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Abstract. Let T (s,A,u, B) be the class of normalized functions, f defined in the open unit disk
U by
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for some g € Rg(s,A, 1, B). The authors in [15] introduced the operator @ﬁ’s defined by
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where Rg (s, A, 11, B) denotes the class of normalized functions g in the open unit disk U defined

by
A,s+1
O, " g(2) b4
arg(““ <3 O<p=1.
@/L, 2(2)

For f € 7(s,A,u.p) and given by f(z) = z +a2z%> +azz3+ -+, a sharp upper bound is
obtained for |a3 —ta%| when 7 > 1.
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1. INTRODUCTION AND DEFINITIONS
Let 4 denote the family of functions of the form:
o0
f@=2+) ", (1.1)
k=2
which are analytic in the open unit disk U = {z : |z| < 1}. Further, let § denote the
class of functions which are univalent in U. A function f(z) belonging to + is said
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to be strongly starlike of order 8 in U, and denoted by 8-8* (L) if it satisfies

arg(zjjj(/g)) < %ﬁ O<B<1,zel). (12)
If f(z) € A satisfies
arg(l—l—zjjlléz))) <g,3 0<p<1,zeU), (13)

then we say that f(z) is strongly convex of order 8 in U , and we denote by € (L)
the class of all such functions.

With the help of the differential operator @ﬁ’s, we say that a function f(z) belonging
to A is said to be in the class R . (s, A, u, B) if it satisfies

(@ﬁ’s_i_lf(Z))
arg —As
Ou f(2)

for some (0 < B <1) and for all z € U. Note that R ,(0,0,1,8) = §8*(L) and
R,(1,0,1,8) =8E(L).

For the class § of analytic univalent functions, [6] obtained the maximum value of
‘a 3— ra%‘ when 7 is real. For various functions of &, the upper bound for }a3 — m§|
is investigated by many different authors (see [1-5,7,8, 1 1-14,16, 17] and [18]).

In this paper we obtain a sharp upper bounds for |a3 — fcl%! when f belongs to
the class of functions defined as follows:

Definition 1. Let 8(0 < 8 < 1) andletf € 4. Then f € T (s,A,u, B) if and only
if there exist g € R . (s, A, , B) such that

R (Qﬁ’sﬂf(Z)
¢ A,

0,7 g(z2)
where g(z) = z 4+ bz +b3z3 +---.

< %,3 (LeN, A seNo=NU{0Y, (1.4

)>0 (meN,A,s e Ng=NU{0}, z € U), (1.5)

Note that 7(0,0,1, 8) = K (B) the class of close-to-convex functions defined by
[3]1, 7(0,0,1,1) = K (1) is the class of normalized close-to-convex functions defined
by [10].

2. MAIN RESULTS

In order to derive our main results, we have to recall here the following lemma.

Lemma 1 ([17]). Let h € & i.e. h be analytic in U and be given by h(z) =
14+ c1z2+c2z2+c3z3 4+, and Reh(z) > 0 for z € U. Then

G 1] 2.1
2= 5| = > (2.1)
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Theorem 1. Let f(z) € T(s,A,u, B) and be given by (1.1). Then for B > 1 and
T > 1 we have the sharp inequality

B2[(3° 120 +2) = 2 (e + DA+ )]

as—ta3] = 22535 (A+2)(A + 1)
[(3s+1m A+2) =2 lp(u+ DA+ D]+ 1) -
22535+ 4+ 2)(A 4 1)2 - 2D
Proof. Let f(z) € T (s, A, u, B). It follows from (1.5) that
O f(2) = 07 2(2)q(2), 23)

for z € U, with ¢ € P given by ¢(z) = 1 +¢12 + ¢q22%> + q3z> + -+ . Equating coef-
ficients, we obtain

(A: 1)2s+1 1+ @+ 1)2%2, (2.4)
and
A+2)A+1) (A+1) A+2)(A+1)
e Tt =g+ 2 2hog + ——23hs. (2.5)
pu(p+1) 1 % 24 p(pn+1) ’

Also, it follows from (1.4) that

O} g(2) = O4°¢(2)(p(2)”.

where for z € U, p € P and p(z) = 1 + p12 + p2z% + p3z3 +---. Thus equating
coefficients, we obtain

A+1
A+ D 2sp, — gy, (2.6)
A+2DA+1) -1,
e @3 = Bpat T pD). 2.7)
From (2.4), (2.5), (2.6) and (2.7) we have
1
as—tad = s g a?)

