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Abstract. In this paper we define cycle-star graph CSy ,,_x to be a graph on 1 vertices consisting
of the cycle of length k and n — k leafs appended to the same vertex of the cycle. Also, we define
cycle-path graph C Py ,_ to be a graph on n vertices consisting of the cycle of length k and of
path on n —k vertices whose one end is linked to a vertex on a cycle. We establish that cycle-
star graph CS3 ,—3 is the only maximal graph with respect to additively weighted Harary index
among all unicyclic graphs on n vertices, while cycle-path graph CP3 ;3 is the only minimal
unicyclic graph (here n must be at least 5). The values of additively weighted Harary index for
extremal unicyclic graphs are established, so these values are the upper and the lower bound for
the value of additively weighted Harary index on the class of unicyclic graphs on n vertices.

2010 Mathematics Subject Classification: 05C35

Keywords: additively weighted Harrary index, unicyclic graph, extremal graph

1. INTRODUCTION

A topological index of a graph is a number attributed to a graph in a way that
it is derived from the structure of the graph but so that it doesn’t depend on the la-
beling of vertices in a graph. Chemical graph theory is a branch of graph theory
whose focus of interest is finding topological indices of chemical graphs (i.e. graphs
that represent chemical molecules) which correlate well with chemical properties of
the corresponding molecules. One of the most famous topological indices is Wiener
index, defined as the sum of all distances between different vertices of a molecular
graph, introduced by Wiener in 1947 (see [10]) in a paper concerned with boiling
points of alkanes. In a research that followed many other useful properties of Wiener
index were discovered (for a survey of mathematical properties and chemical applic-
ations of Wiener index one can look into [3,4,7]). But, contrary to chemical intuition,
the contribution of close pairs of vertices to the overall value of the index was much
smaller than that of distant vertices. To deal with this inconsistency, the new index
was proposed which was named Harary index ([0, 8]). Harary index is defined as the
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sum of all reciprocal values of distances between different vertices of a molecular
graph. Properties of Harary index were then extensively researched (see for example
[5,9,11,12]). But it turned out that this modification of Wiener index has not solved
the inconsistency as expected. In order to improve the performance of Harary-type
indices, several modifications were proposed recently. In [2] the authors increased
the attenuation of contributions of vertex pairs with their distance. In [1] an attempt
was made in a different direction, the authors introduced a correction that gives more
weight to the contributions of pairs of vertices of high degrees. This modification
was named additively weighted Harary index. The aim of this paper is to establish
the upper and lower bound for the value of additively weighted Harary index on the
class of unicyclic graphs and to characterize all extremal graphs in that class.

The present paper is organized as follows. In Section 2 we introduce necessary
definitions and preliminary results. In Section 3 we characterize all maximal unicyc-
lic graphs by introducing several graph transformations which increase the value of
additively weighted Harary index and which, when applied combined finitely many
times, lead to maximal unicyclic graphs. In Section 4 we do the same for minimal
unicyclic graphs. Finally, in Section 5 we give the conclusion and directions for
further research. The paper is completed with acknowledgements and references.

2. PRELIMINARIES

Let G = (V, E) be a graph with set of vertices V' and set of edges E. In this paper
all graphs are finite, simple and connected. For a pair of vertices u,v € V' the distance
dg(u,v) is defined as the length of the shortest path between u and v. The degree
8 (v) of a vertex v € V is defined as the number of vertices in V' neighboring to v. A
leaf in a graph G is every vertex in G of degree 1. Additively weighted Harary index
of a graph G is defined as

8 (u) +SG(U).

Hy(G)= )" Je i)

u#v

We say that graph G is a tree if G doesn’t contain a cycle. We say that G is a unicyclic
graph if G contains exactly one cycle. The set of all unicyclic graphs on n vertices
will be denoted by U (). The only cycle in a unicyclic graph G will be denoted by C
and the length of C will be denoted by c. Usually, we will suppose C consists of path
P =w;w;41...wi4+c¢—1 and an edge w; w; +.—1. Starting index i will not always be
the same. Vertex w;—; will denote j—th vertex on C from w; in negative direction,
while w; 4 ; will denote j—th vertex on C from w; in positive direction. Note that
in this way we possibly introduce alternative labels of vertices on C. For example, if
C = wow;y...ws, then w—, = wyq and w7 = wi. In other words, indices are added
modulo c. We say v € G\C is branching if §g(v) > 2, we say v € C is branching if
g (v) = 3.



ADDITIVELY WEIGHTED HARARY INDEX 1165

A cycle-star graph is a unicyclic graph consisting only of a cycle and leafs appen-
ded to vertices of the cycle. Note that a cycle-star graph can be obtained from stars
and a cycle by identifying central vertex of stars with different vertices on the cycle,
hence the name. A cycle-path graph is a unicyclic graph consisting only of a cycle
and at most one path appended to each vertex of the cycle. We denote by CSy ,—x
a cycle-star graph on n vertices consisting of the cycle of length k and n — k leafs
appended to the same vertex of the cycle. We denote by C Py, a cycle-path graph
on n vertices consisting of the cycle of length k and the path on n — k vertices whose
end vertex is linked to a vertex on the cycle. These notions are illustrated in Figures

I and 2.
a) b)

FIGURE 1. An example of: a) cycle-star, b) cycle path.

a) b)
FIGURE 2. Graphs: a) CSe.4,b) CP¢ 3.

