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1. INTRODUCTION

As the development of singular integral operators, their commutators and multi-
linear operators have been well studied (see [1-4, 14]). From [2,4,9, 13], we know
that the commutators and multilinear operators generated by singular integral oper-
ators and the Lipschitz functions are bounded on the Triebel-Lizorkin and Lebesgue
spaces. The purpose of this paper is to introduce the multilinear commutator as-
sociated to the Marcinkiewicz operator and prove the continuity properties for the
multilinear commutator on Besov spaces.

2. PRELIMINARIES AND THEOREMS

First, let us introduce some notations. Throughout this paper, Q will denote a cube
of R" with sides parallel to the axes. For a locally integrable function f, the sharp
function of f is defined by

x| 0]

where, and in what follows, fo = |Q|™! [, o f(x)dx. It is well-known that (see
[14,15])

70 = s 0 / FO)— foldy.
0

700~ sup int o /Q F () —cldy.
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For B > 0, the Besov space Ag(R") is the space of functions f such that

1l = sup |A¥f0o| /0P < oc,
x,he R"
h0

where Aﬁ denotes the k-th difference operator (see [12]).
Forb; € Ag(R") (j =1,---,m), set

m
16115, = [T 11671144
1

Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j <m,
we denote by C;" the family of all finite subsets o = {o(1),---,0(j)} of {1,---,m}

of j different elements. For o € Cj’", set ¢ ={1,---,m}\ 0. For b = (b1, bm)
and o = {0(1)7"0(])} € Cm9 set bO’ = (bO‘(l)""vbO'(j))’ bO‘ = bU(l) "’ba(j) and
1o 11ag = 1ba)llag - 1ba ()1 Ag-

Definition 1. Let0 < p,qg <oo,ax € R. Fork € Z,set By ={x € R" : |x| < 2k}
and Cy = By \ Br_1. Denote by yj the characteristic function of C and yq the
characteristic function of By.

(1) The homogeneous Herz space is defined by

Kg P(R") ={f € L{, (R"\{0}) : || f | ge. » < 00},

where
(o, ¢]

1/p

||f||Kg~p=[ > 2"“P||ka||,’jq} :
k=—o00

(2) The nonhomogeneous Herz space is defined by

Kg P(R") = {f € Li,o(R") :||fllgg. » < oo},

loc

where
o0

1/p

1/ e » = [sz"‘l’ukauiq +||fXBo||iq:| :
k=1

And the usual modification is made when p = g = oo.

Definition 2. Let 1 < g < 0o, @ € R. The central Campanato space is defined by
(see [17])

CLq, q(R") ={f € L], .(R") || fllcLq, , <00}

where
_ 1
| fllcLe. , = sup|B(0,r)[™* (
r>0

1/q
—_— X)— 9dx .
B0y 70! )
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Definition 3. Let 0 <§ <n,0 <y <1 and £2 be homogeneous of degree zero on
R"™ such that [g,—1 2(x")do(x’) = 0. Assume that 2 € Lip, (S"~"), that is there
exists a constant M > 0 such that for any x,y € "1, |Q2(x) - 2(y)| < M|x—y]|".
The Marcinkiewicz multilinear commutator is defined by

> [oe] - dt 1/2
u%,5<f><x>=(/0 |F£5<f><x>|21—3) ,

where

- Q _
Fh e = [ (=)

—y|<t |x —y[P7178

[T®i)=b;(») | f()dy.
j=1

Set

R2(x—y)

Fs(He = [ A 0y,

[x—y|<t

we also define that

00 d 1/2
;m,g(f)(x)z(/o |Ft,5<f><x>|zté) ,

which is the Marcinkiewicz operator (see [16]).
1/2
Let H be the space H = {h A = (fooo |h(t)|2%) < oo}. Then, it is clear
that

15 (1)) = 1Fs (£l and ub, 5 (£)(x) = [IFE (£l

Note that when by = -+ = by, ,u?z s 1s just the m order commutator. It is well
known that commutators are of great interest in harmonic analysis and have been
widely studied by many authors (see [1-9, | I1-13]). Our main purpose is to study the

boundedness properties for the multilinear commutator ,ul}z 5 on Besov spaces.
Now we state our theorems as following.

