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Abstract. A general class of linear positive operators which generalizes Baskakov’s operator is
consrtucted. The operators of this type which preserve exactly two test functions from the set
{eo,e1,e2} are determined in each case, and for the operators obtained, we give their approxim-
ation theorem, convergence theorem and Voronovskaja-type theorem.
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1. INTRODUCTION

Let N be a set of positive integers and Ng = N U {0}.

In [6], J. P. King constructed and studied general operators which generalizes the
classical Berstein operators. Some King-type operators were studied in [3-6], [8, 9].

In 1957, V. A. Baskakov [2], for m € N has introduced the linear positive operator

s k—1 ko rk
(me)(x)=(1+x)""2(m+k )(lj—x) f(n—i) (1.1)

k=0

defined for any f € C,([0,400)) = {f € C([0,+00))| lim Jx) < +oo} and
x—>00 | 4 x2

x € [0,400). He proved that if f € C2([0,4+00)) then V;,, f —> f uniform on any

compact [a,b] C [0, +00). Note that the operators (1.1) preserve the test functions

eg and e;. Generalizations of the operators (1.1) were introduced by M.A.Ozarslan,

G.Duman and N.I.LMahmudov in [10] by the form

. k— k
(T /)) =) (’” o l)mm(x))k(l () S (z) (1.2)

k=0

for m € N,x € [0,400), and they show that if u,,(x) —> x on a compact [a,b] C
[0, 4+00), then Ty, f —> f uniform on [a,b] for all f € C([0,400)).
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A similar result was obtained in [9] by L. Rempulska and K. Tomczak for the case
in which the modified operators of Baskakov type preserve the test functions e and
€n.

In this paper, we introduce a general class of linear positive operators. We determ-
ine the operators of the general class which preserve only two test functions eg and
ey or eg and e; or e and es.

In all these cases we give approximation properties, convergence theorems and
Voronovskaja-type theorems.

The paper is organized as follows. In Section 2 we recall some results obtained
by O.T.Pop in [7] which are essentially used for obtaining the main results of the
paper. Section 3 is devoted to the construction of the general class of linear and
positive operators defined by infinite sum, which we announced in the start. For
the constructed class we establish a convergence theorem and Voronovskaja type
theorem. In Section 4 we prove that in the general class constructed in Section 3
exists a unique operator which preserve the test functions eg and ep, the classical
Baskakov operator. In Section 5 we obtain a King type operator, which is an operator
that preserves the test functions eg and e, defined on semiaxis [0, +00). We find here
a result due the L. Rempulska and K. Tomczak [9].

Finally, in Section 6, we determine the operators from the general class which
preserve the test function ey and e;.

2. PRELIMINARIES

In this section we recall some results from [7], which we shall use in the present
paper. Let I, J be real intervals with the property I N J is a nonempty interval. For
any m,k € No,m # 0, we consider the functions ¢, x : / — R, with the property
that ¢, x (x) > 0, for any x € J and the linear positive functionals A4,, x : E(I) — R.

For any m € N we define the operator L, : E(I) — F(J), by

L )X) = O ic(X) Am e (). Q.1)

k=0

where E(I) is a linear space of real valued functions defined on I, for which the
operators (2.1) are convergent and F'(J) is a subset of real valued functions defined
onJ.

Remark 1. The operators (L, )men are linear and positive on E(I N J).
Form € N and i € Ng, we define 7}, ; by

(T L) (x) = m' (L) (X) =m" Y~ @ e (X) Ay i (Yh) 22)
k=0

forany x e I NJ, where ¥x : I — R, ¢ () =t —x.
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In what follows s € Ny is even and we assume that the following condition: there
exist the smallest a5, o542 € [0, +00), so that

Tm, ;L
lim M = B;(x) €R 2.3)
m—>00 mJ
forany x e I NJ and j € {s,s + 2},
Osq2 < 0g+2 2.4)

hold.

