Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 16 (2015), No 1, pp. 165-180 DOI: 10.18514/MMN.2015.766

> 'no&s K
RS wiskoLoNEY

Some aspects of LI(RY) N W (RY)

Nihan Giingor and Birsen Sagir



Miskolc Mathematical Notes HU e-ISSN 1787-2413
q\ Vol. 16 (2015), No. 1, pp. 165-180

SOME ASPECTS OF L7 (R?) nW7" (R?)

NIiHAN GUNGOR AND BiRSEN SAGIR

Received 24 September, 2013

Abstract. Let1 <gq, p < oo and v, w be Beurling’s weight functions on R In this article we deal
with harmonic properties of intersection space AZ’{)’ w (IRd) =LY ([Rd) n Wkp e (IRd) defined

by aid of weighted Lebesgue space L4 (IRd) and weighted Sobolev space Wkp W ([Rd). We
research the inclusions and inequalities between the spaces AZ’{; w (§2) where £2 C R? be an

open set. Finally, we proved that the spaces M (A ;{i (IRd) , Lllu (IRd)) can be identified with

the weighted spaces of bounded measures My, (IRd .
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1. INTRODUCTION AND PRELIMINARIES

Throughout this work, R denote d —dimensional real Euclidean space with Le-
besgue measure dx. We use Beurling’s weight function, i.e., a measurable, locally
bounded function on R¥ satisfying w (x) > 1 and o (x +y) < o (x)w (y) for all

x,y € R? [2]. We denote weighted Lebesgue space L2 ([Rd) = {f | foeL? ([Rd)}
which is a Banach space under the norm

1f e = / L ()P 0P (x) dx.
R

Some well-known terms such as convolution, translation invariant, continuous em-
beddings, Banach algebra, Banach module, essential Banach ideal, approximate iden-
tity will be used frequently through this paper; their definitions may be found in [6],

[131,[15], [22]. It is known that Lf, (IRd ) is translation invariant and

ILs fllpw =@ lpe (1.1)

(© 2015 Miskolc University Press



166 NIHAN GUNGOR AND BIiRSEN SAGIR

for any f € L5 (Rd). The translation operator Ls ( Ls f (x) = f (x —s)) is con-

tinuous on Lf; ([Rd ) For two weight functions w; and w;, we write w; < w, if and

only if there exists a constant ¢ > 0 such that w; (x) < cw; (x) for all x € RY. We

write w1 &~ w» if and only if w1 < w> and wy < w;. Recall that one has Lé’)l ([Rd) C
Lf)z ([Rd ) if and only if wy < w;. The space ng (IRd) is a Banach module over
LY (IRd> under the convolution [8].

If @ = (o1.002,...,000) € R? is an d-tuple of nonnegative integers «;, then it is

d
written o € ZflF and |a| = ) «;. Similarly if D; = % for1 <j <d, then
i=1 /

gl
D* = D{'D3?..Dy" =
bR 9x i oxg?L0x e

denotes a differential operator of order «. For given two locally integrable functions
u and v on R?, we say that v is a’”-weak derivative of u, written D%y = v, provided

[u(x)Do‘(p(x)dx = (=1l /v(x)go(x)dx
R4 R4

for all p € C° ([Rd ), where C2° ([Rd ) is the space of all infinitely differentiable

functions on R?, each with compact support. It is known that a weak derivative, if it
exists, is uniquely defined up to a set of measure zero and also it is linear [19].
Let w be Beurling’s weight function. For any nonnegative integer k and 1 < p <

oo, the weighted Sobolev space Wkp W ([Rd ) is defined as the space of the functions
uel? (IRd) such that D%y exists and D%u € L, ([Rd) forallo € Zi with |o| <k.
Wkp W (IRd ) is a Banach space with the norm

lellgpw =Y ID%ullp (1211211,

loe| <k

Weighted Sobolev spaces are defined by aid of weighted Lebesgue space L%, ([Rd)
by Kufner in 1980s. Clearly, Wkp W ([Rd) is a subspace of L) ([Rd) and also
Wop’w (IRd) =LE ([Rd). For any k, it is obvious the embedding Wkp’w (IRd) —