Theorem 1. Let 0 < § <n, 1 <r <n/s, 1/s =1/r—=6/n, 0 < B
<min(1/2m,y/m) for0 <y <1, and b; € Ag(R") for j =1,--- ,m. Then “?2,8 is
bounded from LP (R") to A§ymp—n/p(R") foranyn/(§+mp) < p <n/é.

Theorem 2. Let 0 <§ <n, 0 < B <min(1/2m,y/m) forO <y <1, 1 <g; <
n/(6+mp), 1/q2 = 1/q1 — (8 + mB)/n, max(—n/q2 —1/2,—n/q2 —y) < & =
—n/q> and bj € Ag(R") for j =1,---,m. Then ,ul}z s IS bounded from Kgl’oo(R”)
10 CL_q/n—1/g5,4>(R")

Remark 1. Theorem 2 also hold for the nonhomogeneous Herz type Hardy space.
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3. PROOFS OF THEOREMS
To prove the theorems, we need the following lemmas.

Lemma 1 ([12]). For0 < f < 1,1 < p < o0, we have

1 1 1/p
1811~ 500 s | 1pC—bolds ~ sup|Q|ﬂ/n(lQlfQ|b(x>—bQ|de)

1 1 1r
Nsuplnf—/ |b(x)— c|dx~sup1nf ( / |b(x)—c|pdx) .
|Q|1+h/n IQIﬂ/” 101 Jo

Lemma 2 ([10]). Fora < 0,0 < g < oo, we have

1/ 1 ga oo ~ sup 2%¥|| fyp, |ILa-
WEZ

Lemma 3 ([10]). Let 0 <n<n, 1 < p <n/n. Suppose b € Ag(R"), then
|byir1 g —bp| < ClIbl|,, k25T BIF/™ for k > 1.

Lemma4 ([16]). LetO <8 <n, 1 <p<n/Sand1/q=1/p—35/n. Then ug s
is bounded from L? (R") to LY(R").

Lemma5 ([7]). Let0<n<n, 1 <r <n/n, 1/r—1/s =n/n and b; € Ag(R")
for j =1,--- ,m. Then “?) s 18 bounded from L" (R") to L*(R").

Proof of Theorem 1. 1t is only to prove that there exists a constant Cyp such that

1 -
s W)~ Coldx = CI1f s

Fix a cube Q, QO = Q(x9.d), we decompose f into f = f1+ f> with f1 = fxo,

f2=fx@wm0)-
When m =1, for C() = [Lg,g(((bl)Q —bl)fz)(xO), we have

F,If}g(f)(X) = (b1(x)— (b1) @) Fr5(f)(x)
— Fi5((b1 = (b1)0) /1)(x) = F1 5((b1 = (b1) 0) f2) (%).

Then
|M $(N) =g s(((b)o —b1) f2)(xo)]

= ||Fb1(f)(x)||_||Ft8(((b1)Q b1) f2)(xo)ll

< |[(b1(x) = (b1) @) Fr,s (/)OI + || Fr 5 ((b1 — (b1) @) S1)(X)]]
+ [ Fr,5((b1 —(D1) @) f2)(x) — Fy 5 ((b1 — (b1) @) f2) (x0) ||

= A(x) 4+ B(x) + C(x).
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For A(x), for 1 < p <q <n/é, 1/q =1/p—3§/n, by the boundness of g s
from L?(R") to L9(R") and Holder’s inequality with exponentl /¢ +1/¢’ = 1 and
Lemma 1, we have

1 /
|A(x)|dx
|Q|1+@+B)/n=1/p |,

! ! 1 1/q
= jQI DIy (/Q uc—Gwel”ax) /, jnas (NN

Qi N o\
=C |Q|1t6+B)/n=1/p |Q|B/n (@[Q |b1(x) = (b1) o] dx) (/Q | ()] dx)
= Cllbillagllflzr-

For B(x),denoting p=rt,1 <r <s<n/8,1/s =1/r—3§/n, by the boundness of
g5 from L™ (R™) to L*(R") and Holder’s inequality with exponent 1/¢ +1/t' =1
and Lemma 1, we have

