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Abstract. In the present paper we introduce some new sequence spaces in the n-normed space.
We define here some new spaces of double sequences by using the notions of lacunary sequences,
difference sequences, almost convergence, sequence of Orlicz functions and statistical conver-
gence. We examine some topological properties of these spaces of double sequences, inclusion
relations between these newly defined sequence spaces and establish relation with lacunary stat-
istical convergence. The study of these new sequence spaces provides a tool to deal with conver-
gence problems of double sequences.
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1. INTRODUCTION AND PRELIMINARIES

The initial work on double sequences is found in Bromwich [5]. Later on, it
was studied by Hardy [14], Moricz [21], Moricz and Rhoades [22], Mursaleen [24],
[23], Basarir and Sonalcan [4], Altay and Basar [2], Basar and Sever [3], Mursaleen
and Mohiuddine [29, 30], Alotaibi et al [1] and many others. Mursaleen and Edely
[27] have recently introduced the statistical convergence and Cauchy convergence for
double sequences and given the relation between statistical convergent and strongly
Cesaro summable double sequences. Nextly, Mursaleen [24] and Mursaleen and
Edely [28] have defined the almost strong regularity of matrices for double sequences
and applied these matrices to establish a core theorem and introduced the M -core
for double sequences and determined those four dimensional matrices transforming
every bounded double sequences x = (xi ;) into one whose core is a subset of the M -
core of x. More recently, Altay and Basar [2] have defined the spaces B8, B8(t),
€38y, €8pp, €8, and BV of double sequences consisting of all double series whose
sequence of partial sums are in the spaces My, My (1), €p, Cpp, € and £,,, respect-
ively and also examined some properties of these sequence spaces and determined
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the a-duals of the spaces 88, B8V, €8, and the B(v)-duals of the spaces €8y,
and €48, of double series. Now, recently Basar and Sever [3] have introduced the
Banach space £, of double sequences corresponding to the well known classical se-
quence space £, and examined some properties of the space £,. By the convergence
of a double sequence we mean the convergence in the Pringsheim sense i.e. a double
sequence X = (xi ;) has Pringsheim limit L (denoted by P —limx = L) provided
that given € > 0 there exists n € N such that |x; ; — L| < € whenever k,l > n see
[36]. We shall write more briefly as P-convergent. The double sequence x = (xi ;)
is bounded if there exists a positive number M such that |xz ;| < M for all k and /.
An Orlicz function M is a function, which is continuous, non-decreasing and convex
with M(0) =0, M(x) > 0 for x > 0 and M(x) — o0 as x —> o0.

Lindenstrauss and Tzafriri [15] used the idea of Orlicz function to define the follow-
ing sequence space. Let w be the space of all real or complex sequences x = (xg),

then -
ZM:{xew:ZM(lx—k')<oo}
k=1 P

which is called as an Orlicz sequence space. The space £y is a Banach space with

the norm
- |k |
x||=1inf{p>0: M(—) <I1;.
| x]] P
k=1 p

It is shown in [15] that every Orlicz sequence space £y contains a subspace iso-
morphic to £,(p > 1). The Aj-condition is equivalent to M(Lx) < kLM (x) for all
values of x > 0, and for L > 1. The notion of difference sequence spaces was intro-
duced by Kizmaz [17], who studied the difference sequence spaces /o, (A), c(A) and
co(A). The notion was further generalized by Et and Colak [7] by introducing the
spaces oo (A™), c(A") and co(A").

Let n be non-negative integers, then for Z = ¢, co and /o, we have sequence spaces

Z(A") ={x=(x) ew: (A"xy) € Z},

where A”x = (A"xg) = (A" lxp — A" lxg) and A%xy; = xi for all k € N, which
is equivalent to the following binomial representation

n
n
Alxye = Z(—U”( ¥ )xk+v.
v=0

Taking n = 1, we get the spaces [ (A), c(A) and co(A) studied by Et and Colak [7].
The concept of 2-normed spaces was initially developed by Gahler [10] in the mid of
1960’s, while that of n-normed spaces one can see in Misiak [20]. Since then, many
others have studied this concept and obtained various results, see Gunawan ([ 11, 12])
and Gunawan and Mashadi [13] and many others. Let » € N and X be a linear space
over the field K, where K is field of real or complex numbers of dimension d, where
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d >n > 2. A real valued function ||-,---,-|| on X" satisfying the following four
conditions:

(1) ||x1,x2,++,xn|| = 0if and only if x1, x2,--- , x5 are linearly dependent in X;

(2) ||x1,x2,+++,xp|| is invariant under permutation;