L ([Rd). Ifo=1 W ([Rd) =wp ([Rd). If we take norm |||, ,, instead of
[[Il > we get the following properties by using the method in [10] and [12]. If wa <
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wi and k > [, then W' (£2) < W/ (£2) for an arbitrary open set £2 C R4,

Wkp W (IRd) is translation invariant and
ILs fllwpw < @) [Lf lwpw (1.2)

for any f € Wkp W ([Rd ) The translation operator is continuous on Wkp W ([Rd )
Also Wkp v ([Rd ) is a Banach module over L} (IRd) under the convolution.

Sobolev spaces Wkp ([Rd ) of integer order were introduced by S.L. Sobolev in

[17], [18]. These spaces are defined over an arbitrary domain £2 C R by using
subspaces of Lebesgue spaces. Many generalizations and specializations of these
spaces have been constructed and studied in years. In particular, there are extensions
that allow arbitrary real values of k, weighted spaces that introduce weight functions
into the L?-norms and other generalizations involve different orders of differentitaion
and different L?-norms in different coordinate directions. Finally, there has been
much work on Sobolev spaces and its related areas. To an interested reader, we can
suggest our main reference book [1] and the references therein.

Let E and F be two translation invariant Banach spaces. A multiplier on E
to F is a bounded linear operator commuting with all translations. We denote by
M (E, F) the space of all multipliers on E to F [14].

2. SOME RESULTS IN L ([Rd) nwe® (le)

If one looks for Sobolev algebras in literature, one sees that there are a lot of pub-
lished papers about Sobolev algebras obtained by using different function spaces that
are defined over different groups or sets. These spaces have been investigated un-
der several respects, and mostly applied to the study of strongly nonlinear variational
problems and partial differential equations.

In the sense of our study, we attach importance to [3], [5], [20]. In [5], it is showed
that the space L% (G) N L™ (G) is an algebra with respect to pointwise multiplica-
tion, where G is a connected unimodular Lie group. Also, sufficient conditions for
the Sobolev spaces to form an algebra under pointwise multiplication have been given
in [20].

In [3], Chu defined A,’; (IRd> =L! (IRd> nwk.p (le) spaces and showed some

algebraic properties of these spaces (Segal algebras). In this section, we will gener-
alize his results to weighted Sobolev algebras.

Let 1 <g, p < 00, k be a nonnegative integer and v, w be Beurling’s weight func-
tions on R?. We deal with the some harmonic properties of the intersection space

L ([Rd) nwkv ([Rd). This space, denoted by AZ? ([Rd), is a normed space

k,v,w
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with the norm

115 = 1l g0 + Il

Theorem 1. (Aq P ( ) II. ”k v w) is a Banach space.

k,v,w

Proof. Assume that ( f;) be a Cauchy sequence in Ak oW ([Rd>. Clearly (f) is a
Cauchy sequence in both L ([Rd ) and Wkp ’ ([Rd). For this reason, ( f,) converges

and
wpw, We can easily demonstrate that there exist a subsequence

to felLl (IRd) and g € WY ([Rd) By using the inequalities |.[l; < |.ll4, &

Il = l-llpw = 111

(fny) of (fn) suchthat f,, — f a.e. and a subsequence (fnkl) of (fuy) such that
f”kl — g a.e. Therefore, we get f = g a.e.

Theorem 2. (i) (Aq i ( ) (NS kv w) is translation invariant and

k,v,w

ILs fIED < @+w) ) ILITD
a.p d
forall f € LT (R?).
(ii) The function s — Ly f is continuous from R? to AZ:fj)’w (IRd) for any f €

q.p d
ALP ([R ) .
Proof. (i) We know that the spaces L ([Rd ) and Wkp v ([Rd ) are translation in-

variant. Hence AZ 5 w ([Rd ) is translation invariant. We get

VLo S ULD o = ILs g+ Lo S Nl
<0 ) [ fllg+w ) [ I
<@+w) @ /187, -

by (1.1) and (1.2).
(ii) Since s — L f is continuous in L (IRd), for any ¢ > 0 and s¢ € RY there is
a neighbourhood V; of sg such that

