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Abstract. Let A = (1) be a non-decreasing sequence of positive real numbers tending to co with
An+1 <An+ 1,41 = L. In the present paper, we introduce the notion of A-statistical convergence
of order o, A-statistical Cauchy sequences of order « in random 2-normed spaces and obtain
some results. We display examples which show that our method of convergence is more general
in random 2-normed space.

2010 Mathematics Subject Classification: 40A05; 46A70; 46A99; 60B99

Keywords: statistical convergence, A-statistical convergence, ¢-norm, 2-norm, random 2-normed
space

1. INTRODUCTION AND BACKGROUND

The idea of the statistical convergence was given by Zygmund [25] in the first
edition of his monograph published in Warsaw in 1935. The concept of statistical
convergence was introduced by Fast [5] and Steinhaus [23] and then reintroduced
by Schoenberg [20] independently. Over the years, statistical convergence has been
developed in [3,06,7, 12,16, 17,24] and turned out very useful to resolve many con-
vergence problems arising in Analysis.

Definition 1 ([5]). A sequence x = (x;) of numbers is said to be statistically
convergent to a number L if for every € > 0,
lim l|{k <n:|lxx—L|>€} =0,
n—oo n
where vertical bars denotes the cardinality of enclosed set. In this case, we write
S —limg oo X = L.

In literature, several interesting generalizations of statistical convergence have
been appeared. One among these is A-statistical convergence given by Mursaleen
[14] with the help of a non-decreasing sequence A = (4,). Let A = (1,) be a non-
decreasing sequence of positive real numbers tending to oo with

Ang1 <Ap+ 1A =1
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The idea of A-statistical convergence can be connected to the generalized de la Vallée-
Poussin mean. It is defined by

1
th(x) = = Z Xr, where Iy =[n—A,+1,n]forn=1,2,...
n kel,

Definition 2 ([14]). A sequence x = (x3) of numbers is said to be
A-statistically convergent to a number L provided that for every € > 0,

1
im Rk € I sl — L] = €} = 0.

In this case, the number L is called A-statistical limit of the sequence x = (x;) and
we write Sy —limy_, oo X = L.

Recently, for o € (0, 1] Colak and Bektas[2] generalized Definition 2 in terms of
A-statistical convergence of order o and obtained some analogous results.

Definition 3 ([2]). Let A = (4,) be a non-decreasing sequence of positive real
numbers as defined above and 0 < o < 1 be given. A sequence x = (x;) of numbers
is said to be A-statistically convergent of order « if there is a number L such that

) 1
Jim, etk € Lo b= Ll 2 6 =0,

In this case, we write S§ —limg_, oo Xx = L.

We next quote the following definition due to Mursaleen and Noman [19] on u-
convergent series.

Definition 4 ([19]). Let u = (ux) be a sequence of positive real numbers tending
to infinity such that

0<po<py <pz...andur — coask — oo.

Then a sequence x = (x;) of numbers is said to be p-convergent to a number / if
Axp — lask — oo, where
1 k
Axp = — i — Mi—1)Xi
k o, i;)(ﬂl Mi—1)X;

Esi and Braha [4] used Definition 4 to introduce a new notion called A-statistical
convergence in random 2-normed spaces and studied some of its properties. Before
we proceed further it would be better to recall the ideas of probabilistic and random
2-normed spaces which are of much interest in the study of random operator equa-
tions. The concept of probabilistic normed spaces was initially introduced by A. N.
Sherstnev [22] in 1962. Menger [13] introduced the notion of probabilistic metric
spaces in 1942. The idea of Menger [13] was to use distribution function instead
of non-negative real numbers as values of the metric. In last few years these spaces
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are grown up rapidly and many detereministic results of linear normed spaces are
obtained for probabilistic normed spaces. For a detailed study on probabilistic func-
tional analysis, we refer [1, 10, 11, 18,21]. In 2005, Golet [9] used the concept of
2-norm of Géhler [8] and presented generalized probabilistic normed space which he
called random 2-normed space.