3) |laxi,x2,-,xul| = || ||x1,%2,--,xn]|| for any o € K, and

@) llx+x" 2, xul] < [lx,x2,xn| |+ |12, X2, xn]
is called a n-norm on X, and the pair (X, ||-,---,-||) is called a n-normed space over
the field K.
For example, we may take X = R” being equipped with the Euclidean n-norm
[|x1,x2,---,Xxn||E = the volume of the n-dimensional parallelopiped spanned by the
vectors x1,Xx2,+++ , X, Which may be given explicitly by the formula

[1X1,%2, -+, Xp||E = | det(x;;)],

where x; = (xj1,Xi2, "+ ,Xin) € R? foreachi = 1,2,---,n. Let (X,]|-,---,-||) be an
n-normed space of dimension d > n > 2 and {ay,a»,---,an} be linearly independent
setin X. Then the following function ||-,-+- ,-||eo 0n X"~ 1 defined by

||x1,x2,..- ,Xn_1||oo = max{”xl,xz,... ,Xn—l,ai” ] = 1’2,... ’n}

defines an (n — 1)-norm on X with respect to {a1,az,---,a,}.
A sequence (xj) in a n-normed space (X,||-,---,-||) is said to converge to some
LeXif

lim ||xz—L,z1,--,Zn—1|| =0 forevery z1,---,Zn—1 € X.
k—o0

A sequence (xj) in a n-normed space (X, ||-,---,-||) is said to be Cauchy if

lim ||xp—x;,21,"*,2Zn—1|| =0 forevery z1,---,2n—1 € X.
k,i—00
If every Cauchy sequence in X converges to some L € X, then X is said to be com-
plete with respect to the n-norm. Any complete n-normed space is said to be n-
Banach space.
A double sequence x = (xj ;) of real numbers is called almost convergent to a limit
L if
m+p—1n+g—1
P p,clllinoomsggo | 7 kX’:n Z Xg1—L|=0
i.e. the average value of (xi ;) taken over any rectangle {(k,/) :m <k <m+ p—
1,n <l <n+g—1}tendsto L as both p and ¢ tends to oo, and this P-convergence
is uniform in m and n.
By a lacunary sequence 6 = (i), r = 0,1,2,---, where ip = 0, we shall mean an
increasing sequence of non-negative integers i, = (i, —iy—1) — 00 (r — o0). The
intervals determined by 6 are denoted by I = (i,—1,i,] and the ratio i, /i,—1 will be



286 M. MURSALEEN, KULDIP RAJ, AND SUNIL K. SHARMA

denoted by ¢,. The space of lacunary strongly convergent sequences Ny was defined
by Freedman [10] as follows:

Ny = {x = (xg): hm — Z |xz —L| =0 for some L}
keI,

The double sequence 6,5 = {(k,,ls)} is called double lacunary if there exist two
increasing sequences of integers such that

ko=0,h, =k, —k,_1 —>o00asr — o
and

lo=0, hy =1ls—Is_1 — 0o as s — o0.
Let k5 = krls, hys = hy hs and Or.s s determined by Irs ={(k,])  kr—1 <k <
k, and I 1<l<l}qr—k s = 7
Let M = (My ;) be a sequence of Orhcz functlon and p=( Pk,l) be any factorable

double sequence of strictly positive real numbers. Then, we define the following
sequence spaces:

[ACa,. Mop A |- ]| = fx = (i) € w(0):

Avxk ] —L Pk.1
p > [Mk,l(H Tt ,Zl,"',Zn—lH)]
P Nrys p
(k,el,
=0, uniformly in m and n for some L and p > 0}
A€, Mp A% - ] = v = (o) € w(X)
A Xk tm i +n Pr.1
Potimpe 30 M (IF= e )

DS kel

=0, uniformly in m and n for some p > 0}.

If we take M (x) = x, we have

[4Ca,,0.p. A% lleee ol | = {x = (o) € w(X) :
AVx —L DPi.l
P-tim.— 3 [(I5EREEZ z]l)]
S Nys 1Y
k,Del s

=0, uniformly in m and n for some L and p > 0}

[4C0, P A%l ] = fr = ) € wix)
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.1 A’ Xg+mi+ Pkl
P—I}IEI Z ||$azls'”szn—1||)]
TS (keI P

=0, uniformly in m and n for some p > 0}.
If we take p = (pk ;) = 1, we have

[ACa, M A Al = = ) € w)

) 1 A’Xpimian—L

P —lim Y [Mk,l(n tmlin ,m,---,zn_lll)]
S Nys Y

(k,DElr s

=0, uniformly in m and n for some L and p > 0}

[4Ca,. MAY e Al = = () € w(X)

-1 A X tm,1
P—lim— > I:Mk,l(H%’Zl»'“,Zn—lll)]

r,s
"S5 kel s

=0, uniformly in m and n for some p > O}.

