Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 6 (2005), No 1, pp. 31-41 DOI: 10.18514/MMN.2005.90

> INBSTEA 7
RS wiskoLoNEY

Upper and lower slightly a-continuous
multifunctions

Erdal Ekici



@ Miskolc Mathematical Notes HU ISSN 1586-8850
Vol. 6 (2005), No. 1, pp. 31-41

UPPER AND LOWER SLIGHTLY @-CONTINUOUS MULTIFUNCTIONS

ERDAL EKICI
[Received: January 20, 2004]

Asstract. The aim of this paper is to introduce and study upper and lower slightly
a-continuous multifunctions as a generalization of upper and leweontinuous
multifunctions, respectively, due to Neubrunn (1988). Some characterizations and
several properties concerning upper (lower) slighttgontinuous multifunctions

are obtained. The relationships between upper (lower) slightigntinuous multi-
functions and upper (lowen-continuous multifunctions are also discussed.
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1. INTRODUCTION

Various types of functions play a significant role in the theory of classical point set
topology. A great number of papers dealing with such functions have appeared, and
a good many of them have been extended to the setting of multifunctions. In 1988,
Neubrunn introduced the concept@fcontinuous multifunctions [7]a-continuity
which is a weaker form of continuity, in ordinary topology was extended to multi-
functions.

The purpose of the present paper is to define upper (lower) slightlyntinuous
multifunctions and to obtain several characterizations of upper (lower) slightly
continuous multifunctions and basic properties of such multifunctions. Moreover, the
relationships between upper (lower) slightlycontinuous multifunctions and upper
(lower) @-continuous multifunctions are also discussed.

2. PRELIMINARIES

Throughout this paper, spaces t) and (Y, v) (or simply X andY) always mean
topological spaces in which no separation axioms are assumed unless explicitly stated.
Let A be a subset of a spaee For a subseAf of (X, 1), cl(A) and int @A) represent
the closure ofA with respect tar and the interior ofA with respect tar, respectively.

A subsetA is said to bex-open [8] (resp., preopen [4]) B c int(cl(int(A))),
(resp.,A c int(cl (A))). The complement of a-open (resp., preopen) set is said to be
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a-closed (preclosed). The family of altopen (resp., preopen) setsXis denoted
by aO(X) (resp.,PO(X)).

It is shown in (Njastad, 1965) thatO(X) is a topology forX.

By a multifunctionF : X — Y, we mean a point-to-set correspondence from
X into Y, and always assume thB{(x) # @ for all x € X. For a multifunction
F : X — Y, following [1, 2] we shall denote the upper and lower inverse of a set
B of Y by F*(B) andF~(B), respectively, that isd-*(B) = {x € X : F(x) c B} and
F~(B) = {xe X: F(X) n B # @}. In particular,F~(y) = {x € X : y € F(X)} for each
pointy € Y. For eachA c X, F(A) = Uyea F(X). ThenF is said to be a surjection if
F(X) =Y, or equivalently if for eacly € Y there exists ax € X such thayy € F(X).

Moreover,F : X — Y is called upper semi-continuous (resp., lower semi-continu-
ous) if F*(V) (resp.,F~(V)) is open inX for every open se¥ of Y [10].

For a multifunctionF : X — Y, the graph multifunctiotGg : X - X x Y is
defined as followssg(x) = {x} x F(x) for everyx € X and the subsd{x} x F(X) :
x € X} ¢ X x Y is called the multigraph df and is denoted b¢(F).

Definition 1. A multifunctionF : X — Y is said to be:

(1) Uppera-continuous ak € X [7] if for each open se¥ of Y containingF(x),
there existd) € aO(X) containingx such that(U) c V;

(2) Lowera-continuous ak € X [7] if for each open se¥ of Y such that(x) N
V # @, there existd) € aO(X) containingx such thafF(uyNV # @ for every
ue U;

(3) Upper (lowerk-continuous if it has this property at each pointof

3. SLIGHTLY (@-CONTINUOUS MULTIFUNCTIONS

Definition 2. A multifunctionF : X — Y is said to be:

(1) Upper slightlya-continuous ak € X if for each clopen se¥ of Y containing
F(X), there existd) € «O(X) containingx such that~(U) c V;

(2) Lower slightlya-continuous ak € X if for each clopen se¥ of Y such that
F(X) NV # @, there existd) € aO(X) containingx such thatF(u) NV # @
for everyu e U;

(3) Upper (lower) slightlyx-continuous if it has this property at each poindof

The following theorem states some characterizations of upper sligitbntinuous
multifunctions.