Let R denotes the set of reals and [R(')|r =[0,00). A function f : R — IR(_)F is called a
distribution function if it is non-decreasing and left-continuous with inf,;cg f(z) =0
and sup,cg f(¢) = 1.

We will denote the set of all distribution functions by ©.

Also, a distance distribution function is a non decreasing function F defined on
RT = [0, oo] that satisfies F (0) = 0 and F (co) = 1, and is left continuous on (0, 00).
Let ®* denotes the set of all distance distribution functions.

A triangular norm, briefly t-norm, is a binary operation * on [0, 1] which is con-
tinuous, commutative, associative, non-decreasing and has 1 as neutral element, i.e.,
it is the continuous mapping * : [0, 1] x [0, 1] — [0, 1] such that for all @, b, ¢ € [0, 1]:

1) axl=a,
2) axb=bxa,
(B) cxd =axbifc>aandd > b,
@) (axb)*xc=ax(b*c).
The * operations a *b = max{a+b—1,0},axb =ab, and a xb = min{a,b} on
[0, 1] are t-norms.
In following, we quote some needful definitions.

Definition 5 ([8]). Let X be a real vector space of dimension d > 1 (d may be

infinite). A real valued function ||-,-|| : X? — R satisfying the following conditions:
(1) ||x1,x2]] =0, if and only if x1, x5 are linearly dependent.
2) ||x1,x2]| = ||x2,x1]| for all x1,x3 € X,
3) |lax1,x2|| = ||||x1,x2]|, for any & € R and
(4) [lx1 +x2,x3]] < [|x1, x3[| + [[x2, x3]]
is called a 2-norm and the pair (X, ||-,-||) is called a 2-normed space.
For example, if we take X = R? with 2-norm ||x, x»|| = area of parallelogram

spanned by the vectors x1, x> which may be given explicitly by the formula
l|x1,x2]| = |det(xij)| = abs.(det (xi,xj))
where x; = (xj1,Xj2) € R? foreachi = 1,2. Then (X, ||-,-||) is a 2-normed space.

Definition 6 ([9]). Let X be a real linear space of dimension d > 1 (d may be
infinite), T be a triangle function(a binary operation on ®T which is associative,
commutative, nondecreasing and €p as a unit) and ¥ : X x X — DT (for x, yeX,
F (x,y;t) is the value of ¥ (x,y) att € R). Then ¥ is called a probabilistic norm
and (X, ¥, t) a probabilistic 2-normed space if the following conditions are satisfied:
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(1) F(x,y;t) = Ho(t) if x, y are linearly dependent, where Ho(t) =0if t <0
and Ho(t) =1ift > 0.

(2) F(x,y;t) # Ho(r) if x, y are linearly independent,

3B) Fx,y;t)=F (y,x;t) forall x,y € X,

@) F(ax,y;t) = ?(x,y;lé—l) foreveryt >0, #0and x,y € X,

5) Fx+y,z:t) >t (F(x,z:1), F (y,z:1)), where x,y,z € X.

If (5)isreplaced by F (x + y,z;t1 +12) = F (x,z2;t1) * F (y,2;t2) forall x,y,z € X
and 11,5, € IRaL then (X, ¥, *) is called a random 2-normed space.

Example 1. Every 2-normed space (X, ||-,-||) can be made a random 2-normed
space by setting ¥ (x, y;t) = Ho(t —||x, y||) where

0, ift <a,

Ha) =1 " ;24

forall x,y € X,t >0andaxb =ab;a,b €[0,1].

Example 2. Let (X, ||-,-]|) be a 2-normed space with ||x,z|| = |x122 —x221]; x =
(x1,x2), 2 =(21,22) and a xb = ab for all a,b € [0,1]. For every x,y € X and

t > 0 we define ¥ (x, y;t) = m, then (X, ¥, *) is a random 2-normed space.

Definition 7 ([15]). Let (X, ¥, *) be a random 2-normed space. Then a sequence
x = (xz) is said to be convergent to xo € X with respect to the norm ¥ if for every
€>0,1€(0,1)and 6 # z € X, there exists a positive integer ko such that F (xj —
Xg,2;€) > 1 —t whenever k > kg. It is denoted by ¥ —limx; = xo.