If we take p = (pg ;) = 1 and M(x) = x, we have

[4Co, A7 el = {x = ) € w ()
.1 A Xgym14n—L
P_l}glh_ Z [l p ,Zl,"',Zn—1||)

"S5 kel s

=0, uniformly in m and n for some L and p > O}

A€o, A" Il Al = e = () € w(x):

Avxk—f-m,l—i-n
Z ||—vZ17..'7Zn_1||
TS (k1)ely.s p

P —lim

r,s

=0, uniformly in m and n for some p > 0}.

The following inequality will be used throughout the paper. If 0 < py ; < sup pg; =
H, D = max(1,2H#71) then

lak1 + b 1|75 < D{lag,; |7 + |bg 1 |P%1} (1.1)

forall k,/ and ay ;,bi; € C. Also |a|Pk! < max(1, la|H) foralla € C.
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The main aim of this paper is to study some topological properties and inclusion re-
lation between the spaces [ACgr.S,M,p, PALS | PP ,||] and [ACgr.s,,M,p, AY,

[|-, - ,-||]0 in the second section of the paper. In the third section of this paper

we defined sequence spaces [?,M,p,A”, [|-,--- ,-||] and [fF,M,p,A”, [|-,--- ,~||]
and proved very interesting inclusion relations between the spaces defined in this
section and spaces [ACgrss,cM,p,A”, |-, --- ,-||} and [ACgr,S,tM,p,A”, [|-,--- ,-||]0
We also make an effort to study statistical convergence in the fourth section of this
paper.

2. SOME TOPOLOGICAL PROPERTIES

Theorem 1. Let M = (My ;) be a sequence of Orlicz functions and p = (pg 1) be
a factorable double sequence of positive real numbers, then the spaces

[ACG,.S,M,P,AU,H-,--- ||] and [ACGI,’S,CM,p,A”,H-,--- ,-||]0 are linear spaces

over the field of complex number C.

Proof. Let x = (xg 1), y = (yk,l)e[ACQV’S,QM,p,A”, [|-, - ,-||]O and o, €C.
Then there exist positive numbers p; and p, such that

AVx Pk.1
lim Z [Mk (||M7Z1,“"Zn—l||)] =0,
S Nys P1

(k,Delrs
uniformly in m and n for some p; > 0,
and

. A? Xk N Pk 1
llm Z I:Mkl(”ﬂvzlv..'vzn_lH)] :0’
r,s P2

"% kel
uniformly in m and n for some p; > 0.

Let p3 = max(2|e|p1,2|B|p2). Since M = (M ;) is non-decreasing convex func-
tion, by using inequality (1.1), we have

Av(axk-i-m,l—i-n +IBYk+m,l+n) Pk.1
Z Mk ,Zl""’zn 1||

S kDl p3
1 1 AY(Xk4m,1+n) Pk.1
SDh— Z PR [Mk,l(HT,Zl,“',Zn—1||):|
(k,D)Elr s

1 1 A (Yk+m,1+n) Pk.i
ok X () )
TS k)l P2
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AY (xk 1 ) Pk 1
SD Z [Mk (”ﬂvzla“'azn—lH)]
(kl)elrv p1
'U
Pk,
Z |:M ( Mvzla'”azn—lH)] kot
S (kd)elrs p2

—> 0 as r —> 00, uniformly in m and n.

Thus, we have ax + By € [ACQH,:M,p,A”, [|-, - ,-||]O. Hence [ACgr.s,,M,p,A”,
|-+ | |]0 is a linear space. Similarly, we can prove that [ACgm,eM,p, AY |- ,-||}
is a linear space. 0

Theorem 2. For any sequence of Orlicz functions M = (M ;1) and p = (pk 1) be
a factorable double sequence of positive real numbers, the space

[ACgr's,gM, D, AV |- ,-||]0 is a topological linear space paranormed by g(x) =

. Dr.s 1 AVx Pk.1 +
mf{ﬂk :(h— > [Mk,l(H%,Zl’“',Zn—1||)] )Kfl,r,selN},

" klel,

where K = max(1,supy ; px,; < 00).

Proof. Clearly g(x) >0 for x = (xx ;) € [ACgr,S,eM,p,A”, (|-, ,'||]0. Since
M 1(0) =0, we get g(0) = 0. Again, if g(x) = 0, then

ros 1 AVx P\ &
inf{ppT:(h Z [Mkjl(“%,Zla‘”,Zn—1||):| )KSI,V,SEN}

DS (ke

= 0. This implies that for a given € > 0, there exists some p¢ (0 < pe < €) such that

Avxk I PriN &
> [Mk,l(H%,Zl,“',Zn—1||):| )KSI.