We know that a netq,) in a topological spaceX( r) is called eventually in the set
U c X if there exists an indexg € J such thatx, € U for all @ > ag.

Definition 3. A sequenceX;) is said toa-converge to a poink if for every a-
open se¥ containingx, there exists an indax such that fom > ng, x, € V. This is
denoted by, —, X.
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Theorem 1. LetF : X — Y be a multifunction from a topological spa¢X, ) to
a topological spacéy, v). Then the following statements are equivalent.

(i) F is upper slightlye-continuous;
(i) For eachx € X and for each clopen sa&t such thatx € F*(V), there exists
an a-open setJ containingx such thatu c F*(V);
(iii) For eachx € X and for each clopen sa&t such thatx € F*(Y \ V), there
exists anr-closed seH such thatx e X\ HandF~(V) c H;
(iv) F*(V)is ana-open set for any clopen s¥étc Y;
(v) F~(V) is ana-closed set for any clopen sétc Y;
(vi) F7(Y\ V) is ana-closed set for any clopen sétc Y;
(vii)y F*(Y\ V) is ana-open set for any clopen s¥étc Y;
(viii) For eachx € X and for each netx,) which a-converges toc in X and for
each clopen se¥ c Y such thatx € F*(V), the net(x,) is eventually in
F*(V).

Proor. (i) < (ii). Clear.

(il) e (iii). Let x € X and letV be a clopen such thate F*(Y \ V). By (ii), there
exists anr-open setJ containingx such thad c F*(Y \ V). ThenF~(V) c X\ U.
TakeH = X\ U. We havex € X \ H andH is a-closed.

The converse is similar.

() © (iv). Let x € F*(V) and letV be a clopen set. From (i), there exists@&an
open set)y containingx such thatyy ¢ F*(V). It follows thatF* (V) = Uxer+(v) Ux
and hencé-*(V) is a-open.

The converse can be shown easily.

(iv) = (v). LetV c Y be a clopen set. We have théat V is a clopen set. From
(iv), F*(Y \ V) = X\ F~(V) is ana-open set. Then it is obtained that (V) is an
a-closed set.

(v) = (iv). similar to the above.

(iv) & (Vi), (V) © (vii). SinceF~(Y\V) = X\ F*(V) andF*(Y\V) = X\ F(V),
the proof is clear.

() = (viii). Let (x,) be a net whiche-converges tax in X and letV c Y be
any clopen set such that € F*(V). SinceF is an upper slightlyz-continuous
multifuction, it follows that there exists am-open setU c X containingx such
thatU c F*(V). Since &,) a-converges t, it follows that there exists an index
ag € J such thatx, € U for all @ > ag. From here, we obtain that, e U c F*(V)
for all @ > ag. Thus, the netx,) is eventually inF* (V).

(viii) = (i). Suppose that (i) is not true. There exists a pairind a clopen set
V with x € F*(V) such thatU ¢ F*(V) for eacha-open setJ c X containingx.
Let xy € U andxy ¢ F*(V) for eacha-open set) c X containingx. Then for the
a-neighbourhood netx()), Xy — X, but (xy) is not eventually inF*(V). This is a
contradiction. Thusk is an upper slightlyr-continuous multifunction. O
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Remarkl. For a multifunctionF : X — Y from a topological spaceX(7) to a
topological spaceY(v), the following implications hold:

upper semi-continuity—> uppera-continuity =—=- upper slightlya-continuity

However, the converse implications are not true in general.