The cycle on n vertices will be denoted by C,,. Obviously, it holds that C,, € U(n).
It is also convenient to consider that C, is both a cycle-star and a cycle-path graph,
1e. C, =CSy,0=CPypo.

Finally, we have to introduce numbers which are quite useful when expressing the
values of Harary index. Harmonic number H,, where n > 1 is an integer, is defined
as Hy =Y "_, ll We define also Hy = 0.

Before we proceed to our main results, we will prove two simple lemmas which
will be useful later.

Lemma 1. For n > 3 it holds that:
(1) Hs(CS3—3) = 3(n®>—n+2),
(2) HA(CP3p—3) =43 17 Hy—i—1 + Hy—3 + 3Hp—p + 1213,

n

Proof. By direct calculation. O

Also, we introduce the following lemma, which is the direct consequence of the
fact that n-th Harmonic number H,, is roughly equal to the natural logarithm of 7.
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Lemma 2. For odd n > 5 it holds that %(n2 —n+2)—4n- H% > 0.

3. MAXIMAL UNICYCLIC GRAPHS

We will find maximal unicyclic graphs by introducing transformations of a graph
G to G’ which increase the value of Hy, therefore Hq(G') — H4(G) > 0. Since
H4(G'")— H4(G) is a sum over all pairs of vertices in G, it is very convenient to
denote by A(u,v) the contribution of a pair u,v € G to the sum Hy(G') — H4(G).
The problem to solve will be negative contributions of certain pairs of vertices, for
which we will have to find enough pairs with positive contribution to compensate in
the sum.

Lemma 3. For an odd n > 5 it holds that H4(Cp) < H4(CS3 p—3).

Proof. For an odd n, it is easily verified that H4(C,) =4n-H n1. From Lemma 1

we have Hy(CS3,,—3) = %(n2 —n +2). Now the claim follows from Lemma 2. [J

FIGURE 3. Graph transformation from the proof of Lemma 4.

Lemma 4. For every G € U(n) which is not a cycle-star graph, there is a cycle-
star graph G' € U(n) such that Hy(G) < Hy(G').

Proof. Let C be the only cycle in G and let w € C be the branching vertex. Let T
be the connected component of G\ C containing w. Note that 7 must be a tree. Let Z;
be aleaf in 7" furthest from w. Let P = w...xyz1 be the shortest path between w and
z1-Letz1,22,...,2; be all leafs neighboring to y. Since z is a leaf furthest from w,
it follows that k = 8 (y) — 1. Let G’ be a graph obtained from G by deleting edges
z;jy fori =1,...,k and adding edges z;x instead. This transformation is illustrated
in Figure 3. We have to prove that H4(G) < H4(G’). Because of the definition of
the index H4, the problem are pairs of vertices whose distance increases and vertices
whose degree decreases. Note that in this transformation the only pairs u,v whose
distance increases are pairs ¥ = y and v = z;. Also, the only vertex for which degree
decreases is y. Therefore, contributions A(y,z;) will be negative due to increase in
distance, while contributions A(y,v), where v € G, will (possibly) be negative due
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to decrease in degree of vertex y. Note that contributions A(y,v) are not necessarily
negative, since degree of v can increase or the distance dg (y,v) can also decrease.
Let us first consider the problem with the increase in distance. We will show
that the negative contribution A(y,z;) is compensated by the positive contribution
A(x,z;). More formally, we have
1+1 14k+1 ég(x)+k+1 dg(x)+1
Aoz + Az = - ylorkr]l S
2 1 1 2
) -1 4 —1
_ G(xl) B G(xz) - 0.

Let us now consider the problem with degrees. We have to consider contributions
A(y,v), where v € G. First, note that we have already considered and compensated
contributions A(y, z;). Further, note that not all of these contributions are necessarily
negative, since there can be increase in degree of the other vertex. So, for v = x we
have

Aly.x) = 1 —i—(k;i—S(x)) _(k+ 1)14—8g(x)

For v € G\{x,y,z1,...,2k}, negative contribution A(y,v) can be compensated by

the positive contribution A(x,v). More formally, we have

1+6g(x) B k+146g(x)

dg(y,v) dg(y,v)

k+68g(x) +36(v) g (x)+dg(v)

dg(y,v)—1 dg(y,v)—1
k k

= — > 0.

dG(y,U)_l dG(yvv)
Therefore, we have proved Hq(G) < H4(G'). If G’ is a cycle-star graph, then the

proof is over, else this transformation must be repeated finitely many times in order
to obtain a cycle-star graph and then the proof is over. O

a) b)
W’o W, 0 wU 11/0
Wy W,
W W, : V4 v, I : v, L
i i

”L(N M’—(d—l) w w w. w
-d d —d d

W, W,

=0.

