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AssTract. In this paper, we determine the Hardy spaces to whiiff) belongs,
ne N, if f e HP, wherel] =L, oL, 0---0oL,is the Libera generalized integral
e

n
operator (2). As a corollary we obtain the Hardy spaces for some classes of analytic
functions.
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1. INTRODUCTION

Let f be an analytic function in the unit dist¢ = {z||Z < 1} and letH(U) denote
the set of all analytic functions id. In 1965, R. J. Libera [5] had studied the operator
L : H(U) —» H(U) defined by

L(f)(z):é f f(t)dt (1)
0

showing that.(S*) c S*, whereS* is the class of starlike functionk(K) c K, where

K is the class of convex functions ab{C) c C, if C is the class of close-to-convex
functions. In 1969, S. D. Benardi generalized these results investigating in [1] a more
general integral operator defined by : H(U) — H(U)

L(F)(@ = %1 f ft)r-tdt. @)
0

He showed that ify € N*, thenL, preserves these properties. In this paper we
determine the Hardy spaces, to whibﬁ(f) belongs,n € N*, if f € HP, where
L})=LyolLyo---0L,.

n

©2003 WNiversiTY OF MIsSKoLC
39



40 GHEORGHE MICIAUS

2. PRELIMINARIES

For f € H(U) andz = re'?, we set

1271' ion [P %3
— [ |f@reD"de| , O<p<
et - (Zﬂom ) p< oo

sup |f(re?), for p=co.
O<ps2r

A function f € H(U)is said to be of Hardy spacé$® (0 < p < o) if My(r, f)
remains bounded as— 1~. H* is the class of bounded analytic functions in the unit
disc.

We shall need the following well-known lemmas [2].

Lemmal. If f’ € HP,0 < p < 1, thenf € HT5. If f’ € HP, 1 < p, thenf € H™.
Pq

p+q

Lemma 3 (Integral theorem of Hardy—Littlewood)f f € HPandF = foz f(t)dt, then

feHTs for0< p<1landfeH® forp>1

Lemma 2. If f e HPandg e HY, thenfge H*, 1 =

3. MAIN RESULTS

Lety € C, Rey > 0, let f be an analytic function itJ and letL, be the Libera
generalized integral operator (Bernardi's operator) defined by (2).

Theorem 1. If f € HP, then:
P_.
1-np’
(ii) ifn> <, neN* then L)(f) € H™, whereL) = L, oL, 0-- oL,

() if n< %) ne N*, thenL)(f) e HY, 1 =

(i) [L,(F)] e HP.

Proof. Assertions (i) and (i)lf f is analytic,f(2) = z+ aZ* + ..., then there exists
a unique function

L@ =127 [ foria
0

which is analytic inU. Indeed,

f@

g(z):7:1+a22+...
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1
+1

is analytic inU. Leth(2) = z[g(z)]” be the branch that is 1 far= 0, and we have
thath(z) = z+ b7 + ... is analytic inU, izz) #0, [h(@]"* = (apz+...). Hence

z

L@ = 2 [rgrra= 12 [0
0

z t
0
1 Z 1
+ +
= X2 [ p@tats..)dt=z+ L a2
z v+ 2

0
For the integral operatdr, we havel, = Ao B, where

y+1

AN@ =1

f(2, yeC, Rey>0
and ]
B(f)(2) = f f ()~ 1dt.
0

We determine the Hardy class fArandB. If f € H?, y = a+ib, a> 0, then

o 1
p
+1] 1 i
yra [£f|f(re'9)|pd0] ,
0
and henceé\(f) € HP.

. . £
From integral theorem of Hardy—Littlewood (Lemma 3), we hB{€) € H*? for
f e HP, p < 1, andB(f) € H®, for f € HP, p > 1. Becausd.,(f) = A(B(f)) we

have forf € HP, p < 1 thatB(f) € HT% and A(B(f)) € HT5. HenceL(f) € HT»
for p<landL,(f) e H®, for p > 1. Suppose that < %) n e N*andLX(f) e H =%
forl<k<n-1 Then

Mp(r, A) <

S
1-(h-Lp __p
1 P 1-np
1-(n-1)p

A _
Ly(f)eHY, A=

If n> E then there is & € N* such thak < % <k+1<nandL¥(f) e H ™%

andLk™(f) e H™.
Assertion (iii). We have

[uuxay=§ky+nﬂa—ywuxa} (3)
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Applying the Minkowski inequality, we obtain

ME(r[L(D]) = o f L, (re)]| a6 =

- f &P (v + Df(re) = yL,(F)(re)|" do <

IA

1pew f 1P s+ =27 f L (e[ o,

The valueM§ (. [Ly(f)] ) is bounded for

: p
min{ p, .
{p 5=
Hence,[Ly(f)]’ € HP. That results are best possible because f[bmf)]' € HI,
g > p applying (3) we should conclude thate HY. O

Forn = 1, these results were obtained in [4].

Remark 1. Since the results for Hardy classes do not depeng, ¢ine results remain
the samefoL =L,;oL,p0---0L,n, where Rg; >0,i =1,n.

Fory =1, L, = Lis the Libera operator (1), and we have the following

Corollary 1. If f is an analytic function i,y e C, Rey; > 0and f € HP then:

(i) ifn< % ne N*, thenL"(f) e H4, A = T P ;

(i) ifn> %,n € N*, thenL"(f) € H>;
(i) [L"(f)]" € HP.
Corollary 2. If f e K, f # 1—ZzeT 7 € RthenL,(f) is a bounded function.

It is well-known that if f € K (a convex function) theri € H1*¢, & = g(f) > 0.
Hence, we obtain from Theorem 1 thaf(f) € H™.

Therefore L, transformsK into its subclass of bounded functions, excepting ex-
tremal functions.

Corollary 3. If f € S*, f(2) # ;2 then
(1+ zé7)

(i) Ly(f) e HY
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(i) L2(f) e Hif L(f) # T

eR.

It is known that iff € S*, thenf € H2*, ¢ = &(f) > 0. HenceL,(f) € HL. If
z
L(f) = ——,
/(1) (1+ z67)
thenL2(f) € H™.
In other words,L, transformsS* into its subclass and§ transformsS* into a
subclass of bounded functions, with the exception of extremal functions.

Corollary 4. If f €€, 1(2) = —22 Rep(z) > 0, then
(1+z€7)
(i) L,(f) € HE,

(i) L2(f) e H™if L(f) # &, Rep(2) > 0.

It is known that iff € C andf(2) # &2 Rep(z) > Othenf € Hz*e, ¢ =
(1+z67)

e(f) > 0. Hence,L,(f) e HL If L,(f) # % Rep(z) > 0 from Theorem 1 we
obtainL3(f) € H™.
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