: /
- |B(x)|dx
o) +6+A/n-17p |,

! ! 1/s
: W(@/ |Mrz,8((b1(x)—(bl)Q)fXQ)(x)|sdx)

Rn

1 .
= ¢ |Q|(8+ﬂ)/"_1/17+1/s (/Q |(b1(X)—(b1)Q)f(x)|rdx)

! ’ 1/rt’ 1/rt
= C|Q|(8+ﬂ9)/n—l/p+l/s (/Q |b1(x)—(b1) o™ dx) (L |f(X)|”dx)
= Cllballagll fllLr-

For C(x), note that |xg — y| ~ |x — y| for y € Q€, we have
C(x) = [|Ft,5((b1 = (b1) @) /2)(x) — F1,5((b1 — (b1) @) /2) (x0)|

- (/Ooo /xylst 2(x=y) f(»)

W(bl(y)—(bl)g)dy
_/ 'Q(xo_—y)fZ(y)(b( )= (b1)o)d 2@ i
lxo—yl<t |Xo—y["7178 1y Vo)dy) -3

(x— 2 1/2
5( [/ |£2(x y)||f2()’)||(bl(Y)_(b1)Q)|dy:| _;)
lx=y|<t,|xo—y|>t "

|x — y|n—1—8

J
+ /00[/ |2 (xo — Y)I1.L2(0)] 1) — (1) wTﬂ 1/2
0 |x—y|>t,|xo—y|<t |x0—y|n—l—8 [} 3

T G-I _ 1200—y)|
0 Jix—yl=t,lxo—yl=t | X —p[*7178 |xg— y|n—1-8
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dt
x|b1 () = (bl oIy )"
=L+L+1s.
By the Minkowski’s inequality and Holder’s inequality and Lemmas 1, 3:
/)] ( dr)“z
I < C/ bi(y)— () o|l———— / — d
1 o 6107 = Crdel o =y 77178\ jx—y <t <lxo—y| 13 g

SO

|x — |18

1/2

1 1
dy

lx—=y> |xo—y[?

oo
121" f ()
<C b —(b —ypf =y
= k§=0/2k+1Q\2kQ| 1(y) = (b1)20]|x0 — y| o —yprrz Y

oo 1 1/p
—k/2__ - P
=C) 2 [2k+1 Q[1=8/n (/2k+1Q|f(y)| dy)

k=0

=c [ 1no)-tno

’ , 1/p’
* |:/2k+1Q(|b1(y) = (b0)axt1l” +1(b1)arr19 = (b1)ol” )dY]

- k/2 1 1
- p
<C) 2 PN (/ZHIQIf(y)I dy)

k=0

/ 1 1 / 10
2k+1 B/n+1/p / ) i ,
X |:| 0 |2k+1Q|B/n \ |2k+1 Q| 2k+1Q| 1(7) = (b1)pk+19|7 dy
+|(b1)2k+1Q—(bl)Q||2k+1Q|1/p/:|

o0

< C Y koK CH2ASHBnID) | O B/t P ||| |
k=0

< C|Q|CHAIm=12 | 1by ||, 1| £ 11Lo-

Similarly, we have I, < C|Q|CHA/=1/2| b5 || f||Le.
We now estimate /3. By the following inequality:

2(x—y) 2(xo—y) |x — xol |x — xo|”
- <c + ,
[x —y[r=1=8 Jxg — y|n1—d [xo—y["=3 " Jxo—y|rm175+Y

we obtain
_ de\'/?
zgsc/ |b1<y>—(b1)g|fo§°'(/ —3) dy
oc |xo — y|" Ixo—yl<t,lx—yl|<t
£ ()l Ix = xol” dr\'?
+c/ b()—(b)—/ Y a4
ch Y 1 Q||X0—Y|"_1_8+” Ixo—yI<t.lx—yl<t 17 g

e ]

§CZ/2

k=0 k+10\2kQ

|0]!/" N o/

|xo —y*H1=8  |xg— y|rtr—d

|b1(y)_(b1)Q|( )If(y)ldy
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o0
1
—k —ky
SCZ(Z +2 )|2k+1Q|1—8/n
k=0