Definition 8. p[15]] Let (X, ¥, *) be a random 2-normed space. Then a sequence
x = (xg) is said to be statistically convergent or SE2V convergent to xo € X with
respect to the norm ¥ if for every € > 0,7 € (0,1) and 6 # z € X,

d({k e N: F(xx—x0,2;€) <1—1})=0.
In this case, we write S®2V —limx; = xo.

Definition 9 ([4]). Let (X, ¥, *) be a random 2-normed space. Then a sequence
x = (x) is said to be A-statistically convergent with respect to the norm ¥ provided
that, for every € > 0,7 € (0,1) and 8 # z € X,

Sallk eI, : F(Axp —x9.2:€) <1—1}) =0,
i.e.

1
lim A—|{k €l F(Axg —x0,2;€) <1—1}| =0.

n—oo n

In this case, we write S [IfZN —limx; = xp.
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Definition 10 ([4]). Let (X, ¥, *) be a random 2-normed space. Then a sequence
x = (xp) is said to be A-statistically cauchy with respect to the norm ¥ provided
that, for every € > 0, t € (0,1) and 6 # z € X, there exists a positive integer k¢ (€)
such that for all k,] > ko

SaGk € I : F(Axy — Ax;,z:€) < 1—t}) = 0.

In present paper, we study quite natural and new notion of A-statistical conver-
gence of order « in random 2-normed spaces.

2. MAIN RESULTS

In this section, we begin with the following definitions of statistical and A-statistical
convergence of order « in random 2-normed spaces.

Definition 11. A sequence x = (x) in a random 2-normed space (X, ¥, *) is
said to be statistically convergent of order & (0 < @ < 1) to x9 € X provided that, for
everye > 0,7 € (0,1)and 0 # z € X,

1
lim — [{k e N: F(Axp —x9,2;¢€) <1—1t}| =0,
n—oo p%
or equivalently
1
lim — [{k e N:F(Axy—x0,2;:¢)>1—t}|=1.
n—oo n%

In this case, we write S% —limy_, o0 X = Xo.

Let S¥(X) denotes the set of all statistically convergent sequences of order « in a
random 2-normed space (X, ¥, ).

Definition 12. Let A = (A,) be a non-decreasing sequence of positive real num-
bers tending to co with A1 <A, +1,A; = 1. A sequence x = (x;) in a random 2-
normed space (X, ¥, %) is said to be A-statistically convergent of order o (0 < <1)
to xo € X provided that, for every € > 0,¢ € (0,1) and 8 # z € X,

1
lim — |k el,:F(Axg—x0,2;€) <1—1}| =0,

n—o00 A"xl
or equivalently

1
lim )L_""k €ln: F(Axp—x0,2;€) > 11—t} =1,
n

n—oo

where Ay denote the ath power of A, i.e., (A}) = (A}, A, A%, -+ ). In this case,
we write % —limy_, o Xx = Xo.

Let S (X) denotes the set of all A-statistically convergent sequences of order o
in a random 2-normed space (X, ¥, *).
For the particular choice @ = 1, Definition 12 coincides with the notion of A-statistical
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convergence of [4]; For A,, = n, Definition 12 coincides with the notion of statistical
convergence of order & in random 2-normed space; For A, = n and o = 1, Defin-
ition 12 coincides with the notion of statistical convergence in random 2-normed
space[15].

We next give an example that shows Definition 12 is well defined for (0 < o < 1) but
not for & > 1. In view of this, we need the following theorem with lemma.

Lemma 1. Let A = (A,) be a non-decreasing sequence as defined above and
(X, % ,*) be a random 2-normed space. Let 0 < o < 1 and x = (x},) be a sequence in
X. Then, fore >0,t € (0,1) and 0 # z € X, the following statements are equivalent:

(D S%_limk—moxk = Xo,

(2) limy 00 ALQ |k €I, : F(Axg —x0.2:€) <1—1}| =0,
(3) limy o0 ALO[ lkel,:F(Axg—x0.2;€)>1—1} =1,
(4) SG —limg_, o0 F (Axg —x0,2:€) = 1.