A(y,v)+ A(x,v) =

FIGURE 4. Graph transformation from the proof of Lemma 5: a)
even ¢, b) odd c.
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Lemma 5. Let G € U(n) be a cycle-star graph with the length of the only cycle
being ¢ > 4. Then there is a cycle-star graph G’ € U(n) with the length of the only
cycle being 3 for which H4(G) < H4(G').

Proof. Let C be the only cycle in G and let ¢ be the length of C. Letd = [c¢/2].
In the case of even ¢ we will denote vertices on C by C = w_(g_1)...wg, in the
case of odd ¢ we will denote C = w_,; ... wg. Without loss of generality we may
assume that w_g (if it exists, since it exists only for odd c¢) is of minimum de-
gree among vertices on C. It is convenient to introduce the notation k; = dg (w;).
Now, leafs neighboring to w; will be denoted by x; ; (j =1,...,k; —2) and we
define V; = {w;,x; j:j =1,....k; =2}. Also, let V¥ = (V; U...UVy) \{w1} and
V™ = (VoU...UV_(g—1)) \{wo}. Obviously, in the case of even c it holds that
V = {wp,wi}U VT UV, while in the case of odd c it holds that V = {wq,w;}U
Vtuv-uv_,.

Now, let G’ be a graph obtained from G by deleting all edges vw; incident to wy,
except wow, and adding the edge vwy instead. This transformation is illustrated in
Figure 4. Obviously, G’ is a cycle-star graph in which the only cycle is of the length
¢ — 1. We have to prove that H4(G) < H4(G’). Note that in this transformation the
only pairs u, v whose distance increases are pairs u = wy and v € VT U V_y (recall
that V_; only exists for odd ¢). Also, the only vertex whose degree decreases is wy.
Therefore, we have to consider all contributions A(wy,v) where v € G.

If v = wo we have A(w,wp) = 0, else if v € VT we have

ko—1 ko—1 -
dg(wy,v) dg(wi,v)+1

A(wy,v) + A(wp,v) =

El

else if v € V™~ we have
k1—1 ki1—1 S
dg(wy,v)—1 dg(wy,v)

Note that in the case of even c¢ this completes the proof. In the case of odd ¢ we still
have to consider contributions A(wi,v) where v € V_. First, note that for G = Cy,
the claim of this lemma follows from Lemma 3. So, we will suppose G # C,,. Now,
for negative contributions A(wy,v), where v € V_4, positive contributions A(wg, v)
will not suffice to compensate, so we will have to find more pairs with positive con-
tribution for compensation. To prove this more formally, we will distinguish cases
v=w_g€V_gandv=x_4;€V_4.
Ifv=w_gz € V_; we have

A(wy,v) + A(wg,v) = 0.

l+k_yg 14+k_y -
d+1 d

Therefore, we have to find more pairs with positive contributions to compensate.
Since G # C, there has to be at least one leaf x; ; in G. Without loss of generality

A(wi,w—g) + A(wo, w—g) = 0.
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we can assume i < 0. Then for x; 1 and w; where j = d —i, recalling that w_ is
of minimum degree on C (i.e. k; > k_g;), we have
1+k; 14k l+k_g 1+4+k_4
d d+1°- d  d+1
So, obviously A(wi,w—_g) + A(wo, w_g) + A(x;,1,w;) > 0.
Finally, if v = x_g4_; € V_4 we have

> 0.

Alxj 1, wj) =

kj >k_g]>

2 2 <0
d+2 d+1
Again, it follows that we have to find more pairs with positive contribution to com-

pensate. Since w_,4 is of minimum degree on C, it follows that every w; has at least
as many leafs as w_,. Let us now consider pair of leafs x¢,1 and x4 ;. We have

A(wy,x_g,;) + A(wo, X_g,;) =

2 2
A Xgi)=————"—>0.
Obviously, we have A(wi,x_g,;) + A(wo,X—g,;) + A(xo0,1,X4,;) = 0 which com-
pletes the proof. ([l

FIGURE 5. Graph transformation from the proof of Lemma 6.

Lemma 6. Let G € U(n), where G # CS3 3, be a cycle-star graph with the
length of the only cycle being ¢ = 3. Then Hq(G) < H4(CS3,5—3).

Proof. Let C = w_jwow; be a cycle in G and let k; = g (w;). Let x; ; be all
leafs attached to w; and let V; = {w;,x;,; : j =1,...,k; —2}. Since G # CS3 3,
it follows that at least two vertices on C are branching. Without loss of generality we
can suppose that wg has minimum degree and w; maximum degree among branching
vertices on C. Let G’ be a graph obtained from G by deleting the edge xo ; wo and
adding the edge x,;w; instead. We have to prove Hyq(G) < Hy(G').