/ b1(3) — B1)olLF0)dy
2k+]Q

0o 1 1/p
—k —kyy_ - D
<cY ot 42 )|2k+1Q|1_8/,,(fzk+lQ|f(y)l dy)

k=0

/ 1 1 / p
k+1 0 B8/n+1/p p
x|:|2 0| |2k+1Q|ﬂ/”(|2k+1Q|/2k+1Q|b1(y) (b1)ak+10l dy)

+|<b1)zk+lg—<b1>g||2"+1Q|“1’}

00

<C Zk(zk(_l+8+ﬂ_n/p) +2k(—y+8+ﬂ—n/p))|Q|ﬂ/n+1/p’—l+8/n||b1||/\B||f||LP
k=0

< CIQ[ TR by 1,11 f 1] o-

Thus

1
|Q|1+(5+ﬂ)/n—1/p/Q|C(x)|dx

1 -
sC||b1||Aﬁ||f||Lp|Q|l+(8+ﬂ),n_l,p/Q|Q|<5+ﬂ>/" YPdx < Cllballagl fllLe-

This completes the proof of case m = 1.
Now, we consider the case m > 2. We write, for b = (by,...,bn),

X — y|n—1—8

- m Q _
Fra(D0) = /| | |:l_[((bj(x)_(bj)Q)—(bj(y)—(bj)Q)):|f(y)—| Co0)ay
x—Yy|<t j=1

2(x—y)
|x — |14

=Y X w000k [ 60)- o) f0)

i m [x—y|<t
J OO'GCJ-

Jj=1

=[] =B Fis(H@) + D" Fos([ [0y ()= (b)) ()
j=1

1 -
+ 30 5T T ()~ (B)0)e 5 ().

— n
J lUECj

thus, set Co = pug s([ [ (b = (b)) 0) f2) (x0),
j=1

1dy 5N =g s ([T = b)) ) (x0)

Jj=1
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<||1'[(b (x)— (b; )Q)m(fxx)||+2 >l - 0)0)o F25° (N

j=1 j=1 aeCm

+ 1 Frs(J [0y = ) o) SO + I Fes ([ ] 0 — (b)) 0) f2) (x)

Jj=1 Jj=1

—Fs(J [ b; = (0 o) ) (x0)]
j=1
= S1(x) + S2(x) + S3(x) + S4(x).

For S1(x),for1 < p <q<n/8,1/q =1/p—§/n, by the boundness of 11 s from

LP(R") to L?(R") and Holder’s inequality with exponentl/g} +---+1/q,,+1/q =
1 and Lemma 1, we have

1
G |, 5100l

! 1/g; 1/q
“grammpmis | (/ )~ By)ol% dx (/ nas(fltdx)
|0 |Mﬂ/n+1/q{ gl M | ) e
=€ gy L gpr @/le(x)_(bl)‘?' Hdx

l/p
< ( / If(X)I”dx)
0

= ClIbllagll fllLe-

For S>(x), denoting p =rt,1 <r <s<n/8,1/s =1/r—35/n, by the boundness of
s from L"(R™) to L®(R") and Lemma 1, we have

1
|Q|1+(5+mﬂ)/n—1/p/ [S2(x)ldx

1/s’
CZ Z |Q|1+(5+mﬂ)/n 1/p (/ b(x)—(bo)o!* dx)

j=1 O‘GCm

1/s
< ( /Q Mz,a((b—bg)acf)(x)lsdx)

|Q|llB/n 4175 1 NG
P> i g (g1 J, 269~ ool )

Jj=1 UEC’"
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1/r
x ( / |(b(x)—bQ)off(x)|rdx)
o

m—1 |Q|mﬂ/n+1/s/+1/rt’
=CY X oirarmmmm ol lboc 1,1 s

j=1 UGC]-W’

= Clbl[Agllf e

For S3(x), for 1 <r <s <n/8, 1/s =1/r —35/n, by the boundness of g s from
L"(R")to LS(R"),taking p =rt, 1 <r < p < 0o, we have
1
|Q[1+G+mB)/n=1/p /Q |S3(x)|dx

1 1 m 1/s
: W(@ /. iuas [T, —<b,-)g>)fxB)(x>|fdx)

1 il , 1/r
§C|Q|(5+mﬂ)/n—l/p+l/s (/Q|jl:[l(bj(x)—(bj)g)f(x)| dx)

1 m 1/rt; \/rt
=€ |Q|@+mB)/n=1/p+1/s 1_[ (L |bj (x)— (bj)Q|rtJ' dx) (./Q |f(x)|rtdx)

J=1

= ClpllagllfllLe.