&
ILsf —Lsofllg0 < 3 (2.1)

for all s € V7. There is a neighbourhood V, of s¢ such that

&
||Lsf_Lsof||Wkp’w < 5 (2.2)
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for all s € V3, because the function s — Lg f is continuous in Wkp v ([Rd ) Con-
sequently V' = V1 NV, is a neighbourhood of so and we get

”Lsf_Lsof”z:f;’w <é&
for s € V by (2.1) and (2.2). O

k,v,w

Theorem 3. A?? ([Rd ) is a BF-space.

Proof. Let f € AZ"E w ([Rd ) and any compact subset K C RY. Using Holder

inequality with % + % = 1, we obtain

/If(X)IdX=/|f(X)IXK(X)dx
K R4

1
77

/ |f ()7 dx [ (xx ()7 dx
R4 R4

A

1 1
1 1 p,w it () 27 < [ f g i (K "

A

1
forany f € Wkp’w ([Rd). If we write Mg = (K)»’, there exists Mg > 0 such that

[ 17 @ldx < Ml e 3
K

Also since LY ([Rd) is a BF-space, there exists Nx > 0 such that
[ 17 @ldx = N 7l @.4)
K

If we write Cx = max{Mg, Nx}, we get

[1r @iax < ceirgs,
K

by (2.3) and (2.4). O

Theorem 4. If v < w’ and w < W', then AZ’f}’ » (IRd ) is Banach module over

L}D, (le) under the convolution.
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Proof. Assume that v < w’ and w < w’. Then we know that L , ([Rd) clL! ([Rd)
and L111)’ (IRd) C L}U (IRd). Consequently there exist ¢y, cp > 0 such that ||g||1’v <
c1llglyw and llgllyw < c211gl1,, forany g € L}, ([Rd). Since LI ([Rd) is a

Banach module over L} (IRd) and Wkp w0 (IRd ) is a Banach module over L} ([Rd)
under the convolution, we get

If*gllfs , = IIf*gllq,qullf*gIIWkl”w

=flgver ||g||1 w ||f||Wkpsw c2llglluw

< max{ci, w 1811w

k,v,w

forany f € AZ? (IRd> and g € Lllu, ([Rd). O
Theorem 5. If1 < p < 0o and w < v, then A,lc’f)) w (IRd) is Banach algebra under

the convolution.

Proof. Suppose that w < v. So, there is a constant ¢ > 0 such that || f; ,, <

cllflly,forany f € L} ([Rd) Now we take any f, g € Ak oW ([Rd) .Since L} ([Rd)
is a Beurling algebra and Wkp W (IRd ) is Lllu ([Rd) —module, we find

=f *gllip +1f *glwpw <1l l€l0 + ||f||WP»w lgl,w

<||f||1U||g||1v+||f||WPwC||g||1v_ w gl
If we define a new function on A Eow ([Rd) such that |||.||| = max {1, c}|| ”k v’
on

AP ([Rd ) are equivalent. Hence we obtain

k,v,w
1,
I *glll = max{L.c}| £ *gll?

1, 1,
< max{L.cymax{Le} | f1g7, Igle?.,
<711 1Hg .
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Definition 1. A sequence of functions ¢, in C° ([Rd ) satisfies the following
conditions:
() ¢n(x)>0forall x € R?

(i) [n(x)dx=1
R4

(iii) The support of ¢y is in [—en,sn]d, &p>0and lim ¢, =0[9].
n—>oo
Theorem 6. The sequence of functions @, is an approximate identity for A% k v w (IRd).