Theorem 1 ([7]). Let f € E(I) be a function. If x € I NJ and fis s times
differentiable in a neighborhood of x, [ ) js continuous on x, then

S £G)
lim m*™% ((Lm Fx)— Z %(Tm,mm)(x)) =0. (2.5)
i=0 ’

m—>00

Assume that f is s times differentiable on /. Let K C I N J be a compact interval.
For there one we assume that exist m(s) € N and constant k; € R depending on K,
such that for m > m(s) and x € K the following relation

(Tm,j Lm)(x)

porey <kj, jel{s,s+2} (2.6)

holds.
Following [7], the convergence expressed by (2.5) is uniform on K and

4 0]
L /0= L 0Ly
i=0

mS—%s :
il

=< 2.7

1 1
= _l(ks +ks42)0 (f(S); —_) ’
St «/m2+as Os+2

for any x € K,m > m(s), where w(f;§) denotes the modulus of continuity of the

function f.
In the following, we use the identity
o0
m+k—1
L+x)™ =Y (-DF k 2.8
(1+x) ;)m(k )x (2.8)

where x > 0and m € N.
By differentiating the relation (2.8) and multiplying with -, we obtain

—x(1+x)™" =) (=)F <m+k_l)xk5. (2.9)

k m
k=0
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Similarly, differentiating the relation (2.9) and multiplying with ;- we get

00 2
== D1+ 2 = (1 (’”“‘ _1)xk (). eo
m m

k
k=0
where x > 0and m € N.
3. THE CONSTRUCTION OF A GENERAL LINEAR AND POSITIVE OPERATORS
DEFINED BY INFINITE SUM

Let mg € N be given, Ny = {m € N|m > my}, the functions ¢, : / —> R and
Bm : J —> Rsuch that o, (x) > 0, B (x) > 0, By (x) — s (x) > 0 for any x € J and

any m € Ny.
We define the operators of the following form
o0
m+k—1 o k
(Pn /) = Z( h )af;(xwm'" ‘(). e
k=0

for any m € Ny,x € J and f € E([0,400)), where E([0,00)) is a linear space of
real valued functions defined on [0, 00), for which the operators defined by (3.1) are
convergent.

If in (2.8)-(2.10), we substitute x by — 233, we obtain

o0 k _
B () —am ()" = (’" i 1) @) B ™ F (3.2
k=0

— k— k

i () (B () et (0)) " = 3 (’" o 1) (@m () (B ()" =
= (3.3)
%am () (et (x) + B (X)) (B (X) =t (x)) "2 = (34

[ee] 2
=y (m e 1) @nC) B (1) xesmen,
k=0
We impose the condition

(Pmeo)(x) =1+ um(x), 3.5)

for any m € N and any x € J, where uy, : J — R, up(x) > —1.
From (3.1), (3.2) and (3.5) follows the equality

B (x) — @ (x) = (14t (x)) "7 (3.6)

forany m € Nj and any x € J.
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Let us to impose the condition
(Pme1)(x) = x + vm(x), (3.7

for any m € N and any x € J, where vy, : J —> R, v, (x) > —x.
Taking (3.1), (3.3) and (3.7) into account, we get

U (X) (B () = (x) ™ = x + vy (x).,m e Ny, x € J. (3.8)
From (3.6) and (3.8) it follows
X+ Unm (x) —L
am () = 1 (e () (3.9)
and )
X+ vm(x _1
Bm(x) = (1+1+u—m(x)) (I +um(x))~m, (3.10)

meN;,xelJ.
Taking (3.9) and (3.10) into account, the operator (3.1) becomes

[ele} k— m k
(P ))(x) = (L um(x) Y (’" +k 1) (’161;)—8) . (3.11)
k=0 "

X+ vm(x) —m—k k
(=) G)
me Ny, xeJ, feE(0,+00)).
From (3.1) and (3.4), we have

(Puex)() = 2 ()

X+ omx) | 1), (3.12)