Theorem 1. Let (X, ¥, *) be a random 2-normed space and 0 < a < 1 be given.
If §§ —limy _, o Xg = Xo, then xo must be unique.

Proof. Suppose S% —limy_,, xx = yo where yg # xo. Given € > 0 and ¢ > 0,
choose 1 > 0 such that (1—n) % (1—7n) > 1—¢. For 6 # z € X, define

t
Ki(n,1) = {k61n3~77(/1xk_x0,z;§) < 1—77};

t
K>(n,t) = {k eln337(Axk_J’0,Z§5) < 1—71} :

Since S§ —limg _, o Xx = xo and S% —limy_, o, Xx = Yo, it follows for every ¢ > 0,
: 1 ) 1
Jim, S K] =0 and - lim 2 |K2(.0] =0

Let K(n,t) = K1(n,t) U K»(n,t), then clearly limy,— oo AL& |K(n,t)| = 0 which im-
mediately implies limy, oo )%a |K(n,t)| =1. Letk € K°(n,t) = K{ (n.t) N K5(n,1).
Now one can write,

t t t
}‘(xo—yo,z;i) >F (Axk_xo’z;i) *F (Axk_YO,Z;E)

>(1=n)*x(1—n)>1—¢.

Since € is arbitrary, it follows that & (xo —Y0,2; %) =1,fort >0and 8 #z € X.
This shows that xg = yo. ]

Example 3. Let X = R? with the 2-norm ||x,z|| = [|x122 — x221]|| where x =

(x1,x2), 2 =(21,22) and a xb = ab for all a,b € [0,1]. Let ¥ (x,z;t) = m
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where x € X,t € (0,1) and 6 # z € X. Then (R?, ¥, ) is a random 2-normed space.
We define a sequence x = (xi) as follows:

(1,0), ifk iseven,

Axe = { (0.0). ifk is odd.
Fore > 0,t € (0,1), if we define

Ke.t)={kel,: F (Axg—0,2:t) < 1—e},0 = (0,0)

t+|[Axg —0.2]|

t
= {k el ||Axx—0,z]| > 16— >0}
—€

={kel,: Ax; = (1,0)}
={k €I, : k is even};

then,
1 1 VA 1
lim —|K(e,t)| = lim — |{k € I, : k is even}| < lim WA+t _
n—00 A"xl n—o0o /’\% n—00 2/\%
for o > 1.
Similarly, for € > 0 and ¢ € (0, 1) if we define
B(e.t) =tk € In: F (Axg —x0.2:1) < 1 —€},x0 = (1,0)
then
1 1 VA 1
lim —|B(e,t)|= lim — |{k €1, :kisodd }| < lim ¢ =0
n—00 )L% n—00 /\% n—o0 2/\%

for o > 1.
This shows that §% — limy xi is not unique and we obtain a contradiction to The-
orem 1.

Theorem 2. Let (X, ¥, *) be a random 2-normed space and 0 < o < 1 be given.
For a sequence x = (xi) in X if ¥4 —limg xi = xo, then S§ —limy x; = xo. How-
ever, the converse need not be true in general.

Proof. Since ¥4 —limyg x5 = xg, so for e >0, ¢ € (0,1) and 6 # z € X there
exists a positive integer ng such that & (Axy —xg,z;t) > 1 —€ forall k > ny.
Hence the set

K t)y=tkel, : F (Axp—x0,2;t) <1—€} C{1,2,3,...,n9—1},

for which we have,

1
lim — |[{k € I, : F (Axg —x0,2;t) < 1—€}| =0.

n—o00 A%
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This shows that S§ —limy x; = xo. We next give the following example which shows
that the converse need not be true.