Proof. Since ¢, is an approximate identity, for any f € LZ (le> and & > 0 there
exists n1 € N such that

€
”f *@n _f”q,v < E (25)
for all » > nq. Also we can see that there exists a n, € N such that
€
1f = Fllwg, <5 (2.6)

for all n > ny by using the method in [4],[22]. If we set ng = max {ny,n,}, then by
(2.5) and (2.6) we obtain

I/ *on— f“kvw

foralln > ny . ]

Theorem 7. For each f #0, f € AL? (IRd) there exists ¢ () > 0 such that

k,v,w

c(NH@H+w) ) L fITD , < @+wYOISITD -

Proof. For given f € AP (Rd),we write f € LY ([Rd) and f € Wkp’w ([Rd).

k,v,w

Let K be any compact subset of R?. Since ||Lsf||Wkp,w > |D¥Ls [,y for all
fewp" (RY), we find

Lo lpn = DLyl = | [ 1D (=501 0 ()
|Rd
= [ @l = /ID"‘f(u)I” o
> f|D“f(u)|”ﬂdu LT

sup w? (—u) sup w (—u)
uek uek
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_ ID*fxklp -
If we set c; (f) = ———=7=>2, then there exists a constant ¢; ( f) > 0 such that

sup w(—u)’
uek
ILs f o = e1 () w(s). @.7)
Also we know that there exists a constant ¢, ( f) > 0 such that
”LSqu,v =2 (f) v (S) (2.8)
forall f e LY ([Rd). If we set ¢ (f) = min{c1 (f),c2(f)}, then we get
ILs FIE7 = e (f) (0 +w) (s) (2.9)

by inequalities (2.7) and (2.8). Also we know that

ILs FIED < +w)OILIET (2.10)
by Theorem 2. Hence the proof is completed from (2.9) and (2.10). ]

Proposition 1. Let 1 <q1,q2, p1, p2 <00 and v1,v3, w1, Wy be weight functions

on RY. Then
AQlypl ([Rd) C qu,pz ([Rd)

k,v1,wq k,v2,w2
if and only if there is a constant M > 0 such that

”f”qz,pz <M ”f”ql,pl

k5v25w2 - k,Ul,w]

forevery f € Azf;f’lwl ([Rd>.

Proof. Assume that A7!:?! 1 ([Rd) C AT2-P2 (IRd). We define the norm

k,2up,w k,v2,w2
1A= IANEP P,
forall f € AZ};ilwl (IRd). Let ( /) be a Cauchy sequence in (AZ};ilwl (IRd) , ||.||).

Hence ( f;) is a Cauchy sequence in
q1,p1 d q1,P1 q2,P2 d q2,P2
(Ak,vl,wl ('R ) ’ ”'”k,vl,wl) and (Ak,vz,wz ('R ) ’ ”'”k,vz,wz)'

Since (A‘“’p1 ([Rd) 4P ) and (qu’m ([Rd) |).1192:P2 2) are Banach

kvi,wi kvi,wi k,vz,w> k,va,w
spaces, there exist f € Azll’f 1w1 ([Rd ) and g € AZZI’);’ 2w2 ([Rd) such that

| fro— FII2PY 5 0and || f, —g||927>  — 0.

k,vi,wq k,v2,w2
If we use the inequalities ||.||,, < ||.||i'l’}ll"wl and |.]I,, < ||.||Z21’)§2w2, then we find

| fn—fll,, — 0and || fu —gll,, = 0. Thus there is a subsequence (fnk) of (fn)

such that f,, — f a.e. and also there is a subsequence (fnk,) of (fu,) such that
fn k, > & ae. Therefore we find f = g a.e., consequently we get || f, — f| — O.
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Hence (Ail;f lwl (IRd ) . ||) is a Banach space. We consider the unit function / from

(agpn, (RY) 010 onto (g, (RE).ILIELEL,,). Since |11 (NIELE,, =
| £I125P1 < || £, the unit function is continuous. Then it is homeomorphism by

Ban:(;;ll ’"}Uh]eorem. This means that |.|| and ||||Z'vll’ ,lwl are equivalent, so there is a
constant M > 0 such that
LA =MILIEE, (2.11)
forall f € AZ};? ’lwl (IRd ) If we use the definiton of ||.|| and the inequality (2.11),
then we obtain ||f||Zi’)‘Z’2w2 <M ||f||Z:l’f"w].
Conversely, if ||]‘||Zi’)§’2w2 <M ||f||Z’ll’)i‘w1 for all f € Az’ll’f"wl ([Rd), we can
easily that the inclusion AZ',7!, (RY) € 4{,7% (R?) holds. O

It is easy to obtain the following proposition by aid of Proposition 1.

