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Abstract. Let G be a connected graph with vertex set 1/(G). The degree Kirchhoff index of G
is defined as S'(G) = Z{u,v}gV(G) d(u)d(v)R(u,v), where d(u) is the degree of vertex u, and
R(u,v) denotes the resistance distance between vertices u and v. In this paper we obtain some
upper and lower bounds for the degree Kirchhoff index of graphs. We also obtain some bounds
for the Nordhaus-Gaddum-type result for the degree Kirchhoff index.
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1. INTRODUCTION

In this paper all graphs considered are assumed to be connected. Let G =
(V(G), E(G)) be a simple undirected graph with n = |V(G)| vertices and m =
| E(G)| edges. For avertex u € V(G), d(u) denote the degree of u. A = max{d(u)|u €
V(G)}, 8§ =min{d(u)|u € V(G)}. The distance d(v,u) = d(u, v|G) between the ver-
tices v and u of the graph G is defined as the length of a shortest path between v and
u. The diameter of G, denoted by D, is the maximum distance between all pairs of
vertices.

The Wiener index is defined as the sum of distances between all unordered pairs
of vertices

W)= > d.v).
{u,0}SV(G)

This molecular structure descriptor is one of the most used topological indices, well
correlated with many physical and chemical properties of a variety of classes of
chemical compounds. For details, see the survey paper [9].
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In [16], a weighted version of the Wiener index is established, called the Gutman
index [22, 23], which is defined as

SG) = Y dwdd.v).

{u,v}CV(G)

For tree [16] it holds that S(G) = 4W(G)—(2n—1)(n—1).

The Gutman index of graphs attracted attention only quite recently. Several bounds
on the Gutman index are established in [1]. In [6] an asymptotic upper bound for
S(G) was reported. In [6] relations between the edge—Wiener index and Gutman
index were established. The maximal and minimal Gutman indices of unicyclic and
bicyclic graphs are determined in [4, 10] and [3, 12], respectively.

In 1993 Klein and Randi¢ [19] introduced a new distance function named resist-
ance distance, based on the theory of electrical networks. They viewed G as an elec-
trical network N by replacing each edge of G with a unit resistor. The resistance dis-
tance between the vertices u and v of the graph G, denoted by R(u,v) = R(u,v|G),
is then defined to be the effective resistance between the nodes v and v in N. Similar
to the long recognized shortest—path distance, the resistance distance is also intrinsic
to the graph, not only with some nice purely mathematical properties, but also with a
substantial potential for chemical applications [18, 19,25, 26].

The Kirchhoff index (or resistance index) is defined in analogy to the Wiener index
as:

Kf(Gy= > R(.v).

{u,v}CV(G)

The Kirchhoff index is also much studied in the literature. Extremal unicyclic
graphs with respect to the Kirchhoff index were determined in [15,27,28]. Deng also
studied the Kirchhoff index of fully loaded unicyclic graphs [15] and graphs with
many cut edges [8]. Zhou [30] characterized the extremal graphs with given matching
number, connectivity, and minimal Kirchhoff index. Wang et al. [24] determined the
first three minimal Kirchhoff indices among cacti.

Recently, a new index named degree Kirchhoff index was put forward in [2]. It is
defined as

SG)= Y dwd@)R(u,v).

{u, v}V (G)

Apparently, we can see that the degree Kirchhoff index may be viewed as the
resistance—distance analogue of the Gutman index.
Let L = (Lyv)nxn be the Laplacian matrix of the (connected) graph G. Its entry
is
duw), ifu=v;
Lyy=1: —1, if u ~v;
0, otherwise.
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Suppose the Laplacian eigenvalues of L(G) are (t; > o > -+ > fp—1 > iy = 0.
For details on Laplacian eigenvalues see [13, 14,21]. Then a long time known result
for the Kirchhoff index is [17]:

n—1 1
Kf(G)y=n)_ —. (1.1)
o Mi

In [5] Fan Chung defined the normalized Laplacian matrix £ (G) = (ZLuv)nxn of

a graph G as follows:

1, ifu =v;

1 : .

Luv = T PIOR if u ~v;
0, otherwise,

We call eigenvalues of .Z(G) the normalized Laplacian eiganvalues of G, and the
eigenvalues of Z(G) are ordered by A; > Ap > --- > 4,1 > A, = 0. One can find
that & = D~Y/2LD71/2,

A remarkable analogy between the Kirchhoff and degree Kirchhoff indices is the

formula [2]:
n—1 1
S'(G)=2 —. 1.2
(G) =2m ; y (1.2)
For the following consideration it is important to recall that R(u,v) = R(v,u),
R(u,u) = 0 and that [19] d(u,v) > R(u,v) with equality if and only if there is a
unique path linking the vertices u and v. Therefore, for trees, Kf(G) = W(G) and
S'(G) = S(G).
In [31] the authors obtained the following result.

