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AsstrAcT. We investigate oscillatory properties of the half-linear second order dif-
ferential equation

(D(X)) +c()@(x) = O,
whered(x) := |X|P-2x. This equation is regarded as a perturbation of the generalized
Euler equation

(@)Y + 2009 =0,
wherey, = (’%)p
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1. INTRODUCTION

In this paper, we investigate oscillatory properties of the half-linear second order

differential equation

(@(x))" + c(t)P(X) = 0, )
where®(x) := |xP2x, p > 1,t € | := [T, ), andc is a real-valued continuous
function.

Oscillation theory of (1) attracted considerable attention in the past years and it
was shown that many of the oscillation criteria for the linear Sturm-Liouville second
order diferential equation

X" +c(t)x=0 2
(which is the special cage= 2 of (1)) can be extended to (1).

In these criteria, equation (1) is essentially viewed as a perturbation of the one-

term (nonoscillatory) equation

(@(x)) =0 3
and the nonoscillation or oscillation of (1) is “measured” by the “smallness” of the
functionc.
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In this paper we investigate equation (1) not as a perturbation of (3), but as a
perturbation of the generalized Euler equation

(@(X)) + () =0, @

wherey, = (%)p is the so-calledtritical constantin this equation. In particular,
this equation is nonoscillatory for < y, and oscillatory fory > y,, see B]. A
similar idea was used ir2[4, 3. In these papers, nonoscillation criteria were mostly
based on the Riccati technique consisting in the fact thatsfa nonzero solution of

(1) then
_o(x ()
()= 3xt)

solves the generalized Riccati equation
w +ct) + (p- Diw? =0,

whereq is the conjugate number g i. e.,% + %1 =1
Here we use the variational principle which is based on the relationship between
disconjugacy of (1) ind, b] and the positivity of the f-degree” functional

b
ﬁ@am=jHMW—mmmm 5)

in the class of (stliciently smooth) functions satisfyinga) = 0 = y(b). In particular,
equation (1) iglisconjugaten [a, by, i. e., any nontrivial solution has at most one zero
in [a, b]) if and only if .Z(y; a,b) > 0 for every nontrivial functiony € W-P(a, b)
with y(a) = 0 = y(b). More details will be given in the next section. The variational
approach was used, e. g., B].[

The main result of this paper is the oscillation criterion which answers inftine a
mative way the conjecture posed Bj.[

This paper is organized as follows. In the Section 2, we recall the properties of
equation (4) needed for our investigation. We also formulate some auxiliary results
and give known results. In Section 3, we present the main result of the paper, an os-
cillation criterion for (1). Section 4 contains some remarks about possible extensions
of the results of this paper.

2. PRELIMINARIES

First we return to Euler equation (4). In the critical case- yp, this equation

-1
possesses the solutiaft) = t's and any linearly independent solution satisfies the
relation

1o 2
X{t) ~tP Igrt,
wheref; ~ f, for a pair of functionsf;, f, means that. := lim_ E_Eg exists and
0<|L| < oo.
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Now we formulate exactly the relationship between the positivity of the functional
Z given in (5) and diconjugacy of (1). This statement is proved, e. gg]iarid we
formulate it here in a slightly modified form as needed in the next section.

Lemma 1. Equation(1) is oscillatory if and only if for everyl € R there exists
0% y € Wy P(T, c0) such that

F(yT,0) = fT "I OP - OO d < 0.

The following lemma sumarizes the results offjoand LomtatidzeZ] where (1)
is viewed as a perturbation of the Euler equation (4).

Lemma 2. The following statements hold.
(i) Suppose that(t) > 0 and

_1\P?
im inf Igtf (o(9 - 22) 2 ds> ;(pTl) . (6)
Then(1) is oscillatory.
(i) If
00 p_l p p—l
I|rtn_>soouplgtf (c(s) Sp)s ds< E(T) 7)
and
- > o1 p-1\"*
Ilmgflgtf (c(s) sP)S ds>—§(T) , (8)

then(1) is nonoscillatory.

Recall also the results of the paper by Elbert and Schneider based on the connec-
tion of oscillatory behaviour between the half-lineaffeliential equation

p-1\"1 p
p) [l+2(p—1)

(whereé(t) is a piecewise continuous function ag, eo), for somety > 0) and the
linear diferential equation

@) + ( 6<t)] o) = 0 ©

5(t)

(tZ) + = 0. (10)

Lemma 3. Suppose thafw @ dtis convergent an(ftw %5) ds> Ofor larget.

(i) If p > 2 and the linear dfferential equation(10) is nonoscillatory, then the
half-linear diferential equatior(9) is also nonoscillatory.

(i) If p € (1,2] and equation(9) is nonoscillatory, then equatiofl0) is also
nonoscillatory.
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Note that the equivalence of nonoscillation of (9) and (10) is an open problem.
However, under some restrictions on the functiét or on the corresponding linear
differential equation (10), one can establish a closer connection between (9) and (10).
For more details, se&].