Proposition 2. Let v1, vz, w1, wy be weight functions on RY and 1 < q,p <oo. If
vy < 1 and wy < wy, then AL? : ([Rd) c AP (IRd).

k,vi,w k,vz,w>

Theorem 8. Ler 2 C R? be an open set and v1,v2, W1, Wy be weight functions on
R4 satisfying v, < vy and wy < wy. Then

APP (2) > ATP  (92)

k,vi,wq l,vo,wo
forallk,l € Z1 wherek > 1.

Proof. Let f € AZZ{)) Lo (£2) be given, so we write

f e Lgl (£2) and f € Wkp’w1 (£2). It is known that LZI (£2) C L‘{}2 (£2) where
vy < v1. Also we know that Wkp’w1 (2) C Wl‘v’w2 (£2) where wy < wy and k > [.
Therefore we obtain

felLl (2)n Wlp’w2 (2) = AP , (£2). So we find ALP (2)c ATP ().

N lyv29w kyvlyw lsv2:w2
There exists a constant ¢; > 0 such that
”f”q,vz =c ”f“q,v] (2.12)

for all f € LY (£2), because v2 < vy. Moreover, since W' (2) — W/ (2)
where k > [ and wa < wj, there exists a constant ¢, > 0 such that

1 gy w2 = 2 lLf Mgy en (2.13)

forall f € Wkp’w1 (£2). If we set ¢ = max{cy,cz}, we get

VI8 oy =€ (1F gy + 1 F )
<cIfIED L,

from the inequalities (2.12) and (2.13) This completes the proof. ]
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We prove the following theorem with using method in [23].

Theorem 9. Let vy, vy, w1, wy be weight functions on RY satisfying vy < v1, wp <
wy and k,l € ZT withk > I. If.Q C R? be an open set such that (1 (§2) <oo, then

Ay (2)c AL (£2)

kv1 wi lU2w2

where ] <g<s<ooand1 <p<r <oo.

Proof. Assume that f € A" (£2), so we write f € L, (£2) and
[ eW P (2). If weset @ = 7 where 1 <¢ <s < oo and let f be conjugate

exponent of ¢, then we find

119, = / I (907 (x)dx < / [ 107 (0)]7 dx / (12)? dx
2 2 2
< / f @F v ydx | @) = 1719, @) (2.14)

by Holder inequality. Since u(£2) <oo and f € Ly, (£2), we obtain f € Lgl (£2)
from (2.14). Hence we have f € Lf,’z (£2), because vy < v;. Also we can see
that Wkr’w1 (£2) C Wkp’w1 (£2) where 1 < p <r < oo and u(£2) <oco by similar
method. Since w, < wy and k > [, we find Wkp’w1 (2) C I/I/'lp’w2 (£2). So we
get WMN(2) Wl‘u’w2 (£2), therefore we write f € Wlp’w2 (£2). Thus we obtain
feLli,(@)nwP > (2)=A]P  (£2). This completes the proof. O

lvo,w>

Theorem 10. Let vy,v,, w1, wy be weight functions on R4 satisfying vy < vy,
wy < wy and k,l € ZT with k > 1. If 2 C R? be an open set such that j1 (§2) <oo,
then there exist ¢ () > 0 and ¢ > 0 such that

() W2t w2) () < | Lo 18D, < catwa) () IS5 o,

forall f e Ay (82), f #Owherel <g<s<ooand1 <p<r <oo.

kv1 w1

Proof. For given f € Ay (£2), there exists a constant ¢ > 0 such that

k V1,W1
¢(f) W2+ w2) () < | Lo 18D . (2.15)
by Theorem 7 and Theorem 9. Since v, < v1, there is a constant ¢; > 0 such that
1 g < €t 1 lgyor - (2.16)

Also since W,” WHR) — Wy "2 (2) where w, < wy and k > [ , there is a constant
¢ > 0 such that

