U) ~ U x K.

The group compositions form a base preserving morphism v: C x3r C — C.

Lemma 2. Fv: FC xp FC — FC is a group bundle of type TAK.

Proof. By locality, we may assume C = M x K. Write x: K x K — K for
the group composition in K. Consider c¢1,c3 € FxC, c1 = {u, Z1}, co = {u, Z»},
ueP/M,Z,Z; ¢ TAK. Using (1.9), we obtain

F({u, Z1}{u. Z2}) = {u. T*%(Z,. Z)} .
The lemma is now proved. 0

Definition 3. A fibered manifold Q — M is called a weak principal bundle with
structure group bundle C — M if we are given a base-preserving morphism g: Q X s
C — Q such that each group Cy acts simply transitively on the right on Q.

Clearly, the principal bundle is a weak principal bundle, the group bundle of which
is the product M x K.

Example 2. We have F(M x G) = P"M[T“G]. This is a group bundle of type
TAG. Applying F to 9: Pxp (M xG) — P, weobtain Fo: FPxy PTM[TAG] —
FP. This defines a weak principal bundle structure on F P for every principal bundle
P.

Proposition 7. For a weak principal bundle 0: Qxp C — Q, Fo: FOXpy FC —
FQ is also a weak principal bundle.

Proof. By locality, the problem reduces to Example 2. O

Definition 4. A connection A: C X3 TM — T'C is called a group connection if
A, X) = %‘Oui(t), i = 1,2, imply A(x(¢i,c2), X) = %‘Ox(ul(t),uz(t)) for
every c1,c2 € Cy, X € TxM.

Definition 5. A connection I": Q xpr TM — TQ is called weak principal with re-
spect to a group connection A: Cxy TM — TCif I'(u, X) = % ‘Ou(t), Afe, X) =
a% ‘Oc(l) implies

I'(0(u(0),c(0)). X) = %‘Og(u(t), c@),u:R—- Q,c:R— C.
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Clearly, if C = M x K is the product bundle, a weak principal connection /" on
0 with respect to the product connection on C is principal.
Using the ideas of Section 4, one deduces directly

Proposition 8. If I" is a weak principal connection on Q with respect to a group
connection A on C, then ¥ (I, A) is weak principal with respect to ¥ (A, A) for
every A.

Remark. In the theory of prolongation of geometric object fields, one modifies
the weak principal bundle J” P into a principal bundle by constructing W"P =
J"P xpr P"M, [3]. In [1], A. Cabras and the author have described a general
procedure of this type.
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