Example 4. Consider the random 2-normed space as in Example 3. Define a se-
quence x = (xg) as follows:

Axr — (k,0), ifn—[V/Au]+1<k <n,
k=1 (0,0), otherwise.
Fore > 0 and ¢ > 0 if we define K(¢,t) ={k € I, : F (Axy,z;t) < 1 —¢€}, then one
can write as in Example 3 K(e,1) = {k elp:n—[VA+1<k< n}
Thus,

.1 .1
nli)néoE|K(e,t)| :nlgréoﬁ‘{keln :n—[\/E]+1 fkfn}’

s WAL
< lim =
n—o00 Ag

for % < a < 1. This shows that S% —limy x; = 0. But ¥4 —limg x; # 0, since

t ——, ifn—[y <k<

F(Axp,zt) = ———— =] i+kz’ if n [ Anl+ 1<k <n,
1+ |[Axg. 2| 1, otherwise.

which implies

0, ifn—[vVA]+1<k<n,

lim % (A 1) = )
kLH;o (Axe, 251) { 1, otherwise.

0

Theorem 3. Let (X, F , %) be a random 2-normed space and 0 < a < 1 be given.
Let x = (x) and y = (y) be two sequences in X.
(i) If S§ —limg _, o0 Xg = Xo and 0 # ¢ € R, then S§ —limy_, o cx = cXxo.
(ii) If S§ —limy_, oo xx = xo and If S% —limg_, oo yx = yo, then S§ —lim(xy +
Yk) = X0+ Yo.

Proof. The proof of the Theorem is not so hard so is omitted here. ([l

Theorem 4. Let (X, % ,*) be a random 2-normed space and 0 < a < 8 <1 be

giveilg Then S%(X)C S ﬁ (X) and the inclusion is strict for some o and B such that
a<p.

Proof. If 0 <a < B <1, then forevery e > 0,¢ > 0and 6§ # z € X, we have

1
/\_,B Kkel,:F(Axg—1,z;t) <1—¢€}|
n

1
< T fkely: F(Axp—1.z;t) <1—¢€}|;
n
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which immediately implies the inclusion S (X) C S ﬁ (X). We next give an example
that shows the inclusion in §% (X) C Sﬁ (X) is strict for some « and B with @ < 8.

Example 5. Let (R?, ¥, ) be a random 2-normed space as defined above. We
define a sequence x = (x) as follows:

) (1,0), iftn—[VAx]+1=<k<n,

Axg = (0,0), otherwise.

Then one can easily see Sﬁ —limg x =0, i.e., x € Sﬁ(X) for % <B<lbutx¢
SG(X) for0<a < % This shows that the inclusion in S (X) C Sg(X) is strict.

O

Theorem 5. Let (X, F ,*) be a random 2-normed space and 0 < a < 1 be given.
If x = (xi) be a sequence in X, then S% —limy x; = xo if and only if there exists
a subset K = {kpy 1 k1 <k < ...} of N such that limn_moﬁﬂﬂ =1and Fp—
limk Xk = X0.

Proof. First suppose that S —limy x; = xo. Forz > 0,60 # z € X and p € N, if
we define

1
K(p,t)={keln:?(Axk—xo,z;t)fl——}
p
1
M(p,t):{keln:?(Axk—xo,z;t)>1——};
p
then,
li ! K(p,t)|=0
A%E' (p.0)| = 0.

Also, for p =1,2,3,...

M, t)DMQ2,t)D..M@{E,t) DM@{E+1,t)D... 2.1
and |
im E|M(P’f)| =1 (2.2)

Now, to prove the result in one way, it is sufficient to prove that ¥4 —limg x; = xo
over M(p,t). Suppose xj is not convergent to xo over M(p,t) with respect to the
norm ¥ 4. Then, there exists some 1 > 0 such that

(ke N:F (Axg —x0,2;1) <1—n}
for infinitely many terms xj. Let

Mn,t)y=1%tkel,: F (Axk—x0,2;t) > 1—n}
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and n > % for p =1,2,3--.. This implies that lim, s ﬁ|M(n,t)| = 0. Also from
(2.1), we have Kq(p,t) C M(n,t) which gives that lim;, s )%alM(p,t)| = 0, this
contradicts (2.2). Hence ¥4 —limy x; = xg.