€

Thus

A Xk ! PRI\ &
2 M (17 ) )

fir.s (k,D)ely s

AY Xk 1 Pk.1 %
Z I:Mkl(”$,11,'”,Zn—lll)] ) <1,

"5 kel s

<

- h

for each r,s,m and n. Suppose that x; ; # O for each k,/ € N. This implies that
A Xg4m i+n # 0, foreach k,/,m,n e N.
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v
Let € — 0, then <||w,zl,m ,zn_1||) — oo. It follows that

1 AUXk+ 1+ Dk, %
(h > |:Mk,l<||#aZ1,"'aZn—lH)] ) — 00,
"5 kel

which is a contradiction. Therefore, A”xy 4, 14+, = 0 for each k,/,m and n and thus
Xk, = 0foreach k,/ € N. Let p; > 0 and pp > 0 be such that

1 AvXk+ I+ Dk.1 %
™S (edyelrs P

h

and

1 AvXk+m l+n Pk.1 %
M ( —”Z ".‘ ’Z - )] ) < 1
(h > [ k(| = 1 n—1l| <
for each r,s,m and n. Let p = p; 4 p». Then, by Minkowski’s inequality, we have

1 Av(xk-i—m,l—l-n +yk+m,l+n) Pk.1 %
— Y| Ml 21, 2]
TS (e d)el, s p

AV (x )
1 k y)
5( )3 [ P Mk,,(||¢,z1,--wzn—1ll)

kD)elrs p1+p2 P1
P2 Av(yk+m,l+n) Pr.1 %
Mg\ || —————— 21, . Zn—1l|
P1+ P2 P2

1 1 AY(Xk4m.1+n) PriN T
S( P )( Z I:Mk,l(Hﬂ,Zl"”’Zn—lll)] )K
p1+p2/ \hys el P1

02 1 AY(Vietm,i+n) PrINE
I T a2 )]
P1T 02 rS (ke lyel, s P2

<1

Since p’s are non-negative, so we have
Pr.s
gx+y)= inf{pT :

1 A (Xktm i +n + Yi+m,1+n) PrIN T
> Ml 21 Znt]
"8 (kDel, s p

h

<l1,r,s € IN},

1

A”(xk I+n) PriINK
I:Mk,l(”$311,'”,Zn—1||)] )
1

Pr.s

< inf{le

" (k,)elrs
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<l1l,r,s € IN}
. prs 1 AV (Y I+n) PN &
—|—1nf{p2K (h_ Z [Mk,l(||¢,m,“',Zn—1||)] )K
S e )el, s P2
<l,r,s€ IN}.
Therefore,

gx+y) =g +gO).
Finally, we prove that the scalar multiplication is continuous. Let A be any complex
number. By definition,

g(Ax) = inf{p% :

1 AVAx PN
e Z [Mk,1<||M,Z1,'“,Zn—1||>] )K 51,r,se|N}.
"5 (ke D)elr.s p

Then
Pr.s
g(Ax) = inf{(|)\|z)T :

(hL > [Mk,l(llw,m,m,zn—lll)]pk'l)

"5 kel

-

<l,rse€ [N>,

where t = ﬁ. Since |A|P7s < max(1,|A[5"PPrs), we have

g(Ax) < max(l, |)L|S“p1’r>S)inf{tp7r :

1 AVx PrIN &
( E [Mk,l(ll—km’”",zl,-'-,zn—1||)] )K Sl,r,selN}.
hys t
o (k,DETy s

So, the fact that scalar multiplication is continuous follows from the above inequality.
This completes the proof of the theorem. g

To prove the next theorem we need the following lemma.

Lemma 1. Let M be an Orlicz function which satisfies A,-condition and let 0 <
8 < 1. Then for each x > § we have M(x) < K8~ M (2) for some constant K > 0.

Theorem 3. For a sequence of Orlicz functions M = (My_ ;) which satisfies As-
condition, we have [ACy, ., A" ||-,--+,-[|] € [ACq, (M, A" []-,--+ ,-[]].

Proof. Let x = (xg 1) € [ACy, ., A"|]-,---,+||] so that for each m and n, we have

AVx —L
Dy = {x = (xks) : P —lim || kAl dn

s

7Z17”' ’Zn—lll - 07
™S (D)l p
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uniformly in m and n for some L}.