Examplel. Let X = {a,b,c} andY = {1, 2 3, 4,5}. Letr andwv, respec-
tively, be the topologies oiX and onY given byt = {@, X, {a}, {b}, {a, b}} and
v=1{2, Y. {1, 2}, {3, 4}, {3, 4, 5}, {1, 2, 3, 4}}. Define the multifunctiorF : X - Y
by F(a) = {1, 3, 4, 5}, F(b) = {1, 5} andF(c) = {1, 2, 3}. ThenF is a lower slightly
a-continuous multifunction bug is not lowera-continuous.

Example2. Let X = {a, b, c} andY = {1, 2, 3, 4, 5}. Letr anduv, respectively,
be the topologies iiX andY given by the formulae = {@, X, {a}, {b}, {a, b}} and
v=1{2, Y, {1 2}, {3, 4}, {3, 4, 5}, {1, 2, 3, 4}}. Define the multifunctiorF : X - Y
by F(a) = {3, 4, 5}, F(b) = {1, 2} andF(c) = {1, 2, 3}. ThenF is an upper slightly
a-continuous multifunction but is not uppe-continuous.

The other implication is not reversible as shown in [7].

Recall that a space is 0-dimensional if its topology has a base consisting of clopen
sets.

Theorem 2. LetF : X — Y be a multifunction from a topological spa¢X, ) to
a topological spacéy, v). Suppose thaY is a0-dimensional space. F is an upper
(lower) slightlya-continuous multifunction, thehis an upper (lowery-continuous.

Proor. Let x € X and letV be any open set such thate F*(V). SinceY is
a 0-dimensional space, then there exists a clopef® sgintainingx such thatx e
F*(G) c F*(V). SinceF is an upper slightlyr-continuous multifunction, there
exists anr-open setJ containingx such thatd c F*(G) c F*(V). Thus, we obtain
thatF is uppera-continuous.

The proof of lower continuity is similar. O

The following theorem states some characterizations of a lower slighttyntinuous
multifunction.

Theorem 3. LetF : X — Y be a multifunction from a topological spa¢X, ) to
a topological spacéy, v). Then the following statements are equivalent.

(i) F is lower slightlya-continuous;

(i) For eachx € X and for each clopen s&t such thatx € F~(V), there exists
an a-open setJ containingx such thatu c F~(V);

(iii) For eachx € X and for each clopen sat such thatx € F~(Y \ V), there
exists any-closed seH such thatx e X\ H andF*(V) c H;

(iv) F~(V)is ana-open set for any clopen s€tc Y;

(v) F*(V) is ana-closed set for any clopen sétc Y;

(vi) FT(Y\ V) is ana-closed set for any clopen sétc Y;
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(vii) F~(Y \V)is ana-open set for any clopen s€tc Y;

(viii) For eachx € X and for each netx,) which a-converges to< in X and for
each clopen se¥ c Y such thatx € F~(V), the net(x,) is eventually in
F(V).

Proor. It can be obtained similarly as Theorem 4. O

Theorem 4. LetF : X — Y be a multifunction from a topological spafs, ) to a
topological spaceY, v) and letF(X) be endowed with subspace topologyF lis an
upper slightlya-continuous multifunction, thelk : X — F(X) is an upper slightly
a-continuous multifunction.

Proor. SinceF is an upper slightlye-continuous,F*(V n F(X)) = F*(V) n
F*(F(X)) = F*(V) is a-open for each clopen subsébf Y. HenceF : X — F(X) is
an upper slightlyr-continuous multifunction. O

Suppose that{, 7), (Y, v) and ¢, w) are topological spaces. It is known thaFif :
X = Y andF; : Y — Z are multifunctions, then the multifunctidfp o F1 : X —» Z
is defined by F» o F1)(X) = F2(F1(X)) for eachx € X.

Theorem 5. Let (X, 1), (Y,v), (Z, w) be topological spaces and I&t: X —» Y
andG : Y — Z be multifunctions. IF : X — Y is an upper (lowerk-continuous
multifunction andG : Y — Z is an upper (lower) semi-continuous multifunction,
thenGo F : X — Zis an upper (lower) slightly-continuous multifunction.