For S4(x), similar to the proof of C(x) in the case m = 1, we get

2 1/2
” 20 =PILO | di
bi(y)—(bj)o)|dy | —
Sa(x) < /0 |:/x—y|§t,|x0—y>l |x — y|n—1-8 jl:[l(j(J’) (bj)o) J’:| 3
2 1/2

” 2000 =AW | di

bi(y)—(b; dy | —

- /0 [/x_y|>,,|xo_ysz TR ,1:[1(’(” (b)) y} 5

|2(x—y)|  [£2(x0—y)|
|x_y|n7178 |x0 _y|n7178

o0
([ 1f
0 [x—y|<t,|xo—y|<t
m

[1® ) -®)o)
j=1
=V +Vy+ Vs,

x A0

Thus, we choose 1 < p; <oo,j =1,---,m,1/p1+--+1/pm+1/p=1and get

o mo L ol
Vlfc,;)/z H(bj(y) (bj)Q) X0 — ¥l |xO_y|n+1/2dy

k+lQ\2kQ =1
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m

k/2 k+1 o mB/n+1/p" 1511 .
<C22 2k+1Q|1 \9k+1)1-8/n l_[|:|2 Q|m " p”b]”/\B
=1

+k|2k+1Q|mﬂ/n+1/pl||bj||Aﬁ]||f||LP

o
<C Zkzk(—1/2+8+mﬂ—n/1))|Q|mﬂ/n+1/p’—1+5/n||b||/.\ﬁ||f||Lp
k=0

< ClQ|CHmBn=1IP b 1 f l|Lr.

Similarly, we have V5 < C|Q|(5+”“3)/”_1/1’||l;||,-\ﬁ||f||Lp. For V3, we obtain

00
k=0

1/n y/n
H(b ) (b)) <| 2] 2]

d
2kF1Q\2kQ | — y|r+1-8 + |x0—y|'l+1’—5) | fD)ldy

_ 1
<CZ(2 +2 ky)m[ | f)ldy

k=0

(b (y)—(bj)o)
=1

<C Zk(zk(_1+3+mﬂ—n/p) + ok Cy+5tmB—n/p))
k=0
|2k+lQ|MIg/n+l/P _1+8/n||b||/'\3||f||Lﬁ

< C|Q|C+mBn=1pb| |5 | fl|Lr.

Thus

1 [
|S4(x)|dx
|Q|1+(8+m/3)/n—1/p 0

. 1 ~ -
< CUBIA 1 Ve rmmaymrrs [, 101077 = ClBlL, I s

This completes the proof of Theorem 1. U

Proof of Theorem 2. Fix a ball B = B(0,[), there exists €y € Z such that 2€0~1 <
[ < 2%, We choose x¢ such that 2/ < |xo| < 3/. It is only to prove that

1 . - 1/q>
([ (@ b0 ) < Cl g
|x|<2€0 ’ ’ a1
We write, for fi = fxaB,, and f> = fXRn\4B€0, then

18, 5 () =1l 5 () ol < 1y 5 () + 1y 5(f2)(0) = i, 5(£o)(xo)l.
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So

1 . . 1/q>
2f°<“+"/‘12>(2m /| bW i (fz)(xo)|q2dx)
x|<2€

o 1
<o) ([ (e ) -
< 207 )| o 2.8

1 . - 1/q2
] oy N T AR SAIET
x|<2€

=J1+ Jo.