Let € > 0 and choose § with 0 < § < 1 such that My ;(¢) < € forevery t with0 <7 <.
Now, we have

. 1 A Xgym,1+n— L
hm_ Z || - ,Zl,"',zn—lH
s hys o
*(k,DEL s
. 1 Avxk+m l+n— L
= lim > Mk,l(” ’ ,le",Zn—1||)
TS (k.DElr.s p
v —
|| B e enTE ez ]]<8
. 1 Avxk-i-m I+n—L
+lim > Mk,l(” : vZI,"',Zn—IH)
S Nr.s o
(k.DElr,s
AV —L
|| SRR T2 2 e 21|28
1 .1
< —(hys€) +1lim —
hy.s S Nys
A Xg4m,4+n— L
Z Mk,l(” - 9Z15"'5Zn—1||)
(k.Delr,s p
[|AY 5 —L
|| PRI T 2y e 2 ||
1 1 -1
< —(hrs€) + —K& My (2)hrsDrs.
hr,s hr,s
Therefore by Lemma 1 as r and s goes to infinity in the Pringsheim sense, for each
m and n, we have x = (xi ;) € [ACg, ; M, A"|]-,---,-||]. This completes the proof of
the theorem. U

Theorem 4. Let O <infpy; =h < pg; <suppx; = H < oo and M = (My ),
M = (M ,2 1) be two sequences of Orlicz functions which satisfying A-condition, we
have

(i) [AC@RS,,M’,p,A"H-,-'- ,-||] - [Acgm,,/woM,p,AvH-,--- ,-||] and

(il)| ACa,.. M p. A”|[- oo eIl € [ACa,..o Mo M p Al 1

Proof. Let x = (xg 1) € [ACQV.S,QM’,p,A”H-,--- ,||] Then we have

i A Xgym,1+n— L Dk.1
I;I?h Z [MILI(H +m,l+n ,Z1,"',Zn—1||)] =0,
TS (ke P

uniformly in m and » for some L and p > 0.
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Let € > 0 and choose § with 0 < § < I such that My ;(t) <efor0O <t <. Let

Vie,l = M/é,l(||AUXk+n;l+n_L,Zl,"- ,Zn—1||) for all k,] € N.
We can write
L > M ()P = hL S Mg (eI
™ (ke " el s vi <5
- Yo M)

"S5 (e )elr 5,k 125

Since M = (M} ;) satisfies A,-condition, we have

1 > (M1 (Ve )]PE!

h
s (ksl)elr.Ssyk.l <6

SO Y MGl

"S5 (el 5,y <8

1
< M ()7 > My (ven)P (2.1
M el <t

For Yk, > 8

Since M = (M} ;) is non-decreasing and convex, it follows that

Vk,I 1 1 2Yk,1
My 1 (Yi,1) < My (1 + T) < EMk,l(z) + EMk,l (T)

Also (My ;) satisfies Ap-condition, we can write

1 Vi1 L, Vi1 Vi 1
My (yieg) < 3T=Mi () + -T==My 1 (2) = T—M ;(2).

2 4 2 4 )

Hence,

1

S M)

h
DS (el 5,9k 155

Smax(l’(%’lm)h’)hl > [(Vr,)]Px!

"8 kel g yk.1>8
(2.2)

From equations (2.1) and (2.2), we have

x = (xk1) € [ACq, ;. Mo M p, A||-+ ]I
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This completes the proof of (i). Similarly, we can prove that

[4C0,.. M p AV Al € [ACH, MM p AV ] =
Theorem 5. If0 < pg; < qg,; < oo forallk,l € N and (qk’) be bounded, then
[AC@HNMOM/,q,AUH',“','||] [ACe,,S,eMoM,p,A”II-,---,-II]-
Proof. Let x = (xi.;) € [ACgr!S,MoM/,q,A”H-,--- ,-||]. Write

AvXk+m l+n—L dk.l
leg = [Mk,l(H p’ SAPREE ’Zn—lll)]

andﬂkl—p“forallklelN Then 0 < g <1 fork,l € N. Take 0 < pu < g ;

for k,l € IN Deﬁne the sequences (uy ;) and (vg ;) as follows: For #;; > 1, let
Ug,; = tx, and vg ; =0 and for 7 ; <1, let ug ; =0 and vg ; = % ;. Then clearly
for all k,I € N, we have

Mkl 129N M.l
g = Uk t Vs g =Up s FUY

Mk 1 2N
Now it follows that Up | Sukg Sl and Vs = vk,l' Therefore,

1 Mik.1 M.l M1
> hi'= D g oy

h
DS (k,Dyel,s S (kD)elrs

2

S (ke TS (k,1)ely.

A

Now for each k,/ we have

Loy = Y G )

fir.s (k,D)el kel =~ ° o
1 W 1 \1—w7i2g\ 1—n
(X [Gow) )X (G2 1)
kDelys 0 (kDel,s °

:(L R

h
"5 (ke
and so

hL Z l‘;:ll” hi Z tk,l-i-(hL Z vk,l)u.

