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Abstract. In this paper we investigate the N-stability notion in an abstract Banach space setting.
The main result is that thanks to this notion we have an alternative opportunity for verifying the
stability of the numerical solution for periodic initial-value reaction-diffusion problems.
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1. INTRODUCTION

Many phenomena in nature such as physical, biological or chemical processes can
be described by mathematical models. In chemistry one of the most investigated
problems is the reaction-diffusion problem. Reaction-diffusion is a process in which
two or more chemicals diffuse over a surface and react with one another to produce
stable patterns. However (in general), the solution of such models cannot be given
in a closed form, therefore we construct numerical models in order to approximate
the exact solution. Generally, consistency in itself is not enough for convergence. To
guarantee this property we introduce the notion of stability.

The stability property is verified for periodic initial-value reaction-diffusion prob-
lems in case of globally Lispchitz continuous forcing function f in several works,
e.g. in Ascher [1] and Thomas [8]. Regarding the stability proof, these books use the
fact that we know the eigenvalues of the standard matrix replacement of the second
derivative operator with periodic boundary conditions. Further techniques are intro-
duced e.g., discrete time Fourier transform [8].

In the recent years we dealt with the investigation of the numerical solution of
nonlinear operator equations in an abstract (Banach space) setting. This work has
been summarized in [3,4]. In this paper our primary aim is to describe the discretiz-
ated version of the above mentioned problem and verify the N-stability in an abstract
setting. Thanks to this method we can offer a different approach for verifying the
stability of nonlinear equations.

The work of the second author was supported by the Hungarian Research Grant OTKA K67819.

© 2014 Miskolc University Press



448 L. FEKETE AND I. FARAGO

This paper is organized as follows. In Section 2 we give a short mathemat-
ical formulation of the general description of mathematical and numerical models.
Moreover, we define the basic numerical notions (convergence, consistency). In Sec-
tion 3 we introduce the notion of N-stability based on the work of Sans-Serna ([6,7]).
In Section 3.1 we describe the connection with the notion of linear stability. In Sec-
tion 3.2 we verify that the 6-method is N-stable both with and without the forcing
term. In Section 4 we make some remarks and we draw conclusions.

2. MATHEMATICAL BACKGROUND

We consider the problem
F(u) =0, @1
where F : © — ¥ is a (nonlinear) operator, & C X, X and ¥ are normed spaces.
In the theory of numerical analysis it is usually assumed that there exists a unique
solution, which will be denoted by u.

Definition 1. Problem (2.1) can be identified as a triplet & = (X, ¥, F'). We will
refer to it as problem .

Definition 2. The sequence A = (X, Yy, Fy)nen is called numerical method if
it generates a sequence of problems

F,(uy)=0, n=1,2,..., (2.2)
where
e X, Y, are normed spaces,
e D, CXpand Fy, : D, > Y,
If there exists a unique solution of (2.2), it will be denoted by i, .

Remark 1. In the sequel we always assume the existence of # and u,,.

Definition 3. We say that the sequence Z = (¢n, ¥n, Pn)neN is a discretization
of problem & by numerical method .4, if

e the @,-s (respectively ¥,-s) are restriction operators from X into X, (re-
spectively from ¥ into ¥,),
e Oy {F: DY DCX}>{Fy:Dn— Y| Dy C Xy}

In the sense of Definitions 1, 2 and 3 we can illustrate the general scheme, shown in
Figure 1.
In our paper we always make the following assumption for the general discretization

2.

Assumption 1.
(a) The discretization & possesses the property ¥, (0) = 0.
(b) The discretization & generates the numerical method .4~ with the property
dim X,, = dim¥, < oc.
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®n

FIGURE 1. The general scheme of numerical methods.

(¢c) Fy is continuous on some ball Bg (¢, (u)).

Remark 2. Obviously, when ,, are linear operators, then Assumption 1 (a) is
automatically satisfied.