For Ji, by the (L4, L92)-boundedness of ;Ll_}z P (see Lemma 4) and Lemma 2, we
get

1/q
Jp < C2€o(ﬂt+n/qz)2—eon/qz(/ | f1 (x)|qldx) ]
R"

= C2%N f e llear = ClIf M oo

For J,, similar to the estimates of Theorem 1, we obtain using Holder’s inequality
and recalling that max(—n/g> —1/2,—n/q>—y) <a <—n/q2, 1/g2 = 1/q1 — (6 +
mp)/n,

I1Ey 5(£2) () — by 5(f2) (o))

<lpas(J [ —0)B)()x) —nas([ [ B — b)) (f2)(x0)|

j=1 j=1
+ I TG0 = 0B s () () = s (f2) (x0)| = Wi (x) + Wa(x).
j=1

For Wi (x), similar to the proof of S4(x) in Theorem 1, set 1/vy +---+ 1/vy +
1/g1 = 1, by the Minkowski’s inequality, we have

Wi(x) <Vi+Va+ Vs,

For V1, we have

00 m 1/2n
n=ey [ TTem-oo| 2 a,
k=178

eo+k j=1 |x0_y|n+1/2_8
o0

260/2 m
<Y [ semenms [1G0-enlrma
k=1""7€0tk Jj=1
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o0
<C Z2k(5+mﬂ—n/ql—a—1/2)260(3+mﬂ—n/q1—Ot)||1;||/.\ 2(€0+k)a||ero+k||L‘11
- B
k=1
< 2RO b |5 11 1| ggoo-
Similarly, we have V < C290C7/42=9)| || || £ | Koo
1

For V3, we obtain

00 m 1/n v/n
n=ey [ Tlo0-0)0 ( A ———— ) £y
k=1"8 |x

€0tk |j=1 0_y|n+1_8 |x0_y|n+y_8

oo

€0 D€o0Y il
e [ (S + swroums ) TG0 - 6wl ol
k=1""Peotk j=1

oo
< C Z(zk(mﬁ+n—n/111—n+8—1) +2k(mﬂ+n—n/ql—n+8_y))
k=1

« 260(m5+n—n/ql—"+8)||1;| |agllf Xeo+kllLan

< Czéo(—"/qz_a)HbHAB||f||Kgfoo.
For W>(x), we have,

1F15(f2)(x) — Fr 6 (f2) (xo)l|

1/2
< /"" U Iﬂ(x—y)llfz(y)ldyrg
- 0 lx—y|<t,|xo—y|>t |X—y|n_1_5 3
1/2
” 20— NILWI TP di
" —s o | 5
0 x—yl>tlxo—yl<t  [Xo—=y[" t

1/2
o0 R =] [Rx0—y)| 2dt
f [/ - Loy | &
( 0 lx—yl<tlxo—yl<t | [X =y [P7178 |xg— y P18 g 3
=Vi+V,+Vj.
For sz , similar to the proof of /3 in Theorem 1, we get
o0
TR |ofy/n
vi<c / + 1 ()ldy
> kX_; Beg ik (|XO—Y|"+1_8 |xo — y[ntv=s

7€0 €0y
<C Z + 2(eo+k)(n—n/q1)
= s o HOm+1-8) | Hleg+k)(n+r—5)
k egt+k

=1
1/q1
( / If(y)l‘“dy)
Bey+k
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oo
<C Z(zk(ﬁ—n/ql—a—l) +2k(8—n/q1—a—y))260(8—n/q1—a)2(60+k)a||fxeo+k||qu
k=1
8_ —
< ¢ 06—« n/ql)“f”Kf}‘l“’o'

The proofs of V], V; are similar to that of V3 , we omit the details. Thus, by Holder’s
inequality with 1/vy +---4+ 1/v, = 1, we have

1 1/q2
2eo(¢x+n/q2)( f |W2(x)|q2dx)
|x|<2¢€0

2€0n

260}1

1 m 1/q2
= Coroltneipeo@rarnlag (— / NG (b,~>3)|Qde) 1/ 11
|x|<2€0 1
j=1

< (¢ cola+n/qaz)yeo(§—a—n/q1)yeo(mpB+n/qa(1/vi++1/vm))

1 1 i 1 l/qzvj
- . _ . q2v; .
(g s L1 (137 [ 10— 001 ) 7 i1

j=1
< ClIBl15, 1l 1] ggoo-
Thus R
T2 = Clbll g1 f 1] gaco-
This completes the proof of Theorem 2. g
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