Note that in this transformation the only pairs u,v whose distance increases are
pairs ¥ = xg,1 and v € V. The only vertex whose degree decreases is wg. Let us
first consider the problem with the increase in distances. It is easily verified that
A(xo,1,x0,;) + A(x0,1,x1,;) = 0. Also, we have

ki+1—ko k1+1—k0>
1 2

A(x0,1,wo) + A(x0,1,w1) = [k1 > ko] > 0.
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Let us now consider the problem with the increase in degree. It is easily verified that
for v € V_; we have A(wg,v) + A(wq,v) = 0 and also that A(wg,w;) = 0. Further,
we have

1
A(wo, x0,;>2) + A(w1,Xo,/>2) = —5 < 0.

1
A(wo,xl,j) +A(w1,x1,j) = 5 > 0.

Note that the negative contribution A(wo, Xo,;>2) is still not compensated, since the
positive contribution A(w1,xg,;>2) is not enough. But since ko < k1, it follows that
for each x¢_; there is the corresponding x1 ;. So, for j = 2,...,ko—2 we have

A(wo, xo,;) + A(wy, Xo,;) + A(wo, x1,;) + A(wy,x1,7) =0,

which means we have finally compensated for the negative contribution A(wo, Xo,;>2).
By applying this transformation finitely many times, we will obtain the desired graph
CS'3,4—3, so the proof is over. n

Theorem 1. Let G € U(n). Then
3
Ha(G) = S(n*=n+2)
with equality if and only if G = CS3 3.

Proof. Using Lemmas 4, 5 and 6 we first transform G to a cycle-star graph, then
we reduce the length of the cycle to 3, so that we can finally transform it to C3 ,—3. In
each transformation the value of H4 increases, so G = C3 ,_3 is the only maximal
unicyclic graph. Note that the case of G = C, is covered by Lemma 3 for n odd,
while for even n it is covered by Lemma 5. Now the bound for H4 follows from
Lemma 1. ]

4. MINIMAL UNICYCLIC GRAPHS

As in previous section, we will find minimal graphs by introducing transforma-
tions of a graph G to G’, but which now decrease the value of H4. Therefore, in
this section A(u,v) will denote the contribution of a pair of vertices u,v € G to the
sum H4(G) — H4(G’). The problem will again be pairs of vertices with negative
contribution, for which we will have to find enough pairs with positive contribution
to compensate in the sum.

Lemma 7. For every G € U(n) which is not a cycle-path graph, there is a cycle-
path graph G’ € U(n) such that H4(G) > Hy(G').

Proof. Let w be a branching vertex on C, let T' be the connected component of
G\ C containing w, let x € T be a branching vertex in T furthest from w. If x = w let
k=06g(x)—2,elseif x Zwletk =8g(x)—1.Fori =1,....k,let P; = xy;...2;
be a path in 7 starting in x such that d(w,x) < d(w, y;). Since x is the branching
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FIGURE 6. Graph transformation from the proof of Lemma 7.

vertex furthest from w, these paths are obviously vertex disjoint except for the vertex
x. Without loss of generality we may assume that P is the longest among these
paths. Let G’ be a graph obtained from G by deleting edges xy; fori =2,...,k—1,
and adding edges z1y; instead. This transformation is illustrated in Figure 6. Note
that G’ is a unicyclic graph. We have to prove that H4(G) > H4(G’). Since the
value of the index H4 has to decrease, the problem are the pairs of vertices whose
distance decreases or vertices whose degree increases. Distances possibly decrease
only for pairs u,v where u € P; (i =2,...,k) and v € P;. The only vertex for which
the degree increases in this transformation is z .

Let us first consider the problem with the decrease in distances. Let v > v’ be the
automorphism of the path P; such that x’ = z;. For u € P;>, we have

1 1
— >0

do(u.x) dg(u,x)+|[Pi]
Foru € Pi>>and v € P1\{x,z1},ifv=2v"thendg (u,v) = dg’(u,v) so A(u,v) =0,
else if v # v’ then we have dg(x,v) = dg(z,v’) and dg(z,v) = dg(x,v’) so it is
easily verified that A(u,v) + A(u,v’) = 0.

Let us now consider the problem with the increase in degree. Let again v > v’
be the automorphism of path P; such that x’ = z;. For v € P; we have already

considered and compensated negative contributions A(z,v). If we now consider
v € Py, then for v = x we have

C1486() (k=D +@e)—k+1)
" dg(z1.%) dg(z1,x) a
while for v € P1\{z1,x}, we have

Sg(x)—=2 dg(x)—2

Az1,0) + A(x,v)) = doGet)  dorn) = [dg(z1.v) =dg(x.v)] =0.