Proor. Let V c Z be any clopen set. From the definition Gfo F, we have
(G o F)*(V) = FH(GH*V)) (G o F) (V) = F(G(V)). SinceG is an upper
(lower) semi-continuous multifunction, it follows th@t* (V) (G~(V)) is an open set.
SinceF is an upper (lowery-continuous multifunction, it follows thaE*(G*(V))
(F7(G~(V))) is ana-open set. It shows th& o F is an upper (lower) slightly-
continuous multifunction. m]

Lemma 1. If A e PO(X) andB € aO(X), thenAn B € «O(A) [5].

Theorem 6. Let F : X — Y be a multifunction and let) € PO(X). If F is a
lower (upper) slightlye-continuous multifunction, then the restriction multifunction
Flu : U — Yis a lower (upper) slightlyr-continuous multifunction.

Proor. Supposethaf c Yisaclopenset. Lete U andletx € F~|y(V). SinceF
is a lower slightlya-continuous multifunction, it follows that there exigse «O(X)
containingx such thats c F~(V). From here we obtain thate GNU € «O(U) and
GnU c Fly(V). Thus, we show that the restriction multifunctiéty is a lower
slightly a-continuous.

The proof of the upper slightlg-continuity of F|y is similar to the above. O

Lemma 2. If A€ aO(Y) andY € aO(X), thenA € aO(X) [5].
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Theorem 7. Let{U, : 1 € A} be ana-open cover of a spacé. Then a multifunc-
tion F : X — Y is upper slightlya-continuous (resp., lower slightly-continuous) if
and only if the restrictiorF|y, : U, — Y is upper slightlye-continuous (resp., lower
slightly a-continuous) for eachi € A.

Proor. We prove only the case whéhnis an upper slightlyr-continuous.

(=) Let 2 € A andV be any clopen set of. SinceF is upper slightlya-
continuous,F*(V) is a-open inX. By Lemma 12, E|y,)"(V) = F*(V)n U, is
a-open inU, and hencd-|y, is slightly a-continuous.

(<) Let V be any clopen set of. SinceF|y, is slightly a-continuous for each
A€ A, (Flu)t(V) = F*(V) n U, is a-open inU,. By Lemma 14, E|y,)"(V) is
a-open inX for eachd € A. We obtain thaF* (V) = Jea(Flu,)* (V) is a-open in
X. HenceF is upper slightlya-continuous. O

Lemma 3. For a multifunctionF : X — Y, the following holds:
(1) GE(Ax B) = AnF*(B),
(2) GE(AxB)=ANnF~(B)
for any subseté&. c X andB c Y [9].

Theorem 8. LetF : X — Y be a multifunction from a topological spa¢X, )
to a topological spac€y,v). If the graph multifunction of is an upper slightly
a-continuous multifunction, thelf is an upper slightlyr-continuous multifunction.

Proor. Let x € X and letV c Y be a clopen set such thate F*(V). We obtain
thatx € GE(X x V) and thatX x V is a clopen set. Since graph multifunctiGg
is an upper slightlyr-continuous, it follows that there exists aropen selU c X
containingx such that) c G£(Xx V). SinceU c GE(Xx V) = XNF*(V) = F*(V),
we obtain that) c F*(V). Thus,F is upper slightlyz-continuous multifunction. o

Theorem 9. A multifunctionF : X — Y is lower slightlya-continuous ifGg :
X — X x Y is lower slightlya-continuous.