Definition 4. The element e, = ¢, (i) —u, € X, is called global discretization
error.

Definition 5. The discretization & applied to the problem & is called convergent
if
1im||€n||xn =0
holds.

Definition 6. The element /,,(v) = F, (¢, (v)) — ¥, (F(v)) € Y, is called local
discretization error at the element v € . The local discretization error on the solu-
tion, i.e., [, (1) = Fy(¢n () — ¥ (F (1)) = F,(pn (1)) is called local discretization
error.

Definition 7. The discretization & applied to problem & is called consistent on
the element v € D if

e ¢, (v) € Dy holds from some index,
e for these elements the relation

lim ||, (v)|ly, =0
holds.

3. N-STABILITY AND ITS ADVANTAGES

In numerical analysis one of the most important task is to guarantee the conver-
gence of the sequence of the numerical solutions. Generally, consistency in itself is
not enough for convergence. To guarantee this property we introduce the notion of
stability.

According to Definition 4, the convergence yields that the global discretization
error e, tends to zero. Having consistency, we have information about the local
discretization error, only. Intuitively, this means the following requirement. When
ln(t) = Fp(py(u)) — F(uy) is small, then e, = ¢(u) —u, should be small, too.
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Because u is unknown, therefore in first approach we require this property for any
pairs in D, i.e., for all z,, w, € D, we require the inequality

||Zn—wn||x,, SS”Fn(Zn)_Fn(wn)”yn’ 3.1

where the stability constant S is indepedent of the mesh-size parameter.
This idea leads to make the first attempt to define the nonlinear stability notion.

Definition 8. The discretization & is called N-stable on the problem & if there
exists a positive stability constant S, such that for each z,,w, € Dy, the estimation
(3.1) holds.

Furthermore we will refer to this notion as the naive stability (N-stability).

Theorem 1. We assume that

o there exists the solution of the problem (2.1)-(2.2),
e the discretization 9 is consistent and N-stable at u with constant S on prob-

lem & .

Then the discretization 9 is convergent on problem & .
Proof. Due to the N-stability, we have the relation
lenlla, = llon @) —=tin |l 5, < S Fn(@n W)= Fn(iin) |y,
N——
=0
which leads to the estimation
lenllag, < SNFn(@n@)ly, =S Iln(@)]y,

and hence, for consistent methods this implies the convergence. O
Remark 3. Formally, this statement can be written as the “basic theory of numer-
ical analysis™:

Consistency + Stability = Convergence
3.1. Linear stability

For studying the nonlinear stability, it is expedient to present the linear case. In
this case the consistency and the stability together ensure the convergence. This result
is well known as the Lax (or sometimes Lax-Richtmyer-Kantorovich [5]) theorem.
From the formulation of the main theorem it turns out that these two, directly check-
able conditions (i.e., the consistency and stability) serve together the convergence.
Let

La(up) =0, n=12,..., (3.2)

where L, is a linear oparator and L, : Dy, — Y,.
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Definition 9. The discretization ¥ is called stable on the problem & if there exists
positive stability constant S, such that for each v, € Dy,

lvnllag, < S ILn(vn)lly, (3.3)
holds.

The bound (3.3) implies three basic properties:

i, For any problems (3.2), the relation (3.3) shows that L, (v,) = 0 implies that
v, =0, i.e., L, is injective and hence L;l exists on the entire space ¥, by
Assumption 1 (b). Therefore, the stability bound implies the existence and
uniqueness of solutions of (3.2).

ii, Due to the previous property i, using the estimate (3.3) we have

-1
|20 sn ], = Slisnlly,
for arbitrary s, € ¥,. Therefore the uniform norm estimation

Lt lLin, %) =S

holds.
iii, In view of (3.3), we obtain the “basic theory of numerical analysis”. In fact,
due to the linearity of L, by the choice e, = ¢, (1) —ii,, we have

| @n (1) _L_‘n”xn < S| Ln(pn(u)) _Ln(ﬁn)“yn

which leads to the estimation

lenll o, = llon @) —ttnllx, =S ln@)lly,
and for consistent methods, this implies the convergence.