T+ um(x)
forany m € Nj and any x € J.
Next (P ¥2)(x) = (Pme2)(x) —2x(Pmer)(x) + x2(Pmeo)(x) and taking (3.5),
(3.7) and (3.12) into account we get
(U (%) = Xt (%))* 4 (X + Vi (%)) + (1 + m (X)) (X + Vm (%))
m(1+um(x))

(Pm¥3)(x) =

(3.13)
for any m € N; and any x € J.
Coming back to Theorem 1, for the operators (3.1), we have I = [0, +o0), E(I) =
CZ([Ov +OO))

k—1 . k . —m—k
pnsew=nunt (") (1) (4 57263)
(3.14)

and P
Amp(f)=f (—) (3.15)

m
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forany m € Ny, x € J and f € C,([0,+00)).
In the following, let K C I N J be a compact interval.

We suppose that there exists the sequences (am (K)) ,(bm (K)) , SO
. meN; meN;
that

lim _am(K) = lim _bm(K) =0, (3.16)
[um (x)| < am(K), (3.17)
[Vm (X)| < b (K), (3.18)

for any m € N; and any x € K.
In what follows, let us suppose that the following equality

Iim m(v,(x)—xum(x)) =1(x) (3.19)
m—>00
holds for any x € J, where [ : / —> R is a bounded function on K.

Remark 2. From (3.16) — (3.18) it results that if

lim u,(x)= lim vy(x)=0,xecKk,
m—00 m—0o0

then
lim 7 (vn (x) = Xtm (x))? = M1 (U () = X1t ())-

M (v (1) = x4 () = 0.

This Remark 2 implies that there exist m; € N such that
(M (X) —xum(x)2<1,me Ny, m>m;,x K. (3.20)
Let us denote
M1 (K) = sup{am(K)|m € Ny},
M3 (K) = sup{bm(K)|m € Ny}.
Now, let Np = {m € N|m > max(mg,m1)}.
According to Theorem 1 one obtains cg = 0,02 = 1, (T,0 Pm) (X) = (Pmeo)(x),

for any m € N; and any x € K.
From (3.16) one arrives at

lim (Tpm,0Pm)(x) =1= Bo(x),x € K. (3.21)
m—>00

Consequently we get that exists 72(0) € N such that
(Tm,o0Pm)(x) =14+ upm(x) <14+ M1 (K) =ko(K) (3.22)

holds for any m > max(mo,m(0)) and x € K.
We have (T 2 Pm)(x) = m?(Pru2)(x), m € Ny, x € J. Taking (3.13), (3.19)
and (3.20) into account, we get
li (Tm,ZPm)(x)
im —————=

m—»00 m

=x(1+x)+(x) = Ba(x),x e K. (3.23)
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Also there exists m(2) € N such that

2P 14y 2= ko) (3.24)

for any m > max(mgy,m(2),m1) and x € K, where maxK = b.
Theorem 2. Let f € C,([0, +00)). Then
mh_r)nC>o Pnf=f (3.25)

uniformly on K. There exists m(0) € N,m(0) depending on K, so that the following
inequalities

[(Pan £)(0) = (L 1m () S ()] = (ko (K) + ka (K)o (f; (3.26)

1
)
(P )0) = £ = (]| F ]+ oK)+ ka Ko £ =) 627

and

(P f) () = £ < am(KYM(K) + (ko (K) + ko (K)o (f- (3.28)

1
hold for any m € No,m > m(0) and x € K, where
M(K) = sup{| f(x)| | x € K}.

Proof of Theorem 2. Applying the Theorem 1 for o = 0 yields (3.25) and (3.26).
Next, using the inequality |a —c|—|b—c| < |a —b|, (3.27) follows, and consequently
(3.28) holds. O

Remark 3. The equations (3.26)-(3.28) are asymptotic formula for a class of ap-
proximation processes of King’s type (see [1]).