Proor. Suppose thaGg is lower slightly a-continuous. Letx € X andV be
any clopen set off such thatx € F~(V). ThenX x V is clopen inX x Y and
GE(X)N(XxV) = {(xxFX))NXxV)={xx(FXnV)=* a. SinceGg
is lower slightly a-continuous, there exists arropen selJ containingx such that
U c GE(X x V). By the previous lemma, we hate c F~(V). This shows thaF is
lower slightly a-continuous. ]

Theorem 10. Suppose thgiX, r) and(X,, 7,) are topological spaces wheaee J.
LetF : X = [],e3 Xo be a multifunction fronX to the product spacf] ,j X, and let
Po : [Tees Xe — X, be the projection multifunction for eache J which is defined
by P,((X.)) = {X.}. If F is an upper (lower) slightly-continuous multifunction, then
P, o F is an upper (lower) slightly-continuous multifunction for each e J.
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Proor. Take anyag € J. LetV,, be a clopen set inX,,, 7o,). Then @y, o
F)* (Vo) = F*(P5,(Vao) = F*(Vao X [Tazap Xa) (rESPeCtively, Po, o F)™ (Vo) =
F7(Psy(Vao)) = F (Voo X [laza, Xe))- SinceF is an upper (lower) slightlyr-
continuous multifunction and sindé,, X [],:q, X« iS a clopen set, it follows that
F*(Vao X [Tazao Xa) (respectivelyF~ (Voo X [Tozae Xa)) is @-openin K, 7). It shows
thatP,, o F is an upper (lower) slightly-continuous multifunction.

Hence, we obtain tha&, o F is an upper (lower) slightlg-continuous multifunc-
tion for eache € J. O

Theorem 11. Suppose that for each € J, (X, 7a), (Yo, v,) are topological
spaces. LeF, : X, — Y, be a multifunction for eachr € J and letF : [],c3 Xe —
[Taes Yo be defined b¥F (X)) = [Taeg Fe(Xe) from the product spacf] < X, to the
product spacqg],cj Yo If F is an upper (lower) slightly-continuous multifunction,
then each, is an upper (lower) slightlyr-continuous multifunction for each e J.

Proor. LetV, C Y, be a clopen set. Thew, x [],.s Y is a clopen set. Since
F is an upper (lower) slightlyr-continuous multifunction, it follows thaE*(V, x
[asg Y5) = FE(Va) X Tasg X5 (F"(Va X [Tass Y5) = Fa(Va) X [Tasg %) is ana-
open set. Consequently, we obtain tRg(V,) (F,(V.)) is ana-open set. Thus, we
show thatF, is an upper (lower) slightlyg-continuous multifunction. O

For two multifunctiond=1 : X3 — Y andF; : Xo — Y», the product multifunction
FixF2: X1xXo — Y1 xYzis defined as follows:K1 x F2) (X1, X2) = F1(X1) x F2(X2)
for everyx; € X; andx, € Xs.

Theorem 12. Suppose thaF; : X1 — Y1, F2 : X2 — Y, are multifunctions. If
F1 x F2 is an upper (lower) slightlyr-continuous multifunction, thefi; andF, are
upper (lower) slightlyy-continuous multifunctions.

Proor. Let K c Y;, H c Y; be clopen sets. It is known th&t x H is a clopen
set and 1 x F2)"(K x H) = F{(K) x FJ(H). SinceF; x F2 is an upper slightly
a-continuous multifunction, it follows tha (K) x F3(H) is ana-open set. From
here,F](K) andF}(H) area-open sets. Hence, it is obtained tikatand F, are
upper slightlya-continuous multifunctions.

The proof of the lower slightlyr-continuity of F; andF is similar to the above
argument. m|

Theorem 13. Suppose thatX, 1), (Y,v), (Z, w) are topological spaces anH; :
X =Y, F;: X — Zare multifunctions. LeF; x F> : X — Y x Z be a multifunction
which is defined byF1 x F2)(X) = F1(X) x F2(X) for eachx € X. If F1 X Fz is an
upper (lower) slightly-continuous multifunction, thels; andF» are upper (lower)
slightly @-continuous multifunctions.

Proor. Letx € Xandletk c Y, H c Z be clopen sets such that F;(K) andx €
F3(H). Then we obtain thef;(x) ¢ K andF2(x) ¢ H and from heref1(X)xF2(X) =
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(F1xF2)(X) c KxH. We havex € (F1 xF2)*(KxH). SinceF; x F» is upper slightly
a-continuous multifunction, it follows that there exists@wpen set) containingx

such that) c (F1 x F2)*(K x H). We obtain that) c F;(K) andU c F3(H). Thus,
we obtain that, andF, are upper slightlyr-continuous multifunctions.