Theorem 1. Let G be a connected (molecular) bipartite graph with n > 2 vertices
and m edges. Then
S'(G)>(2n—3)m
with equality if and only if G = Ky p—y for 1 <r < |5|.
In [11] the upper and lower bounds the degree Kirchhoff index of unicyclic graphs
is established. In this paper, we further study the degree Kirchhoff index of graphs
and obtain several upper and lower bounds on the degree Kirchhoff index. We also

obtain some bounds for the Nordhaus-Gaddum-type result for the degree Kirchhoff
index.

2. LEMMAS AND RESULTS

Lemma 1 ([5]). Let G be a graph on n vertices. Then for n > 2,

the equality holds if and only if G = K,,.
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Lemma 2 ([29]). Let G be a graph with the largest degree A. Then
1
AMG) =14+ —,
1(G) = 7

with equality if and only if G is a complete graph.

Recall that the chromatic number x(G) of a graph G is the minimum number of
colors such that G can be colored in a way such that no two adjacent vertices have
the same color.

Lemma 3 ([5]). Let G be a graph on n vertices with chromatic number y. Then
M(G) = .
x—1
Lemma 4 ([7]). Let G be a connected graph of ordern > 2. Then Ay = -+ = A,
ifand only if G = K, or G = K 4 .

Theorem 2. Let G be a connected graph on n > 2 vertices and m edges. Then
1
S'(G) >2m (n—2+ —) ,
n

A (-2
S'(G)=>2 + ,
©) = m<A+1 n—l—%)

—2)2
/Gy = am | X+ )1 .

Each of the above equalities holds if and only if G = K.

Proof. From the definition, one has

RV
2m Ai
i=1
1 "
= — + —
1A
1 (n—2)?
EEIID Y yy
1 (n—=2)?
)kl n —/\1
Now we consider the function
1 (n—2)?
f) =—+
X n—x
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n
n—1"
n
n—1

It is easy to check that % > 0 for x > .27, with equality if and only if x =
Therefore it follows that f(x) is not decreasing with respect to x. Since x >
from Lemma 1, we have

f@z () =2t
n—1 n
This implies the result.
If the equality holds, then all the inequalities in the proof must be equalities. It
follows that Ap = --- = A,_1, and from Lemmas 4 and | we get the result. The
reverse is easy to check.

Note that from the above proof and Lemmas 2, 3 we can get

A-H) A (n—2)>?

A - A+1 n_1_%’

f(x)zf(

X\ X (n—2)?
f(x)if(x—l) B X+1+n—1—%'

Therefore we obtain the desired two bounds involving the maximum degree or the
chromatic number, which is larger than f (-25). O

Fan Chung [5] obtained the following formula for the number of spanning trees of
a graph based on the eigenvalues of the normalized Laplacian:

CILdw T,
1O = 5w L1

Theorem 3. Let G be a connected graph with n > 3 vertices, t spanning trees and
maximum vertex degree A. Then

(A+ DT, dw)\ ™=
2mt A ) ’

S'(G) > 2m (AiH +(n—2) (

with equality if and only if G = K.

Proof. From the definition, one has
1 =1
— 9 = _
2m ; Ai

1 =
= — 4+ J—
TPy
- 1 + n—2
= _ 1
M ([T )7
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Loy (el

2mt

d
g0 = 1+ 0= (2™

2mt

Let

1

Then we have

det) __1 +(—xnvd(v))"l_2_l(nvd(v)):_i_i_%(xl_[vd(v))”l‘z

dx  x2 2mt 2mt x2 2mt

Therefore g(x) is non-decreasing for

( 2mi )nll
x> =—— :
[T,d(v)
Note that

n% n—1 n—1 n—1 )
2mt b HA" 521:1)&;: n §A+1§k1,
[1,deg(v) , n—1 n—1 A

it follows that

A A A+ DT d@)\ =2
g(x)Zg( zl):A+1+(”_2)(( +2311;[Av (v))

This implies the result. The equality case is easy to see from Lemma 4. 0

One may note from the above proof that

1
n—1
_ _Z —1—(11—1) (M) , 2.1)
1—1 (1_11—1)L )”_ 2mi

with equality if and only if A1 = Ay = --- = 4,1, thatis G = Kj,.

The above expression implies that S’(G) is strictly decreasing with respect to
t(G).

Before listing an upper bound for #(G), we first recall one definition. For k > 1,
a graph G is k-connected if either G is a complete graph Ki 1, or G has at least
k + 2 vertices and contains no (k — 1)-vertex cut. The maximal value of k for which
a connected graph G is k-connected is the connectivity of G, denoted by k(G). If G
is disconnected, we define «(G) = 0.

If G is a graph of order n, then k(G) < n — 1, with equality holding if and only if
G =K,.
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Recently, the following result for the spanning trees of graphs was obtained in

[20].
Let G be a connected graph of order n with connectivity k(G) = k. Then

1(G) < kn*~1(n—1)""*2.

The equality holds if and only if G =~ (K1 U K,,_;_1) V K.
By using this bound and expression (2.1), we can get the following bound in-
volving connectivity.