Remark 4.
(a) Definition 9 is special case of Definition 8 with the choice Fy, (1) = L, (uz),
(b) The reverse of property ii, is true. Namely, if the inverse of the linear operat-
ors L, exist and they are uniformly bounded, then they are N-stable, too.
(c) In a straightforward way the above mentioned three basic properties can be

generalized for the nonhomogeneous linear equation Fy(un) = L,(u,) —
bn = 0.

3.2. N-stability of the reaction-diffusion problem

We showed in the previous section that N-stability is equivalent to the regular sta-
bility notion in the linear case. In addition, this notion has an advantageous property
for nonlinear equations as well. Namely, it is useful from the application point of
view. In the rest of the paper our aim is to verify the N-stability of the reaction-
diffusion problem under certain conditions using the §-method.
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3.2.1. Reaction-diffusion problem without forcing term

Consider the following periodic initial-value reaction-diffusion problem:

dru(t,x) = dxxu(t,x), xR, tel0,T], (3.9
u(t,x)=u(,x+1), xeR, tel0,7T], (3.5)
u(0,x) =u’(x), xeR, (3.6)

where T € RT. The conditions (3.5)-(3.6) are periodic boundary conditions and
initial-value conditions, where u? is a given one-periodic function. It is easy to see
that the continuous problem (3.4)-(3.6) can be rewritten in the form of (2.1). As we
have mentioned, we assume the existence of unique, sufficiently smooth solution of
the problem (3.4)-(3.6).

Remark 5. Since the solution is periodic, it is sufficient to determine the solution
in one period, only.

To create the discretization & on the above mentioned problem we define both the
spatial and time grids, as follows. The spatial grid points are

{xj =jh, where j =1,....n, h=1/nandn € N, n > 2},
and the time levels are
{tx =k, wherek =0,...,K and§ =T/K}.

Applying the 8-method to this reaction-diffusion problem, for 8 € [0, 1], j =1,...,n,
and k=0,..., K —1, we gain

k+1_ Kk kK _ ok k k+1_ o k+1 | k+1
u; uj—(l—@)uj_l 2uj+uj+1_ u; 2uj +uiiy _0. 37
) h? h? ’
where using the periodic boundary conditions it is obvious that ulg = uﬁ , u’f =
uf‘lﬂ, ulg"H = uk+1 and u]f"'l = uﬁi} The initial-value condition can be writ-
ten as
ud —u®(x;) =0, j=1...n (3.8)

In the next step is that we rewrite (3.7)-(3.8) in the form of (2.2). To this aim we define
the vector space of the grid functions K, defined on the grid points x; : 1 < j <n.
If we consider u* for the time level t; for each k, then the denoted vector is uf e X,.
In Definition 3 we define ¢,, ¥, as the grid restriction operators. Hence, (3.7)-(3.8)
can be written as

uk+1 k

T_“—(l—Q)Dguk—eDjuk“ —0, k=0,...K—1, (39

u’ -, % =0, (3.10)
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where u® = (u°(x1),...,u%x,)) € X, and DI% denotes the standard discretization
matrix with periodic boundary conditions, i.e.,
-2 1 0 0 0 1 \
1 -2 1 0 0 0
0 1 -2 1 0 e 0
D2 — 1 .
D h_2 N S, c. t. t. c. N
o - 0 1 =2 1 0
0 eer aes 0 1 -2 1
1 0 0 0 1 -2 )
We choose in Definition 2: X, = Y, = K, x...x K,, hence v,, := (VO,...,VK) €
——
K+1
Xrn. We introduce the following norms:
in [ V4] = max 1o* 0o = [v+]
e in J,: |v x, lrfnjagnw (x;)] Vil
) ' _ k
o in Xp: [[Vallx, = Ogllcasxl( HV H.Kn’