Theorem 3. Let f € C2([0,+00)). If x € K, fis two times differentiable in x and
1@ is continuous in x, the following relations

x(1+x)

G (P f)() = (L (0) £ () = 1) f D) + == D)
(3.29)
holds.
Proof of Theorem 3. If m € N1,x € K, according Theorem 1 yields
(Tm,1 Pm) (x) = m(Prx) (x) = m((Pmer)(x) —x(Pmeo)(x)).
Applying (3.1) and (3.5) it follows
(T 1 Prm) (x) = m(up (x) = X1t (x)). (3.30)
Using Theorem 1 for s = 2, (3.22), (3.23) and (3.30) one arrives at (3.29). ]

Remark 4. The relation (3.29) is a Voronovskaja-type theorem (see [11]).
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4. (Pm)m>mo OPERATORS PRESERVING TEST FUNCTIONS e AND e

In the following, we consider K = [a,b], where b > 0. In this case J = [0, 400)
and mo = 1, then N; = N. If the operators, (P, )menN preserve eg and ej, we have
Pneo = eg and Pye; = ey, for any m € N. Taking (3.5) and (3.7) into account, it
results that u#,,(x) = v, (x) =0 and /(x) = 0 for any m € N and any x € [0, +00).

In this case, we get again the classical Baskakov operators. One has an,([a,b])
= by ([a,b]) =0, for any m € N, ko([a,b]) = 1 and kz([a,b]) = b(1 + D) + 2. Our
statements turn into well known results.

Theorem 4 ([2]). Let f € C5([0,400)) one has
tim_Pnf=f (4.1)

uniformly on any compact interval [a,b] C R4 and then exists m(0) € N, m(0) de-
pending on b so that

(P )= £ = Gtb40700 (£ ) m € Moy = m(O).x € a.b),
Jm

“4.2)
Theorem 5 ([2]). Let f € C2([0,400)). If x € [a,b], fis two times differentiable

inxand f @) is continuous in X, then

Jim (P )0)— () = T

5. (Pm)m>mo, OPERATORS PRESERVING THE TEST FUNCTIONS €9 AND ¢3

fPw). (4.3)

In this case J = [0,+00) and mg = 1, then N; = N. Because P, e = ¢ and
Py en = e; for any m € N, taking (3.5) into account, it follows u,,(x) = 0, for any
m € N and any x € [0, +00).

By using (3.12) yields

(m + D(x + vm (x))? + (x + v (x)) —=mx? =0 (5.1)
for any m € N and any x € [0, +-00).
From (5.1) we get vy, (x) = 4m(;n(:11_3f)2+1_1
[0, +00), and then the operators from (3.8) become

N (m+k—1\ [ am@m+1)x2+1-1 ¢
(me)(x)=Z( )( ) : (5.2)

= k 2(m+1)

—m—k
Vamm+D)x2+1-1 k
'(1+ 2m+1) f(n7)’

m e N,x €[0,400), f € C2([0,400)).
So we came across the results obtained by L. Rempulska and K. Tomczak in [9].

—x, for any m € N and any x €
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Lemma 1. We have that
Vam@m+ a2 +1-1
2(m+1)

1 DaZ+1-1 1 1
Vam(m + 1)a2 + _ai\/ﬁ_a,mehxl. (5.4)
2m+1) 216

Proof of Lemma 1. Since the function vy, is decreasing on [a, b], it gets the max-
imum value in a and (5.3) follows. By direct computation, (5.4) is obtained. U

Um(x) < —a,meN,x € K =|a,b] (5.3)

and

Lemma 2. The following relation
1+x
2

@wmvm(x) =— (5.5)

m
holds, where x € K.