Theorem 4. Let G be a connected graph with n > 3 vertices. If G has connectivity
k(G) =k, then

, [do) )™
S 22171(71_1) (2mknk_1(n_1)n—k—2) ’

with equality if and only if G = K,,.

At last, we consider the Nordhaus-Gaddum-type result for the degree Kirchhoff
index.

Theorem S. Let G be a connected (molecular) graph on n =5 vertices with a
connected complement G. Then

1\3
$'(G)+5'@) > " 21) .

Proof. From the result in Theorem 2, we have

S'(G)+S'(G) >2m (n—2+%) + ((Z) —2m) (n—2+%)

This implies the result. g

Lemma 5 ([2]). Let G be a graph of order n, with m edges and diameter D. For
all vi,v; e V(G)(i # J), then

1 1
R(vi,v;) <2mD (d(vi) + d(vj))’

Theorem 6. Let G be a connected (molecular) graph on n > 5 vertices with dia-
meter D. Then

S'(G) <4D(n—1)m?>. (2.2)
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Proof. From the definition, we have

SG)= Y dwd@)R.v)

{u,v}cV(G)

< Y dwd(v)2mD (ﬁn]é))

{u, v}V (G)

=2mD Y (dw)+d®))

{u,v}CV(G)

=2mD(n—1) > d(u)
ueVv(G)

=4D(n—1)m?>.

This implies the result. 0

Theorem 7. Let G be a graph of order n with maximum degree A, and maximal
Gutman index S(G). Then the following holds:

S'(G) < (”;FI)A% 2.3)

Proof. Since d(u,v) > R(u,v) with equality if and only if there is a unique path
linking the vertices u and v [19], we immediately get

S'G)= Y dwdmRuwv)< Y dwd@w)du.v)=S(G).

{u,v}cV(G) {u, v}V (G)

In [1] it is obtained that under the hypothesis of the theorem,

S(G) < (";1)43.

The desired result is obtained. O

We now present one example to illustrate that the above two bounds are incompar-
able. For the star graph H = K ,—1, bound (2.2) reads 8(n — 1)3, while bound (4)
is (n—1)3("1"), showing that (2.2) is better than (2.3). For the path Py, bound (3)
reads 4(n — 1)*, while bound (2.3) is 8(";”), showing that (2.3) is better than (2.2).
Therefore the above two bounds are incomparable.

In light of Theorems 6, 7, we can establish the following two upper bounds for the
Nordhaus-Gaddum-type results.
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Theorem 8. Let G be a connected (molecular) graph on n > 5 vertices with a
connected complement G. Then

2
S'(G)+S'(G) <4(n—1)2 | m? + ((’;) —m)

Proof. Note that the diameter of any graph is at most n — 1. From the result in
Theorem 6, we have

2
S'(G)+S'(G) < 4(n—1)% | m? + ((’;) —m)

This implies the result. g

Theorem 9. Let G be a connected (molecular) graph on n > 5 vertices with a
connected complement G. Then

— 1
S'(G)+S'(G) < (n-3|— ) (A3 +m—1 —8)3).
Proof. From the result in Theorem 7, we have the result. ]

3. FURTHER DISCUSSION

As stated in Section 1, formulae (1.1) and (1.2) reveal that those two resistance
distance based molecular descriptors have a close connection with the eigenvalues
of some matrices associated with graphs. For a edge weighted connected graph
G with weight ¢, on the edge uv, and c(u) = ZuweE(G) Cuw, We define S =
> wvrcv(e) ¢ () c(v) R(u,v). Then we may naturally ask that whether there exists
a real symmetric and positive semidefinite matrix P with eigenvalues

V1IZY2>...2Vn-1>Yn=0

such that § = Y7Z| %?
1

Conversely, in general, let M be a real symmetric and positive semidefinite matrix.
Suppose its eigenvalues are

PL=p2= ... = pp—1>pn =0,

with their corresponding mutually orthogonal unit eigenvector

£1.62....6n—1.6n.

Now, we construct the matrix

B=M+ lén(gn)ts
a
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where a = (£,)'&,. We claim that the eigenvalues of B are

P12, Pn—1,1.

In fact, we can check that, for 1 <i <n—1,
1
Bsi = (M + ;Sn(én)t)éz

1
= Mé,-:i + ;En(én)tgl
= Mgl-
= pi&i-
Similarly,

BEw = Mén + 66 b0 = - 60 (60) 8] = .

Since all the eigenvalues of B are not zero, B is non-singular. Therefore, its inverse
11 1

B! exists and its eigenvalues are B py

If wetake M = L = D — A, and &, = 1, the all one vector, then we get Theorem
1 and Theorem 2 in [26]. And the formulae (1) is established.

If wetake M = . = D~V2L D712 and §, = D%l, then we get some part of
Theorem 3.1 in [2]. And the formulae (2) is established.

Another natural question is: for general M described above, is there a connec-
tion between Z:’;ll % and some (resistance) distance based molecular descriptor of
graphs?

We leave it for further research.
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