Finally, we have to consider v € G\(Uf?:1 P;). We have
k—1 k—1
dg(x,v) dg(z1.v)

Alu,x)+ A(u,z1) =

A(z1,x) 0,

A(z1,v)+ A(x,v) = > [dg(x,v) <dg(z1,v)] > 0.
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Therefore, we have proved that H4(G) > H4(G'). If G’ is a cycle-path graph, then
the proof is completed. If not, then by repeating this transformation finitely many
times we obtain a cycle path graph G’ for which Hy(G) > H4(G’), so the proof is
complete. ([l

a) b)

FIGURE 7. Graph transformation from the proof of Lemma 8: a)
case 1, b) case 2a.

Lemma 8. Let G € U(n) be a cycle-path graph with at least 2 branching vertices.
Then there is a cycle-path graph G’ € U.(n) with only one branching vertex such that
Ha(G) > Hy(G').

Proof. Let C be the only cycle in G with vertices denoted by w; . Let P; be the path
appended to the branching vertex w; € C (here P; includes w;) and let p; = | P;].
We distinguish several cases.

CASE 1. There are two consecutive branching vertices w;,w; on C such that
d(w;,w;) < p; or d(w;,w;) < pj.

Without loss of generality we may assume that 0 =i < j < I_%J, d(wo,w;) <
po and po > p;. Let Py = wouy...up, and P;j = w;vy...vp;. Let G’ be a graph
obtained from G by deleting the edge w; v and adding the edge up, v instead. This
transformation is illustrated in Figure 7 a). Note that G’ is a cycle-path graph with
one branch less than G. We have to prove H4(G) > H4(G’). Let P4 be the shortest
path in G connecting vertices up, and vy, . Note that in this transformation distances
possibly decrease only for pairs of vertices u,v € P4. The only vertex for which the
degree increases is Up,,.

Let us first consider the problem with distances. Let P, be a path in G’ connecting
vertices v, and w;. Let v = v’ be an isomorphism of paths P4 and Pj such that
v;)j = vp, . Note that u;, = w; (and vice versa) and also wy, € Py since d(wo,w;) <
Po. Now, we first consider u = v, € P;. If v =vp € P; we have A(v,,vp) = 0, else
if v = w; and v' = up, we have

1 1

A , W5 A , = — - >0
(Va.y) + AWartpo) = G =0y ™ Ao varw)) + o+ J
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else if v = v’ then from dg’(v4,v) = dg(ve,v) we have A(vg,v) =0, else if v = wy
and v' = wy we have

1 1
dG(vg,wj)+j dg(va,wj)+ po

else if v # v’ then from dg(w;,v") = dg (up,.v) and dg (Up,,v") = dg(w;,v) we
have A(vg,v) + A(vg,v’) = 0. Therefore we have covered all pairs u,v € P4 for
which u € P;. Let now u = u,,. We have already considered pairs with v € P;\{w; }
in previous text. If v = w; we have A(up,, w;) =0, else
1 1
dG(wj,U/) dG(up()’v)
Finally, for u,v € P4\(P; U{up,,w;}) both the degrees and the distances have not
changed in the transformation, so we have A(u,v) = 0. Therefore, we have con-
sidered and compensated all negative contributions due to decrease in distances.
Let us now consider all negative contributions due to increase in degree of u,.

Note that we have already considered and compensated pairs up,,v where v € Py.
Let now v € G\ P4. We have

1 1
dg(w;,v) dg(upy,v)

CASE 2. For every two consecutive branching vertices w;, w; on C it holds that
d(w;,w;) > p; and d(w;,w;) > p;.

SUBCASE 2a. There are at least 4 branching vertices on C.

Let w; and w; be the pair of branching vertices on minimum distance. Without
loss of generality we may assume that 0 =i < j < L%J . Let Pop = wouy...up, and
P; = wjvy...vp,; be paths appended to wo and w;. The condition of Case 2 is now
read as j > po and j > p;. Without loss of generality we may assume pg > p;. Now,
let G’ be a graph obtained from G by deleting edges wow; and w;_jw; and adding
edges up, wy and wj—1vp, instead. This transformation is illustrated in Figure 7 b).
Graph G’ is obviously a cycle-path graph with one branch less than G. We have to
prove Hq(G) > H4(G'). Let P4 be the shortest path in G connecting vertices up,
and vp; . Note that distances possibly decrease only for pairs of vertices u,v € Py.
The only vertices for which degree increases are 1, and vy, .

Let us first consider the problem with distances. Let Pg be the shortest path in G
connecting vertices up, and vy, (Pp is subpath of P4). Let Py be the shortest path in
G’ connecting vertices wo and w; . It is important to note that because of the condition
of subcase it holds that2p; + j <3 L%J, so the shortest path between wo and w; both
before and after the transformation goes through the same side of cycle (i.e. paths Pp
and Py are of the same length and contain the same vertices though not in the same
order). Let v - v’ be the isomorphism of paths P and Pp such that uj, = wo. We
first consider pairs u,v € Pp. For pairs u,v € Pp such thatu,v € {upj , t}pj ,Wo, W; §,

A(va. wo) + A(va, wp) = > [J = pol = 0.