" (ke (k,D)elr s "5 kel s

Hence x = (xx 1) € [ACgr’S,MoM’,p,A”H',-“ ,'||]- O
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3. INCLUSION RELATIONS

Let £o0, ¢ and ¢ denotes the sequence spaces of bounded, convergent and null
sequences x = (xj) respectively. A sequence x = (xi) € £ is said to be almost
convergent if all Banach limits of x = (xj) coincide. In [19], it was shown that

. R o .
f= {x = (xx): nli)n;o; Zxk+s exists, uniformly in s}.

In [19] Maddox defined strongly almost convergent sequences. Recall that a sequence
x = (xg) is strongly almost convergent if there is a number L such that
1 . .
nll>nc1>o ;kX_:l |Xg+s —L| =0, uniformly in s.
Let M = (M} ;) be a sequence of Orlicz functions and p = (pi ;) be any factorable
double sequence of strictly positive real numbers. Then we define the following

sequence spaces:

(7. M, A e ]| = = (o) € w(X)
1 24 AVx —L Dkl
P—tim— 3 [ My (|52 ) [T =0,
P4 P 1210 P

uniformly in m and n, for some L and p > 0}

and
|7 Mp 2 el = {x = (xpe) € w(X):

AVx Pkl
P—lim— Z [Mkl(” mlin 2 ,---,zn—1||)] =0,
p.q qul

uniformly in m and n, for some p > O}.

If we take M (x) = x, we have

(7.0 A% e ell] = fx = i) € w(X0)
o1 e Ax —L Pk.l
P—llm_ Z || k+m’l+n lea'”aZ}’l_lH) :0’
PP 1210 p

uniformly in m and n, for some L and p > 0}

and
[#.p. A% ] = = G € w ()
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I AY Xkt Pk
P —lim— Z ||ﬂ,Z1,“',Zn—l||) =0,
L p

uniformly in m and n, for some p > O}.
If we take p = (p1) = 1, we get

7,447 | 1l = = G e w ()

) 1 DP.q Al)x _L
P—lim— > Mk,,(|| ketm [t ,zl,---,zn_lll)zo,
A P9 120 p

uniformly in m and n, for some L and p > 0}

and

[ 7. MA? ] = fr = ) e wx):

. 1 D.q AUx
P—llm_ Z Mk,l(HM,ZI,"»Zn—l“):O,
PAPY 1210 p

uniformly in m and n, for some p > O}.

If we take M(x) = x and p = (pg ;) = 1, we get

[F. 4% e ell] = = ) € w(X0)
R T AVx —L
P —lim— Z [l ktmltn ,Zl,"',zn_1||>=0,
S p

uniformly in m and n, for some L and p > 0}

and
(7. 4% e ell], = = ) € w0
1 24 AVx
P—lim— Y (||M,z1,~-,zn_1ll)=0,
P4 Pe 1210 p

uniformly in m and n, for some p > 0}.

In this section of the paper we study inclusion relations between the spaces
[4C0, o M. AV e | 7 M p A% el and [ F 0 p. Ao 1],
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Theorem 6. Let M = (My ;) be a sequence of Orlicz functions and p = (pg 1)
be a factorable double sequence of strictly positive real numbers, then the spaces

[?,:M,Av,p, [|-,- ||] and [?,M,A”,p, [|-,- ,-||]0 are linear spaces over the
field of complex number C.
Proof. 1t is easy to prove. O

Theorem 7. For any sequence of Orlicz functions M = (My ;) and p = (px 1) be
a factorable double sequence of positive real numbers, the space

[?,M,A”,p,||-,---,-||] is a topological linear space paranormed by
p.q v 1
. Pp.g AYXg4m,1 PkIN &
g =inf % (55 30 [Mia (1= 2z 1) 7)1,
k,l=1,1

where K = max(1,supy ; px,; < 00).
Proof. It is easy to prove in view of Theorem 2, so we omit the details. U

Theorem 8. Let M = (My ;) be a sequence of Orlicz functions and 0y s = {ky,ls}
be a double lacunary sequence with liminf, g, > 1 and liminfs g5 > 1, we have

(i) | .Ml Al € [ACo, M A Dl ]
(ii) | #. M AV p |- | € [ACh, M AV p |l

s
0

Proof. Let liminfg, > 1 and liminfgg > 1, then there exists § > 0 such that ¢, >
r N

146 and g5 > 14 4. This implies 2—; > LS and }l_l_f > 3 Then for x = (Xk,1) €

1+ 1+6°
[?,M,A”,P,H','--,~|I]O,wecanwriteforeachm and n
1 AUXk+ I+ Dk.1
Bro=7— > [Mes(I==00 2 e 2]
" (kD)el.s P
1 kr s AvXk+ 1+ Dk.l
m,l+n .
= 3 [ M (17 2y )]
'S k=11=1 p
1 kr—ils—1 AvXk+ I+ Dk.l
m,l+n .
— o S M (15 2]
hr.s k=11=1 P