K
o in Yyt [Vally, = V0] 5, + ZIS “Vj ”,x
b

Let v, € X, any element and we denote by 7, = (1°,...,7%) € ¥, its image. Then
the mapping Fj, : X, — ¥, can be written as F,(v,) = n,. Particularly, for our
discretization (3.9)-(3.10) it yields the following:

k+1_ gk

)

v 2k 2 k+1 _ _k+1 g _
—(1-60)D,v* —6D,v =", k=0,...,K—1,
vo =0,
The investigated method can be rewritten in the form
where Q1 =1 — 98D§ and O, =1+ (1— 9)8D§ are the subtransition matrices
(which depend on / and §). Introducing the notation r = §/h? we can write Q1 as

1+2r0  —r6 0 0 0 —rf
- 14+2r6 —r0 0 0 0
0 —r6 1+2r0 —r6 0 0
01 = : - - - :
0 0 —rf 14+2r0 —r6 0
0 0 -  14+2r60 —r6
—rf 0 0 0  —r6 142r6 )
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Definition 10. An A € R™*" matrix is an M-matrix, if
e a;; <Oforalli # j,
e there exists a vector g € R”?, g > 0 such that Ag > 0.

Theorem 2. Let A € R™™" be an M-matrix. Then

_ lgll
ATl < 2R 3.12
47! oo = i 6.12
1<i<n
Proof. It can be found in [2]. ]

Since r > 0 and 0 € [0, 1], thus Q1 is strictly diagonally dominant and (Q1);; < 0 for
all i # j. Hence, Q1 is an M-matrix with g = (1,...,1)T. Due to (3.12), we have
the estimate

lglloo  _ 1 _
min (Q7'g); 1+2ré—ré—ré

1<i<n

107! o = 1. (3.13)

The matrix 5 can be written in the form

ab 0 -0 b\
ba b 0 - 0
0b a b 0 -0

Qo= oo ]
0--- 0 b a b O
0 - - 0 b ab
b0 0 - 0 ba

where a = 1-2r(1—60) and b = r(1—0). It is easy to see that under the assumption
r< ﬁ we have

S O

102100 = 1. (3.14)
Introducing the notation O = Q7! 0>, the iteration (3.11) can be written as
Vk+1 — ka +8Q1_177k+1-
Applying the above recursion and putting v = n° forany k = 0,1,..., K, we get
k
Vk — QkVO + Z(SQ]—I Q1_177k+1_] — ano +8Qk_1Q1_1771 4. +8Q1_17]k
j=1
Hence, according to the introduced norms, we obtain the estimation
k i—1p-1
A < max max { , } . 3.15
ool < max { max {1104 107707 o Iy, - G15)
Using the relations (3.13) and (3.14), we get that

101100 =107 02100 <1107 Hlool| Q2100 <1,
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.. P _ i —1 _
thus || 0¥l <11QII% <1 and similarly ||Q/ 7107 |oe <1|Ql40 10T |loc < 1.
Hence, obviously we have

max max
0<k<K (1<j<k

{110 lor 107 07 e} =1
Since Fy(vy) = nn, we can rewrite (3.15) as

1Vallx, < lnnlly, = [1Fn(va)lly, - (3.16)

For any elements z,, w, € X;,, we denote by o, and &, their image, i.e., F,(Zy) =0n
and Fy(wy,)=£&,. This results in the relations

Zk+1 _ 4k
—— —(1=0)Dpa" D7 T = o* k=0 K1, (17
2’ —n(u®) = °,
wh+1 _ wk
; —(1-0)D2wK —0D2wr ! =gk k=0, K1,  (3.18)

w0 — g (u®) = £°.
Substracting (3.18) from (3.17), we gain
KL Gkt — Q(zk—wk) +8Q1—1(Qk+1 _$k+1)’ k=0... . K—1.
Using (3.16) by the notation v, = z, — w,, we gain
20 =Wl < llon —Enlly, = | Fa(20) = Fa(Wn)lly,

It is easy to see that the above estimation is in the form of (3.1) with S = 1. Hence,
under the condition r < ﬁ the reaction-diffusion problem is N-stable. Hence,
the following statement is true.