Aupy,v) +A(w;,v) = =[dg(wj,v") =dg(up,,v)] =0

A(upy,v) + A(wj,v) = = [dg(w;,v) < dg(up,.v)] > 0.
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it is easily verified that A(up;,w;) = A(vp;,wo) = A(up;,wo) = A(vp,,w;) =0
and
3—5q(upj) 3 3—8g(u1?j) -0

J 2pjtJ
Now, of the remaining pairs u,v € Pp, let us consider pairs where u € Py.
First, letu = up; € Po. Then, for v =u, € P and v = v, € P; (b < p;) we have

1 1
dG(w()’u/b) dG(upjvub)
= [d6 (up,; . up) = dg(wo.uj)] =0,
J+pi=b pj+ij+b
and forv =wp € C (0 < b < j) we have

2—386(up;) B 2—386(up;)
b pj+b
Now, let u = u, € Py for a < p;. Then for b < p;, if uy = ul, and vy = v;) (i.e.
a=b= %) we have A(ug,vp) = 0, else we have A(ug, vp) + A(uy,vy) = 0. Also,
for0<b < j,ifug =ul (e. a= %) then A(ug,wp) = 0, else A(ug,wp) +
A(ul,,wp) = 0. Completely analogously one can obtain analogous results for pairs
u,v € Pg where u € P;. Now, for all unconsidered pairs u,v € Pp neither degrees

change, nor the distance, therefore for those pairs it holds that A(u,v) = 0. Hence,
we have considered all pairs u,v € Pp.

It remains to consider pairs u,v € P4 where u € P4\ Pp. Now, let u = u pj+a €
P4\ Pp.If v € P4\ Pp then obviously A(u,v) = 0, else if v € {wo, up; } we have

Aup,,vp;) + Alwo, wj) =

Aup, . up) + A(wo, up) =

Aup; ,vp) + A(wo,vp) =

> 0.

Aup, , wp) + A(wo, wp) =

1 1
A das A g Up.) = —— <0,
(”p,+a wo) + (upj—l—a up,) pi+ta a
1 1
A(W—g,w AW—g,Up,) = — — >0,
( a 0)+ ( a p_,) a a+Pj

so we obtain A(up; +q,wo) + A(Up; +a,Up;) + A(w—g,wo) + A(w—g,up,) = 0.
Else if v € {w;,vp, } we have

1 86 (up;+a) +2  Sg(up;+a) +1
Aup; +a-w)) + Ap; 1a,Vp;) = = '—( e e )
Jta+p; aty pjta+tj+p;
5 4 1
A(wj+a’w°)+A(wj+a’u”j):(a+j_j+a+p~+p')_j+a+p~’
J J J

SO we obtain

A(”pj+a, w;) + A(upj+a»vpj) + A(Wj 44, wo) + A(wj+a’“pj)



ADDITIVELY WEIGHTED HARARY INDEX 1175

_ 3_56(upj+a) . 3_86(upj+a) S
atj jtatpitp;

0.

Elseif v € {ug,...,up,—1} we have A(up; +4,v) = 0. Else if v € {wy,...,w;—1} we
have
2_8G(upj+a) _ 2_8G(upj+a)

a+b a+b+p;

A(”pj +a,Wp) + A(w—q, wp) =

Elseif v € {vl,...,vpj_l} we have

2_56(upj+a) _ 2_56(upj+a) -0
a+j+pi—b a+pi+j+b

Therefore, we have considered and compensated all negative contributions due to
decrease in distances.

Let us now consider all negative contributions due to increase in degree of up,; and
Up; - First, note that we have already considered pairs u ;,vand vy, v for which v €
P4. For u = up, we have also already considered pairs where v = w—_g 0r v = Wj 44
(@=1,...,po— p;). Now, let v be an unconsidered vertex, then from dg (wo,v) <
dg/(wo,v) and dg (up;,v) = dg/(up,,v) we have

e L1
dg(wo.v)  dg(up;,v)

Completely analogously one obtains A(vp;,v) + A(wj,v) > 0 and the proof of this
subcase is over.

SUBCASE 2b. There are exactly 3 branching vertices on C.

Let wo,w; and wy be three branching vertices on C. Let us denote
di = dg(wo,wj), dy = dg(wj, wg), d3 = dg(wi,wop). Without loss of generality
we may assume that d3 > max{d,d»}. We will also need d4 = min{d| + d»,d3} >
d>. Let Pp = wouy...upy, Pj = wjvy...vp,, Pr =wiz1...2p, be paths appended
to branching vertices on C. Without loss of generality we may assume pg < pi. Let
G’ be the graph obtained from G by deleting edge w; v, and adding the edge up, v,
instead. Note that G’ is a cycle-path graph with one branch less than G. We have to
prove H4(G) > H4(G’). Note that distances possibly decrease only for pairs u, v for
which u € P; and v € G. The only vertex whose degree increases is up,, .