Proof of Lemma 2. We have

lim mv,(x) = lim L(—l—i—\/4m(m+1)xz+l—2(m+1)x)=
o

m—s m—>»00 2(m + 1)
) —4mx? —4x2+1
=—-|—-14+ Ilim
2 m—00 [Adm(m + 1)x2 + 1 +2(m + 1)x
and (5.5) follows. O

According to the notations from Section 3, taking Lemma 1 and Lemma 2 into
account we have a;,([a,b]) = 0, for any m € N, by, ([a, b))

_ Am(m+1)a2+1-1

- 2(m+1)
\/ %az + %—a = M>([a, b)), for any m € N and then M;([a,b]) =0, ko([a,b]) =1,

ka([a,b]) =b(1+b)+2.
As consequences of Theorem 2 we get

Theorem 6. For any f € C,([0,400)) it follows
lim P,f=f (5.6)
m-—>00

uniformly on compact |a,b] and there exists m(0) € N, m(0) depending on b, so that

(P f)() = f)] < G+ +B)w (f

—a,l(x)= —H'Tx, for any m € N, any x € [a,b], by, ([a,b]) <

,m € No,m>m(0),x € [a,b].
5.7
Theorem 7. Let f € C5([0,+00)). If x € [a,b], fis two times differentiable in x

and f @ is continuous in X, then

Jim (B f)(6) ~ f0) =~ f D) +

&)

x(14+x)

Tf(z’(x). (5.8)
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Proof of Theorem 7. Taking Lemma 2 into account and applying (3.29), (5.8) is
obtained. O

6. (Pm)m>m, OPERATORS PRESERVING THE TEST FUNCTIONS €1 AND ¢

In this case mg € N, mg > 2 is a fixed number and J = [mo 1,—i—oo) If Ppeq =

e1, for any m € Ny, yields vy, (x) = 0, for any m € N; and any x € [ +oo)

mo—1"

For x > 1 ———, we have ””le > M nn110+1 because the function x'H is decreasing
0

on [m +oo) from where +1 > (0 forany m € N and any x € [ 1,—|—oo)
Taking (3 12) into account, from Pe; = e and Pper = e; for any m € Ny, we

have m};:l 1_'_;;()6) + % = x2, for any x € [m,+oo) from where

1
Um(X) = Xt ,meNj, xe ,+oo ). (6.1)
mx—1 mo—1
Then the operators from (3.11) become

(Pm f)(x) (6.2)

_(m+1x X (m+k—1\ (mx—1\F x—1\ "k k
T omx—1 é( k )(m—i—l) (1+m—|—1) f(%)
+oo) and f € C2([0,+0)).

According to the notations from Section 3, we have by, ([;1, b]) =0,/(x)=
x+1

formelNl,xe[m )

—1—x, for any m € Ny, and because the function u,,(x) =

[mo 1,+o<>) we get that

mo . 1
Um(x) < m =dam ([mo—l’b])

for any x € [ l,b) and M, ([mo 1,b]) = 0. Then kg = 1 +myg, ko =b(1 +
b)+2and M, ([mb]) = mo.

is decreasing on

Theorem 8. For any f € Cy([0,400)) it follows
lim P,f=f (6.3)
m—>0Q

uniformly on the compact [ﬁ b] and there exists m(0) € N depending on b, such
that

(P f) () — f(x)] < — 0 M([ : ,bD+ 6.4)
m—mgo+1 mo—1
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+B+mo+b(1+b))w (fﬁ)

for any m € Np, m > m(0) and x € [ ! b], where

mo—1°
1 1
M Dbl )=sup|f(x)|]xe b .
mo— 1 nmo— 1
Proof of Theorem 8. It results immediately from Theorem 2. O

Theorem 9. Let f € C([0,+00). If x € |: ! b],fis two times differentiable

mo—1°’

inxand f @ s continuous in X, then

) I+x x(1+x)
lim m((P f)(X) = f()) = —— (@)= (1 +2) f P @0) + =P ().
m—s o0 X 2
(6.5)
. 14+x
Proof of Theorem 9. We have lim mu,(x) = ——,I(x) = —1 — x, for any
m—s»00 X
X € [ﬁ, b] and taking (3.29) into account, follows (6.5). O
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