The proof of the lower slightlyy-continuity of F; andF; is similar to the above. o

Definition 4. Let (X, 1) be a topological spaceX is said to be a strongly normal
space if for any disjoint closed subs&tsandF of X, there exists two clopen sdts
andV suchthakK cU,FcVandUnV = 2.

Example3d. LetX = {a, b, ¢}, 7 = {@, X {a}, {b}, {a, b}}. Then X, 7) is a strongly
normal space.

Recall that a multifunctiofr : X — Y is said to be punctually closed if, for each
X € X, F(X) is closed.

Theorem 14.1f Y is strongly normal space anlg; : X; — Y is an upper slightly
a-continuous multifunction such thé&t is punctually closed for = 1, 2, then a set
{(X1, X2) € X1 X Xz : F1(X1) N F2(x2) # @} is ana-closed set iy x Xs.

Proor. Let A = {(Xg1, X2) € X1 X X2 : F1(X1) N Fa(x2) # @} and k1, x2) € (X1 X
X2) \ A. ThenF1(x;) N F2(x2) = @. SinceY is strongly normal andF; is punctually
closed fori = 1, 2, there exist disjoint clopen seéfs, V» such thati(x) c V; for
i = 1, 2. SinceF; is upper slightlye-continuousF;"(V;) is a-open fori = 1, 2. Put
U = F (V1) xF;(V2), thenU is a-open and X1, X2) € U C (Xy x X2) \ A. This shows
that (X1 x X2) \ Ais @-open and hencA is a-closed in K1 x X5). O

Theorem 15. Let F and G be upper slightlyy-continuous and punctually closed
multifunctions from a topological spac€to a strongly normal topological spacé
Then the seK = {x: F(X) N G(X) # @} is a-closed inX.

Proor. Letx € X\ K. ThenF(x)NG(x) = @. SinceF andG are punctually closed
multifunctions andy is a strongly normal space, it follows that there exist disjoint
clopen seté) andV containingF(x) andG(x), respectively. Sincé andG are upper
slightly a-continuous, then the sefs’(U) andG* (V) area-open and contaix. Let
H = F*(U) u G*(V). ThenH is ana-open set containingandH N K = @. Hence,

K is @-closed inX. m|

Definition 5. A spaceX is said to bex-Hausdoff if for each pair of distinct points
x andy in X, there exist disjoinir-open set&) andV in X such thatx € U andy € V

[6].

Theorem 16. LetF : X — Y be an upper slightly-continuous multifunction and
punctually closed from a topological spagdo a strongly normal topological space
Y and letF(x) N F(y) = @ for each distinct pairx,y € X. ThenX is a a-Hausdoyf
space.



UPPER AND LOWER SLIGHTLY@-CONTINUOUS MULTIFUNCTIONS 39

Proor. Let x andy be any two distinct points iXX. Then we havé-(x) N F(y) =
@. SinceY is a strongly normal space, it follows that there exist disjoint clopen
setsU andV containingF(x) and F(y) respectively. Thud=*(U) and F*(V) are
disjoint a-open sets containing andy, respectively. Thus, it is obtained thétis
a-Hausdoff. O

4. SOME PROPERTIES

Definition 6. A spaceX is said to be mildly compact if every clopen coverXf
has a finite subcover [11].

Definition 7. A spaceX is said to bex-compact if everyr-open cover o has a
finite subcover [3].

Theorem 17. LetF : X — Y be an upper slightlyr-continuous surjective multi-
function such thakF(x) is mildly compact for eack € X. If X is ana-compact space,
thenY is mildly compact.