Conversely, suppose that there exists a subset K = {k;, : k1 <kp <...} of N such
that limy,— o A%|K| =1 and ¥, —limg x; = x¢. Then for every t > 0, € > 0 and
0 # z € X there exists a positive integer ko such that

{kel,: ¥ (Axg—x0,2;t) > 1—€}
for all k > kg. Since the set {k € I, : ¥ (Axy —x¢,2;t) <1—¢€} is contained in
N—{ko+1,ko+2,ko + 3,---} therefore,
. 1 o~ )
nlglgoﬁ Kkel,:F (Axp—x0,2;t) <1—¢€}| =0.

Hence, S% —limy x; = xo. O

Definition 13. Let (X, ¥, *) be a random 2-normed space. A sequence x = (Xj)
is said to be A-statistically Cauchy of order o (0 < < 1) if forevery € > 0,¢ € (0,1)
and 0 # z € X there exists a positive integer k¢ such that for all k,/ > k¢

1
lim )L_"‘lk el F(Ax—Ax;,z;€) <1—1t} =0,
n

n—>00

or equivalently

1
lim k—alk €lp: F(Axp—Axp,z;€) > 1—t} = 1.
n

n—>0o0

Theorem 6. Let (X, ¥ ,*) be a random 2-normed space and 0 < a < 1 be given.
Then a sequence x = (xy) is said to be A-statistically convergent of order o iff it is
A-statistically Cauchy of order a.

Proof. Let x = (x;) be a A-statistically convergent sequence of order &. Suppose
that S% —limg x; = xo. Let € > 0. Choose r > 0 such that (1—r)*(1—r) > 1 —e.
A
If we define

t
K(r,t) = {k el,: ¥ (Axk—xo,z;z) < 1—r} ,
then
t
K¢(r,t) = {k el, :?(Axk—xo,z;i) > 1—r} ;

which gives by virtue of §% —limg x; = xo,

: 1 , | S
nll)ngOE|K(r,t)|—() and nlgr;oE|K (r,t)| = 1.
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Letm € K¢(r,t), then ¥ (Ax —x0.2:5) > 1—r. If we take
B(e,t) =4k el : F (Axy — Axm,z5t) < 1—¢€},

then to prove the first part it is sufficient to prove that B(e,t) C K(r,t). Let k €
B(e,t), which gives F (Axp — Axy,,2:t) < 1—€. Suppose k ¢ K(r,t), then
F (Axk —X0,2; %) > 1 —r. Now, we can observe that

t t
l—e>F (Axg — Axm,25t) > ﬁ(Axk—xo,Z;z) *?(Axm—xo,z;i)
>A=r)«x(1—-r)>1—e¢.

This contradiction shows that B(e,?) C K(r,t) and therefore, one way of the theorem
is proved.

Conversely, suppose that x = (xz) is A-statistically Cauchy sequence of order «
but not A-statistically convergent of order o with respect to . Then for every ¢ > 0,
€ > 0and 6 # z € X there exists a positive integer m such that

1
lim —|K(e,t)| =0where K(e,t) =k €I, : F (Axp — Axp,2:t) < 1—¢€}.
n—>ook%

This implies that lim,— s A%,|KC (e,¢)] = 1. Choose r > 0 such that (1 —r) * (1 —
r)>1—e. Let

t
B(r,t) = {k el,: ¥ (Axk—xo,z;i) > l—r} .

Letm € B(r,t), then ¥ (Axm —X0,2; %) >1—r.
Since

t t
F (Axp — Axp,2:t) > F (Axk —xo,z;z) * F (Axm —xo,z;i)
>(1=r)*«(1—=r)>1—c¢;
therefore,

1 1 [rog . —
nlggoEHk €ly:F (Axp— Axp,z5t) > 1—€}| =0.

i.e. limy_ o0 A%|K ¢(e,t)| = 0 which leads to a contradiction. Hence x = (xi) is
n
A-statistically convergent of order «. g
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