3. OSCILLATION CRITERION

In this section, we present the main result of the paper - an oscillation criterion for
(). This equation is written in the form

(@(X)) + %cp(x) + (c(t) - %)CD(X) -0 (11)
and it is viewed as a perturbation of the generalized Euler equation (4).

Theorem 1. Suppose that

o1 Yo\ oty 2 p—1)\**
Ilm!}gfk}—tfl(c(s)—g)s g sds> Z(T) . (12)

Then(1) is oscillatory.

Proor. According to Lemma 1, it dftices to find, for anyl € R, a functiony €
WZLP(t, o0) with a compact support ifl( «), say [o, t3], such that the functiona#
given by (5) is negative. To this end, [Ete R be arbitrary and’ <ty <t; <ty <
t3. Further, letf be arbitrary sfficiently smooth function satisfying the boundary
conditions

f(to) =0, f(ta) = h(ta)

and let
% Ig% &
g(t) = h(ts)
t,” lg7 2
-1
whereh(t) = t'e Ig% t. Define a test function as follows:
0 if T<t<ty,
f(t) if to<t<ty,
y(t) =< h(t) if tg<t<ty
g(t) if th<t<ts,
0 if t>ts.
For the computation to follow, we put
—1 t
G0 =t Igh 2
and
e

Ktz ts) = t,” Ig? 5
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Then, the functiory can be written in the form

B h(tz) .
g(t) = K. t3)g

.

Further, we set
1

_ ty
L=3J(f;to,t1)=f 0P - 21| dt—f ot - 22t e

to fo

o
G(h; to, 1) = f I ®P - 2P|

t
lt3> Ve

Glg: to, ) = f 7 OP - Z2lg1°] dt,
L bt

ty
H; t ) = f o - 22| P et

ta

tg
H(g; ta. ta) = f _c(t)—%] 9P dt

t2

2= f: [c(t) _ %] |h(t)|p‘%‘p dt

Then we have

t3
Fyto.ts) = ft [y @) - @] dt
3 {3
- ft |1y 0P - Z21oP| at- ft ECRRAPOLE:

_ fttl [|f’(t)|p— %t)w] dt—ftl [c(t)— ?[/—g]|f(t)|pdt

to

+ f: [|h’(t)|p— )t/—SIh(t)|P] dt+ f: [|g’(t)|p— % g(t)lp] ot

[ [0 -2 mopat [ o0 - 2] P

1 t2

= 7 (f;10,t1) + G(h; ty, t2) + G(g; t2, t3) — H(h; ty, t2) — H(g; t2, t3).

Let us start with computin(h; ty, t2). Since

, p-1_1 2 ( 2 )
M= “triget|1+ —2= |,
0=t g

then, using the asymptotic formula

(1+xP =1+ px+ %p(p— 1)x% + o(x?) asx — O, (13)
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we get

_\P
I ()P = (—p 5 1) ttg’t |1+

S )
(p-1)lgt  (p-1)Ig?t Ig%t/]

Hence,

to ,yp
Gttt = [ [P - J2iheP] at
t

e e o)
f[( p tlgt 1+(|0—1)I@Jt+(p 1)lg?t lg?t

1
tP1] t} dt
; ) :

(p

p-- ) [1Igt+1+o()
p y |t t
o(P—2

p_

:
(%5

dt

) Pm| 212t + oligty)

p-1 t p—lp_lzt
( p) Imﬁ+(¢¢) 97t + o9 )

ast, — oo. Concernings(h; t, t2), we obtain

{3
Gttt = gy . [P - ] a

lg2t, p—l‘f 1ootaf 2\ 1ot
|g“3( p ) t2 tlg t ! (p-1)lgt tlg t de (14)

B p—lp_l g%t t O
_2( 5 ) Igztlg Igt|t§—lgt3Igt|t§+§Ig ths +o(lgta) |-

In the last line of the previous computation we used again the formula (13). Now, let
to be fixed for a moment. We will show that

p—1\"
Jim Glg: t2,ts) = —(T) g t. (15)
3—00
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From (14), we have

lgti2 - lgtslgtl + 3 1g% t|? + o(lg ts)

gt
_lgts—lgta — Igta(lgts — Igt) + 5 19%ts — 31g%t2 + 0o(lg ta)
|gzt3—|gzt2
_ ~210%ts + 19tz — Igto + g talgto — 3 1g% to + o(lg t3)
Ig2ts - 1g%t;
1y 1ot ot 1le’t o1
B 27T ot Ig%t;  lgts — 2ig2ts +°(Igt3)_)_}
- _ g, 2
g%t

astz — oo and, thus, (15) holds indeed. In the next part of the proof, we show that
the function% is strictly monotonic ontg, t3). Since

gt) _ _hita) g(t)
h(t)  K(tz, ta) h(t)