Proor. Let{V, : 1 € A} be a clopen cover of. SinceF(x) is mildly compact for
eachx € X, there exists a finite subs&(x) of A such that(x) c (J{V, : 1 € A(X)}.
Put

V) = Jiva:ae AL
SinceF is an upper slightlyr-continuous, there exists anopen setJ(x) of X con-
tainingx such that (U (x)) c V(X). Then the famil{U(X) : x € X} is aa-open cover
of X and sinceX is a-compact, there exists a finite number of points, sayxo, X3,
... Xpin XsuchthalX = (J{U(x) :i=1,23,...,n}. Hence we have
n

Y=F(X)=F [Uum) = | JFuon e[ v = U v
i=1 i=1 i=1 )

i=12eA(X;
This shows thaY is mildly compact. O

Definition 8. Let F : X — Y be a multifunction. The multigrapB(F) is said to
be a-co-closed if for eachx, y) ¢ G(F), there exisix-open setJ and clopen se¥
containingx andy, respectively, such thatl(x V) n G(F) = @.

Definition 9. A spaceX is said to be co-Hausdiif for each pair of distinct points
x andy in X, there exist disjoint clopen sdtsandV in X such thatx € U andy € V.

Theorem 18. If a multifunctionF : X — Y is an upper slightlye-continuous
multifunction such thalE(x) is mildly compact relative t& for eachx € X andY is
co-Hausdoff space, then the multigrapgB(F) of F is a-co-closed inX x Y.

Proor. (X, y) ¢ G(F). Thatisy ¢ F(X). SinceY is co-Hausddf, for eachz € F(X),
there exist disjoint clopen se¥qz) andU(2) of Y such thatz € U(2) andy € V(y).
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Then{U(2) : z € F(X)} is clopen cover oF(x) and sinceF(x) is mildly compact,
there exists a finite number of points, say,z, z3,.. .,z in F(X) such that

Foc| iu@):i=1,23....n.
Put
U=|Jiu@):i=123. .. nfandv=|IV{y):i=123...,n)

ThenU andV are clopen inY such thatF(x) c U,y € VandU NV = @. Since
F is an upper slightlyr-continuous multifunction, there exisisopenW containing
x such that=(W) c U. We have ,y) e Wx V c (XxY)\ G(F). We obtain that
(Wx V)N G(F) = @ and henc&(F) is a-co-closed inX x Y. O

Theorem 19. LetF : X — Y be a multifunction having-co-closed multigraph
G(F). If Bis a mildly compact subset relative Yo thenF~(B) is a-closed inX x Y.

Proor. Letx € X\ F~(B). For eachy € B, (x, y) ¢ G(F) and there exist an-open
setU(y) c X and a clopen sef(y) c Y containingx andy, respectively, such that
F(U(y) NnV(y) = @. ThatisU(y) n F-(V(y)) = @. Then{V(y) : y € B} is clopen
cover of B and sinceB is mildly compact relative t&, there exists a finite subsBg
of Bsuch thaB c | {V(y) : y € Bp}. Put

U=(U):yeBo.

ThenU is @-openinX, xe UandUNF~(B) = @;i. e.,xe U c X\ F7(B). This
shows that~(B) is a-closed inX. O

Recall that a multifunctiorF : X — Y is said to be punctually connected if, for
eachx € X, F(x) is connected.

Definition 10. A spaceX is calleda-connected provided that is not the union
of two disjoint nonemptyr-open sets.

Theorem 20. Let F be a multifunction from ar-connected topological spacée
onto a topological spac& such thatF is punctually connected. F is an upper
slightly a-continuous multifunction, theviis a connected space.

Proor. Let F : X — Y be a an upper slightlg-continuous multifunction from
a a-connected topological spa¢eonto a topological spac¥. Suppose thaY is
not connected and l&t = H U K be a partition ofY. Then bothH andK are open
and closed subsets 8f SinceF is an upper slightlyy-continuous multifunction,
F*(H) andF*(K) area-open subsets of. In view of the fact thaF*(H), F*(K) are
disjoint andF is punctually connected = F*(H) U F*(K) is a partition ofX. This
is contrary to ther-connectedness &f. Hence, it is obtained that is a connected
space. |
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