1 ' AUXk+ A+ DPk.1
_h Z Z|:Mk,l(||%szla'“vZ}’l-lH):I

P k=k,_1+11=1
1 kr—1 Is

Avxk 1 Pk.1
> [Mea (HEEE 2 )]

'S k=11=l,_1+1

h
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o (i iZS[Mk (I )]

ky—1ls—1 RS A Xk tm,i+n Pr.1
S (LSS [ (1 )] )
7,8 kr—1ls—1 k=1 1=1 1Y
1 kr ls_l 1 bt Av)Ck+m’]+n Pk.1
o > W1 Z[Mk,l(ll—,zl,~--,zn—1ll)]
Tk=k,_1+1 ° STli=g P
Is

1 = A Xk m,l+n Pk.1
_h_ Z Z[Mk,l(H#,Zl,”',Zn—1||)] .

h
Si=l4+1 7 T k=1

Since x = (xg ;) € [?,M,A”,p, [|-,--- ,-||] the last two terms tends to zero uni-
formly in m,n in the Pringsheirn sense, thus for each m and n, we have

Bro =12 (o ZZ[ (||%,zl,m,zn_1||)]”"'1)

kr lls 1

S (i ZZ[Mkl<||A L 21 znl]) ) o),

11=1
Since hpg = kplg — kr—lls—l we are granted for each m and n the following:
krlg - 1+6 d kr—1ls—1 1

< —

he = 8§ T %

The terms
1 kr s AVx Dkl
k+m,+n :
= D [ M (I 2z
TS k=11=1 p
and
kr llv 1
A Xk+ A+ Dk.l
e 3 Y [ (1 )]
r 1ls— lk 11=1

are both Pringsheim null sequences for all m and n. Thus B, s is a Pringsheim null
sequence for each m and n. Therefore x = (xx ;) € [ACgr’s,eM,A“,p, |-, ,-||]0.
This completes the proof of (i). Similarly, we can prove (ii).
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Theorem 9. Let M = (My ;) be a sequence of Orlicz functions and 0y s = {ky,ls}
be a double lacunary sequence with lim sup qr < 00 and lim sup gs < 00, we have

(i) [ACq, .. M. AV p |- I © [ﬁ,wz,m,p,u-, ||]
(i1) [ ACay. o M AV, p.|l-ooe | | € [ 7. M 4%, o ,-||].
Proof. Since limsup, ¢, < oo and limsup, gs < oo there exists H > 0 such that

qr < H and s < H forall r and 5. Let x = (xx ;) € [AC@RS,:M,A”,p,H-,--- ,-||]

and € > 0. Also there exist rg > 0 and sg > O such that for every i > rg and j > s¢
and all m and n, we have

" Xicpm I+ Pr.l
S [ (17 ) <
U(kl)el,, P

Let N = max{A;.j :1<i<rpand1<j <s¢}, pand g besuchthatk,_; < p <k,
and [;_1 < g <. Thus we obtain the following:

1 24 AVXp 1+ Dk.i
_ [Mk,l(H#,Zl,“"Zn—1||)]
P4 k,l=1,1 p
1 i A Xk tm,i+n Pk.1
s > [Mo (15 )]
ky—1ls— Ui P

1

- S AV Xk 4m I +n Pk.1
= > o [Mea (155 22 l) )
= k1l ( [ el ; 21, Zn—1]

tu=1,1 kel

70,50
l Z ht uA l Z ht,uA/t,u
r 14s—1 tul,l r 1451 (ro<t<r)U(so<u<s)
0,50
= k l Z hiu + l Z heud
r—1ts—1 tau=1,1 kr—1ls—1 (ro<t<r)U(so<u<s)
S NkrolsOl’()So 1 Z ht,uA,
kr—1ls—1 kr—1ls—1 (ro<t<r)U(so<u<s)
Nky,l 1
< M+( sup A}, ——— Z htu
kr—lls—l t>roUu>so kr lls 1 (ro<t<r)U(so<u<s)
Nkl 1
< rolsoT050 c Z hl,u
kr—lls—l kr—lls—l

(ro<t<r)U(so<u<s)
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Nkro lsO rOSO
S R S—

kr—l ls—l

Since k; and /5 both approaches infinity as both p and g approaches infinity, it fol-
lows that

+eH?.