We will first consider the problem with distances, so let u = v, € P;. Let P4 be
the shortest path in G connecting vertices v,; and up,, let P, be the shortest path in
G’ connecting vertices v, and w;. Let v — v’ be an isomorphism of paths P4 and
P} such that v, = v;j. Note that wy, € {w1,...,w;j—1} since pg < j (supposition of
Case 2). First, we will consider cases where v € P4. If v = v, € P;, then we have
A(vg,vp) = 0. Else if v € {w;,up,, wy, wo} we have

1 1

A(Uavup0)+A(va,Wj) = E—m >

Aup;+a,vp) + A(w—q, v;)) =

Aup, ,v) + A(wo, > [dg (wo.v) < dg(up;.v)] > 0.
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1 1
a+dy a+ po

A(va, wo) + A(va, wp) = <[d1> po] <0,

so obviously

A, upy) + A, wj) + A(vg, wo) + A(va, wg)
1 1 1 1

+ — >0
a a+po a+di a+di+ po

Else if v = v from dg(w;,v) = dg(up,,v) we have A(vg,v) = 0. Else if v #
v’ from dg(vg,v’') = dg/(vq,v) and dg/(ve, V") = dg(ve,v) we have A(vg,v) +
A(vg,v") = 0. Therefore, we have considered all cases where v € Py4. Let us now
consider cases where v € C\ P4. Let v > v’ be the automorphism of cycle C such
that wy = w; and wj’. = wp. If v = v’ then from dg (w;,v) = dg (up,,v) we have

§g(va) +8g(v) 86 (va) + 86 (v)
dg(vg,wj)+dg(w;,v) dg(va,w;)+ po+dg(w;,v)

else if v € {wy, w} } we have

A(vg,v) = >0,

86(va)+3  S6(va)+3  S6(va)+2 dG(va)+2
i + —
a+ds a4+ po+ds a+dy a+po+dr

> |:8G(Ua)+3_ 3G (vg) +3 >0:|
a+dy a+ po+ds

6w +3 o) +2 1
a+ds a+po+dy a-+dy

60 +2 Bg(va) +2

T a+ds a+po+dy

A(vg, wi) + A(vg, wy) =

> [ds > d>]

else from dg (w;,v") = dg(wo,v) and dg (wo,v") = dg(w;,v) we have

8G(va) +2 6G(va) +2
A A(vg, V) = —
(Va,v) + Ava. V) a+dg(we,v) a4+ po+dg(wp,v)
b6 +2 S +2
a+dg(wj,v) a+po+dg(wj,v)
Finally, we have to consider v = z3 € Pj. We have
8 ] 8 8
Avg.2p) = 6(va) +86(2p) 86 (va) +8G(2p) > [dy <da] > 0.

a+dy+b a+ds+b
Therefore, we have considered and compensated all negative contributions due to
decrease in distances.

Let us now consider all negative contributions due to increase in degree of up,,
so let u = up,. We have already considered pairs u,v where v € P;\{w;}. For the
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remaining possibilities for v, we will again use already introduced isomorphisms of
P4 and C. If v = w; then A(up,.w;) =0, else if v € P4\ P; we have
1 1
Aupy,v)+A(w;, V') = — =[dgup,,v) =dg(w;,v")]| =0,
PO ’ dg(w;,v') dg(upy,v) L6 Gap 7]

else if v € C\ P4 we have

1 1
Alttpo-v)+Awy.v') = de(wo.v")  dg (upy.v) = [dg (wo.v") = dg (up,.v)]

else if v = 74 € Pr\{w} we have

0,

1 1
dy+a po+ds+a >0

SUBCASE 2c. There are exactly 2 branching vertices on C.

Let wo and w; be branching vertices on C and let Py = wouy...up,, Pj =
wjvy...vp; be paths appended to branching vertices. Let G’ be a graph obtained
from G by deleting the edge w; vy and adding the edge up,v; instead. Graph G’ is
obviously a cycle-path graph with only one branch. Proof that H4(G) > H4(G') is
completely analogous to the proof of subcase 2b, one just doesn’t have to consider
vertex wy separately and there are no vertices z.

So, in all cases we have proved H4(G) > H4(G’). Since in all cases G’ is a cycle-
path graph with one branch less than in G, we have either obtained a cycle-path graph
G’ which has only one branch, or by repeating the transformation finitely many times
we will obtain such graph. Therefore, the lemma is proved. O

A(upo,za) + A(wjaza) =

FIGURE 8. Graph transformation from the proof of Lemma 9.

Lemma9. Let G = Cy i where k > 4 andn > 5. Then H4(G) > Hy(C3 p—3).