1S gy pe2 = c2 [l f Ny en (2.17)
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If we set my = max{cy,cz}, we obtain
ILs FNT0 s = WLs S llgu, + 1Ls f llyy -2
= 02() [ fllg,v, + w2 ()| f [l p-v2
=v2() et fllgo, Hw2 () ezl fllyren

<mj (va+w2)(s) ||f||k JU1L,W]

by using (2.16) and (2.17). Also we can see that Ak oL (£2) C Ak R (£2) by
Theorem 9 and so there exists a constant m, > 0 such that
1AIL2 L <mallfIET
by Proposition 1. Thus there exists a constant ¢ > 0 such that
1L FIZL o <catw) &SI o (2.18)
for all f € Airv w (£2). If we combine (2.15) with (2.18), the proof is completed.
O

We prove the following theorem with using method in [1].

Theorem 11. Let 2 C RY be open set, v1,V3, W1, W2 be weight functions on RY
satisfying vo < vy, wy < wy and k,I € ZV with k > 1. If% = (1’1—14—1(1——;, %=
—+—f0rs0meszth0<)t < 1, then

611,171 (9)0A42,P2 (.Q) CA

kv1w1 k,v1,w;

(£2)

lU2 w2

where 1 < g1 <s<qgy<ooandl < p; <r < py <oo.

Proof. Suppose that f € A7"P! (2)NAT*P? (), s0 we write f € LI (£2)N

k,v1,wq k,vi,w;
Lgf (£2) and f € WPV ()N WP (2). If we set 1 = 4, then we see 1’ =
5 (1 A) is conjugate exponent of t. Thus we obtain

1f1E, = f 1 ) v () dx
22

= [1f @ 1 @I PO
2

SA

q1

&

= [[rert o] a

2
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sd—=2)

[ [ e @] s

2

a
= ||f||q,1,u1 ||f||512,u1

by Holder inequality. Since f € LI (2) N LT (), we get f € Ly (£2). Also
we can show that f € Wkr "Y1 (£2) by similar method under the hypothesis. Hence
we find f € LY (2)NW,]"" (2) = A" (£2). We know that A" (2) C

k,v1,wq k,v1,wq
;’;2 w, (§2) where v2 < vy, w2 < wy and k > I by Theorem 8, therefore we get
s,
feT (). 0

d d
3. MULTIPLIER SPACES OF (Ak w.w ([R ) Ll (IR ))

In this section we call the intersection space L. (IRd> N Wkp v ([Rd ) as

. . 1,
Ak w.w (IRd> and equipped with the sum norm ||f||k5) =1 fl1w+ ||f||Wk”w We

v ([Rd) to LL (le) b

M (Allc’i w ([Rd), w ([Rd>). It is known that L} (IRd> is a closed ideal in the

space My, (IRd ) which is defined by

denote the space of multipliers from A

My, (le) = { 4 : u is a bounded measure and ||u||,, = /w d|p| <oo

R4

We will show that M (A,lc’ﬁ) w (IRd) LY ([Rd)) = My (IRd) by using results in the
second section.
Proposition 3. If 11 € M, ([Rd) and f e AP (R, then s f e A" (R)
1, ;
and i x f1Ig2 < Iully 171377

Proof. Since s — Ly f is a continuous function from R? to A,lc”i w ([Rd) for f €

A}c:ﬁ},w (IRd> and p is a bounded Borel measure, then fd ||Lsf||11€”i d|pl(s) < oo.
R
So, the integral | Ly fdu (s) belong to A p (IRd) by [16, Proposition 3.2.62].
Rd
Therefore we get
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Lp

s £10 = | [Lasan®| < [1LsIgdlu o)

R4 kow R4

s/ﬂﬂmgwwdmﬁn=nﬂwgnmu.
R4

Proposition 4. A}? (IRd) is an essential Banach ideal in L), ([Rd ) .