3L +2)(A + 1)
225 u(u+ DA+ D=3 rp?(A+2)

2
L T RV TS Y S TR
Bu(pn+1) [
TG P22k
R+ DA+ 1) -3 2 (A +2)]8
+ P141

3s+1 22s+l(k + 2)@ + 1)2
L3 22 B2 p(p+ DA+ D) -3 1p2u> (A +2)
3s+1225+2(k+2)(k+1)2

i (238)
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Assume that a3 — raz is positive. Thus we now estlmate Re( as— raz) so from

(2.8) and by using the Lemma 1 and letting p; = 2ret? =2Re?0<r <1,
0<R<1,0<6<2mand 0 < ¢ < 2m, we obtain

35t Re(az —1a3)

pp+1) 1 R u+ DA +1) =3 ru? (A +2)]

- - 7 _ 2
= Ao+ e 2D+ 2254200 1 2) (A + 1)2 Reqy
Bu(pn+1) 2
mRe(m——Pl)
LA up+ DO+ D=3 o2 )]
225H (L +2)(A + 1)2 e
L 3B DO+ D=0 4 2o
25F2(L+2) (A +1)2 Repi @3
2p(p+1) 2y, PP p+ DA+ D -3 o2 +2)]
Saroarnt O 010 L 17 ?cos2¢
Bup+1) 5
a+aa+nt ")
2[3 25T u(u+1)A+1) =3 ru?(2+2)]
25+ 2) (A + 1) rReos(6 +¢)
3222 w(p+ DA +1) =3 (A + 2)] 12 cos 20
250+ 2)(A+1)2
TP+ =222+ DA+ o,
= 2250+ 2)(A+1)2
+2ﬂ,u[3s+lw(/\+2) 2S+1(M+1)(A+1)]
2250+ 2)(A+ 1)2
5 B[t (A+2) -2 (u+ DA +D]  p(p+1) 2
225(A +2)(A +1)2 A+2)(A+1)
pu(p+1)
T araorn P
= ¥(r, R). (2.10)

Letting 8, A, i and t fixed and differentiating ¥ (r, R) partially when > 1,1 > 0,
B > 1and t > 1 we observe that

"prr l’I/RR - (ler)z

2B (n 4 1)? 4x 35T B (u+1)
=T a+ry  2PTU- Gt 1)

[56—-1]1<0
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Therefore, the maximum of ¥(r, R) occurs on the boundaries. Thus the desired
inequality follows by observing that

2[35zu? _n2s
v, R) < w1 = B0 42 2+ DO+ D)

225(A +2)(A +1)2
[T 2 +2) =22 u(u+ DA+ 1] 2B+ 1)
+ 225(A +2)(A +1)2 '
The equality for (2.2) is attained when p; = g1 = 2i and p; = g = —2. O

Letting s = A = 0 and u = 1 in the above Theorem, we have the result given by
Jahangiri [9]:

Corollary 1. Let f(z) € K(B) and be given by (1.1). Then for § > 1 and t > 1
we have the sharp inequality
28+ 1)(3r—-2)
3 .
Letting s = u = 1 and A = 0 in the above Theorem, we have the following result:

Corollary 2. Let f(z) € 7(1,0,1,8) and be given by (1.1). Then for B > 1 and
T > 1 we have the sharp inequality

(2.11)

‘a3—ra%} <B*r-1+

laz —7a3| < % [382(3t—4) + (9t —8)(2B + 1)].
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