Proof. Let us denote vertices in G so that for the only cycle in G holds C =
Wow1q ... Wi_1 Where 4 < k < n. If there is a branching vertex in G, without loss
of generality we may assume that it is wy_q and that Py_q = Wg_1U1... U,k i
the only path appended to wi_;. Let G’ be a graph obtained from G by deleting the
edge wowg—; and adding the edge wow, instead. This transformation is illustrated
in Figure 8. Note that G’ = C P53 ,—3. We have to prove H4(G) > H4(G’). Note that
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distances in this transformation decrease only for u#, v where u = wg and v = w; (i =
2,...,1k/2]). The only vertex whose degree increases is w». For the ease of proving
the lemma, we introduce d,;, = min{3,k — 3} and the path P4 = wows...wi_1in G
with the automorphism v v of P4 such that w}, = wg_;. Now, we distinguish two
cases with respect to whether G = C, (k =n)orG =G =Cg x 4=k <n-—1).

CASE 1. Let G = C,, (k = n). We will first consider the problem with distances.
Let u = wg. If v = wy we have

17k—20
A(wo, A(wo, Wg—1) = = 0,
(wo. w2) + A(wo. wg—1) = J——— >
elseifv=w; (i =3,...,|k/2]) we have
4
Awo.wi)+ Awo. Wh—i 1) = 7 = = i Sk—i] 2 0.

Let us now consider the problem with the increase in degree of w,, so let u = w,.
Note that we have already considered pairs u,v where v = wp. If v = w; we have

k—5
>k=n>5]>0,

A(waz, wy) + A(wg—1,w1) = =

else if v = wy_; we have

242 341
Alwp, Wg—1) = —————=>[k—-3<dy,] >0,
(w2, wi—1) i 3 2 k—3=dumlz
else using the automorphism of P4 (and supposing dp, (w2,v) < dp,(w2,v")) from
dg(wz,v) = dg(wg_1,v") we have A(w;,v) + A(wg—1,v") = 0.
CASE 2. Let G = Cg k. Again, we first consider the problem with distances.

Let u = wo, we have to consider v = w> and v € {ws, ..., w|k/2)}. We have
2k —38
A(wo, w2) + A(wo, wk—1) = 7 = [k=4]=0
4
A(wo, w;) + A(wo, Wg—j+1) = Pl >[i <k—-i]=0.

Now, let us consider the problem with the increase in degree of w,, so let u € wj.
Note that we have already considered v = wp. We have to consider v = w;, v =
Wr—1,V € PA\{w1,wi_1}, v =ug € Pr_1. We have

13k—14
A(wa,wy) + A(Wg_1,wy) = 3 k2 > 0 fork > 5,
243 342
A(wz, wr—1) = d——m > [dm <k—-3]>0.
' _

Further, for v € P4\{wi,wx—1}, assuming dp,(wy,v) < dp,(wy,v’), we have
A(wz,v) + A(wg—1,v") = 0. Finally, using d,, <k —3 we obtain
1

> 0.
dm +a

1
A(wz,ug) + A(Wg—1,uq) > 5 -
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Therefore, the only problem is A(ws,w1) + A(wg_1,wq) for k = 4. But note that in
that case d,, = min{4,1} = 1, so we have

A(wz,wy) + A(wg—1, w1) + A(wz,u1) + A(wg—g,u1)
_ 112—14 1 1

=242 1041

Note that in this case we have not proved the strict inequality if there is only one
Uq, i.e. if n = 5. But in that case it is easily verified that H4(Cys,1) > Hq(C32).
The positive contribution which makes the difference is A(wg,u,) which was not
considered in the proof. O

Note that C4 and C3 ; are the only unicyclic graphs on n = 4 vertices. It holds that
HA(C4) =20<21 = HA(C3,1).

So, for n = 4 graph C4 is the only minimal unicyclic graph, while for n > 5 the
answer to the question of minimal unicyclic graph is given by the following theorem.
Theorem 2. Let G € U(n) for n > 5. Then
n—2
Hp(G)>4) Hp i1+ Hny3+3Hs 2+
i=1

with equality if and only if G = CP3 ;3.

6n—13
n—>2

Proof. Using Lemmas 7, 8 and 9 we first transform a unicyclic graph to cycle-path
graph, then we decrease the number of branches in obtained cycle-path graph, so that
finally we can transform it to CP3 ,_3. In each of these transformations the value
of Hy strictly decreases, so CP3,_3 is the only extremal graph. Now, the bound
follows from Lemma 1. Note that the case of Cj, is covered by Lemma 9. g

5. CONCLUSION

In this paper we defined cycle-star graph CSg ,_x to be a graph consisting of cycle
of length k and n — k leafs appended to the same vertex of the cycle. Also, we defined
cycle-path graph to be a graph consisting of cycle of length k and of path on n —k
vertices whose one end is linked to a vertex on a cycle. We establish that CS3 ;3
is the only maximal unicyclic graph (see Theorem 1), while CP3 ;3 is the only
minimal unicyclic graph (see Theorem 2), with respect to additively weighted Harary
index. The values of additively weighted Harary index of CS3 ,_3 and CP3 ,_3 are
established in Lemma 1, so these values are the upper and the lower bound for the
value of Harary index on the class of unicyclic graphs. For further research it would
be interesting to investigate the values of Harary index on classes of graphs with
given parameters, the relation of this variant of Harary index with other topological
indices and similar.
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