k,2w,w
Proof. Let f € A,lc’f; » ([Rd) andge L) ([Rd). By Theorem 4, we can easily see
that f xg € AP ([Rd) and we find

k,w,w
1S * gl =1 f %8l + 1S *glypw

=1/ M 18w + 1 e gl w

<112 gl -
We known that C° ([Rd> is a dense subset of L}U (le) [10] and we can easily see
that C£° (IRd) C A}c”i’w ([Rd). Hence we find that A}(’j’w (le) is a dense subset
of L, ([Rd). So we get that A}c:ﬁ)’w (IRd> is a dense Banach ideal in L), ([Rd). Now
let feA ,lci w ([Rd) and & > 0. By Theorem 2, there is a neighbourhood U of the

unit element e of R such that
1,
ILsf = FIEE <e

for all s € RY. Let (¢n),cp be as in Definition 1, so there exists 79 € N such that
supp@n, C U. Thus

1,p

lows £ = 110 = | [ on ) (Las = s
R4 k,w
<ILof = £1% [on(o)ds

R4
1!
=|Lsf—fly? <&

for all n > ng. Therefore A,lc’f; w ([Rd) is an essential Banach ideal in Lllu ([Rd). O
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Theorem 12. Let T : A7 ([Rd) — Lllu ([Rd ) be a linear transformation, then

k,aw,w
the following are equivalent.

DT eM (4%, (RY).LL (RY)).
ii) There exists a unique measure | € My, (IRd) such that Tf = w* f for each
1,
feAyt (lkd).
Moreover the correspondence between T and w defines an isometric algebra

isomorphism of M (Al’p (IRd) LY (IRd)) onto My, (IRd).

k,w,w

k,w,w

Proof. Let u € My, ([Rd) and Tf = pu* f foreach f € AL ([Rd). Then,

1T N = % £l =/ /f(x—s)u(s)ds w (x) dx

R4 |R4

5/ /|f(X—S)||M(S)|dS w (x)dx

R9 \R4

5/ flf(X)IIM(S)IdS w(x +5)dx

R4 \R4

5/ /If(X)Iw(X)dx w(s) | (s)| ds

R4 \R4
1,
< M el < 01 el

Hence we get T € M (Al’l’ ([Rd) LY ([Rd)) and ||| < ||,

k,w,w

Conversely, suppose that T € M (Al’p (IRd) ,L,lu ([Rd )) Therefore we have

k,w,w

1,
1T o S ITHLA IS =0T (1S W+ 1S )

foreach f € ApP (IRd>. In [7, Lemma 2.1], itis obtained lim || f + Ls fl, =
§—>00 ’

k,w,w

27 || f | forall £ € LD (rkd ) using the method in [11]. Since the norm | |1y,p.u

1
is a finite sum of L% norms, we find lim || f + Lsf”Wkp,w =2» ||f||Wkp,w. So we
§—>00
get

20Tf Ny = lim TS +TLy flly = lim [T (f + Lo )l
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< lm T (1Lf + Lo i +1f + Lo flp)

1
<IN (20 N +27 1S e

Therefore we have
1

1T 1w < NI M +27 7 1 Do) -
k

Repeating this process n times, we see that

17 Vv AT+ 2757 1)

1_
Since p > 1 we obtain lim 2n(1’ 1> = 0 and so we conclude that

n—o00
ITf M = WTIEA M0 -
Hence T is continuous on A,lc’ﬁ) w (IRd ), considered as a subspace of L} ([Rd )

Thus 7T defines a continuous linear transformation from A,lc’ﬁ) w ([Rd) as a subspace

s

kaw,w

of L, ([Rd) to LL ([Rd) which commutes with translation. Since A}? ([Rd ) is
dense in Lllu ([Rd ), T determines a unique element 7”7 of

M (LIIU (IRd)) and ||T’|| < |IT||. There exists a unique element pu € My, ([Rd)
such that 7/ f = = f for each f € L) ([Rd) and ||ull,, = I7’||. Consequently
Tf =pux* f foreach f € AP ([Rd) and |||, < IT||. Hence (i) and (ii) are

kaw,w
equivalent. It is evident that the correspondence between T and yu defines isometric
algebra isomorhism from M (A}("Z} w (IRd) ,L,lu ([Rd)) onto My, ([Rd). U
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