AVx Pk,
Z [Mkl( k;ml+n,z1,-~,zn—1||)] kl—)O, uniformly in m and n.

k I=1,1
Therefore x = (xg ;) € [?’,M,A”,p, [[-,--- ,-||]. This completes the proof of (i).
Similarly, we can prove (ii). |

Theorem 10. Let M = (My ;) be a sequence of Orlicz functions and 0, s = {k,,ls}
be a double lacunary sequence with 1 < hmlnf qr.s <limsupg, s < oo, we have

r,s
(i) [ ACq, M A% e oIl = [?,M,A”,p,ll-,'-- Al
(ii) [ ACq, ;. M AV, p. |- ||| = [ 7.0, 4% p. ||+ 1l
Proof. The proof directly follows from Theorem 8 and Theorem 9. g

4. STATISTICAL CONVERGENCE

The notion of statistical convergence was introduced by Fast [8] and Schoenberg
[34] independently. Over the years and under different names, statistical convergence
has been discussed in the theory of Fourier analysis, ergodic theory and number the-
ory. Later on, it was further investigated from the sequence space point of view and
linked with summability theory by Fridy [9], Connor [6], Salat [32], Mursaleen et al
[25], Mursaleen and Edely [27], Mursaleen and Mohiuddine [31], Isik [16], Savas
[33], Kolk [18], Maddox [19], Mursaleen et al [26] and many others. In recent years,
generalizations of statistical convergence have appeared in the study of strong integral
summability and the structure of ideals of bounded continuous functions on locally
compact spaces. Statistical convergence and its generalizations are also connected
with subsets of the Stone-Cech compactification of natural numbers. Moreover, stat-
istical convergence is closely related to the concept of convergence in probability.
The notion depends on the density of subsets of the set N of natural numbers.

A subset £ of N is said to have the natural density 6(E) if the following limit exists:

S8(E) = limy— o0 ,ll ZZ=1 xE (k), where yg is the characteristic function of E. It is

clear that any finite subset of N has zero natural density and §(E€) = 1 —§(FE).

A sequence x = (xj ;) is said to be lacunary AV-statistically convergent to L, if for

every € > 0
lim
7,8

{06.D) € Iy (A% = L), 21,0+ 20 || 2 €| = 0.

r,s
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In this case we write xg ; — L (ng (A”)). The set of all lacunary AV-statistically

convergent sequences is denoted by Sg, (A”).

Theorem 11. Let M = (My ;) be a sequence of Orlicz functions and 0 < h =

infg; pry < prg < supg;prkg = H < oo. Then [ACgr’S,M,A”,p,H-,---,-||]
C Sy, ,(AY).

Proof. Letx = (xg ) € [ACgr’s,tM,A”,p, [|-,--- ,'||] and € > 0 be given. Then

1

A”xkl—L Pk.1
Z I:Mk’l(llfé’ZI’.."Zn_lll)]

" (k,)elrs

1 AVxp—L Dk,
h_ Z |:Mk,l<||w’zl»"'»Zn—lll)] o
r,s P

=

%

B A ([ P Y ) P
1
> > [ My ()]
r,s v _
(kal)EIr,S9(||A x}’(o-l L,Z],"',Zn—]II)ZS
1 .
z > min ([Mk,l(f)]h» [ My, (6)]H)
7,8

AVxp —L
RIS A ([ e S [) E

1
= [t € s (1A 300 = L) 210+ 2 [) 2 )
r,s

min ([Mk,l (e)]h, [Mk,l (e)]H).

Hence x = (xx ) € SO,,S (AY). 0

Theorem 12. Let M = (My ;) be a bounded sequence of Orlicz functions and 0 <
h = infk,l Pk,l =< Pkl < supk,l Pkl = H < oo. Then Ser‘s (Av)
< I:ACGI'.S’M’AU’pv ||’ ,||]

Proof. Since M = (My ;) is bounded, so there exists an integer K such that
M;j ;(t) < K, forall ¢ > 0. Then

1 Axp—L Dk.i

fir.s (k,D)elr s
1

AP —L Pr
T h 2 [Mia (1=5= 21 2|
7,8 P

AVxy j—L
(k,l)elr,s,(n%,zl,~-,z,,_1 II)ze
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1 Avxk ! —L Pk.1
+ts > [Mk,l(ll—’,Z1,~-,zn—1||)]
dol AVxy j—L p
(k,D)elr s, (||%,z1,~~,zn_m)<e
1 h o H
< max(K", K™)
s >
(k,l)eu,s,(n%,zl,~~,zn_1||)ze
1
+s > [Mp,1(€)]7%
s AVxp —L
(kD)Ely s, (H%,zl,-nzn_ln)«
1 A”xk ! —L
< max(Kh,KH)h— {(k.))elys: (||—’,z1,--- ,zn_lll) > e}(
r,s

+ max ([Mk,l (e)]h, [Mk,l (e)]H).

Hence x = (xg ;) € [ACgr’S,EM,A”,p, (|-, ,||] O
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