A~ ’ 2 t3 ! 3 27 13 Zep
g(t) g g #1° 2(lg?)°® lgts
o) |z | gt) | T pl gt 2 <0
(t) Igs t 9 pllg tig®t
we see tha(%)' < 0. Hence,% is monotonic ontp, t3). Now, by the second mean
value theorem of the integral calculus, there exfsts(to, t3) such that

ft t3[c(t)——]|g(t)|polt— ft ) ot - 22 |h(t)|p‘h(t)‘ dt

2 2

- f | - 22| I

{3

(Pt )+ Hgite ) = [ (c(t)— &)m(mpdt

:f(c(t 7())|h(t)|pdt
f (c(t) 7()) tP1ig2tdt.

and

Consequently,
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Let us now return to the computation of the functiogal

F(y:to ta) = L+ G(h: to, t2) + G(g: to, ta) — f c(t) )tp Ligtdt

_ L p-1\"" _(p-1 Yigt, (p-1\"?t
—|gt2[ +2( ) 2( D ) Igt2+ D |gt2

lgt p
p-1 .
p-1 |9 t +o(1) + G(g; t2, 13)
p gty lgt,
1
p-1
- 96 ( - )t Ig tdt]
L p—1\"t (p-1\P? G(g; to, t3)
<lgty [Igt 2(—p ) + (—p ) lgts + o(1) + —Igtz
1 (c(t) )tp Lig?tdt+ if (c(t) )tp‘l lg?tdt|.
lgé lgto

Now, lete > 0 be such that the lower limit in (12) is greater tha(n“—gl‘)'O_1 +6¢ and

lett; > to be arbitrary. We can choosg > t; in such a way thaﬁ < g, the term
o(l) is< e and

1 (% Vp) p-1;.2 p-1)\"*
— - = I 2{—— h :
Ig.ff:(c(s) 5 sP*lg° sds> 5 +5¢  whenevet >t
Finally, according to (15), we take > t, such that
. _q\p-1
G(g; t2, t3) <_(p 1) gt + &.

gty
Summarizing all the estimates above, we have

e
e+2 — lgt, + ¢
( p p 9%

_ p-1 _ p-1
_(p_l) |gt2+s—2(p—1) -5e+¢
p Y

and, by Lemma 1, equation (1) is oscillatory. O

F(y;to,t3) < Igty

=-£<0

4. REMARKS AND COMMENTS

In this concluding section, we formulate some open problems and suggestions for
the further investigation of problems similar to the one solved in Theorem 1.
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4.1

Corollary 1 in P] states that (1) is oscillatory if (6) holds, i. e., the constant

_1\P-1 . . -1 I .
%(p—pl)p is 4 times less than the constau(tﬁ‘,g,—l)IO in (12). This is a typical phe-
nomenon of oscillation theory. Oscillation criteria proved by using the variational
principle contain the oscillation constant which isténes larger than the constant
in the same criterion but proved by the Riccati technique. Based on this observation,

. -1,
we conjecture that the constan(%—l)p in (12) can be replaced by the constant

_1\p-1 , . , ,
1(&2 P and the statement of Theorem 1 remains valid. The proof of this modi-

fied statement of Theorem 1 via the Riccati technique is the subject of the present
investigation.

4.2

Corollary 2 in P] gives the nonoscillation counterpart of the above mentioned
Corollary 1 of that paper: Equation (1) is nonoscillatory provided (7) and (8) hold.
We conjecture that a similar nonoscillation counterpart can be formulated also for
Theorem 1 as follows.

Conjecture 1. Suppose that

Ilrp_)soouplgl f ((s) ) sPtig? sds< é(pT)

o1 p-1\"1
— p-1 il
|Imt_)LI;1f IgtI (c(s) )s lg? sds> 2( 5 ) .

Then(1) is nonoscillatory.

p-1

and

4.3

In oscillation and nonoscillation criteria of the above-mentioned papzry,[
where the half-linear equation

(r()@(x)) + c(t)yd(x) =0 (16)
is viewed as a perturbation of a nonoscillatory equation
(r®@(x))" + EHP(x) = 0, 17)

a functionh appeared whicks a solutionof (16) (in case(t) = 1 andd(t) = % itis
ht) = tp%rl). In our main result, Theorem 1, the function
h(t) = % Ig# t

is nota solution of (4) (equation (1) is viewed as a perturbation of this Euler equa-
tion), but it is only close to a solution of this equation, in a certain sense. This
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observation suggests another direction for the next investigation of (16) as a pertur-
bation of (17)—to look for (non)oscillation criteria whefé (c(s) — &(9)) In(s)|Pds

or ft‘x’ (c(s) — €(9)) In(s)|P dsappear andh generally isnota solution of (17) but it is

only close to a solution of (17), in a certain sense.

(1]
(2]
(3]
(4]
(5]
(6]
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