Theorem 3. Under the condition r < ﬁ the 8-method is convergent for the
periodic initial-value reaction-diffusion problem (3.4)-(3.6).

Proof. The 6-method is consistent and N-stable for this problem. Hence, due to
Theorem 1, it is convergent, too. O

3.2.2. Reaction-diffusion problem with forcing term

Further we consider the following periodic initial-value reaction-diffusion prob-
lem:

deu(t,x) = oxxu(t,x)+ f(u), xeR, tel0,T], (3.19)
u(t,x)=ul,x+1), xeR, tel0,T], (3.20)
u(0,x) =u’(x), xeR, (3.21)

where T € RT. In equation (3.19) we assume that f : R — R is a given globally
Lipschitz continuous function. The conditions (3.20)-(3.21) are periodic boundary
conditions and initial-value conditions, where u? is a given one-periodic function. It



456 L. FEKETE AND 1. FARAGO

is easy to see that the continuous problem (3.19)-(3.21) can be rewritten in the form
of (2.1). As we have mentioned, we assume the existence of unique, sufficiently
smooth solution of the problem (3.19)-(3.21).

Remark 6. Since the solution is periodic, it is sufficient to determine the solution
in one period, only.

Let us take the formerly introduced spatial and time grids and normes. We apply the
IMEX-method based on the previous train of thought. For any elements z,,, w;,, € X,
we denote by g, and &, their image, i.e., F,(z,) =0, and F,,(w,) =§,. Then we
consider the following two problems:

Zk+1 _ K
; —(1-0)D2zF — D2 —£(Z) = * k= 0..... k1. (322)
2’ — o (u%) = °,
Wk+1_wk
; —(1-0)D2w* —9D2wr ! —f(wh) =gkt k=0, K -1, (3.23)

wl— 0, (u®) = §°,
where f denotes the grid function defined on the grid points x;, i.e., [£(zF)] =
¢n(f(x;)) forall j =1,...,n. Substracting (3.23) from (3.22), fork =0,..., K —1,
we get

2w = 071 0(2 —wE) 607 (12") (W) + 607 (" — 4T,

(3.24)
where Q7 and Q5 are the earlier defined subtransition matrices. Since f is a given
globally Lipschitz continuous function, this implies

1£(zF) —£(WF) || 3¢, < L||zF —w¥]| 5, (3.25)

Using the Lipschitz property (3.25) and applying the results (3.13) and (3.14) respect-
ively, we get H Ql_1 0> “OO <1. Then recursion (3.24) shows that for k =0,..., K we
have the estimate

R FRTI O IRt

Kn
Applying recursion (3.26) and 2% —w® = 0% —£° we getfork =0,..., K
R YR D I A
Using that 6K =T, we get the estimation
20 =Wallsg, < (1+8L)% llon —Enlly, < "7 I Fa(2n) = Fa(Wn)lly, -

It is easy to see that the above estimation is in the form of (3.1) with S = eLT . Hence,
under the assumptions made, the reaction-diffusion problem is N-stable.
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Theorem 4. Under the condition r < 2(1;_9) for the Lipschitzian forcing term f

the 0-method is convergent for the periodic initial-value reaction-diffusion problem
(3.19)-(3.21).

Proof. The 6-method is consistent and N-stable for this problem. Hence, due to
Theorem 1, it is convergent, too. O

Remark 7. Due to these results we automatically get

(a) both the explicit finite difference method (for 6 =0) under the condition r <
0.5 and the IMEX-method (for 6 = 1) without any condition are N-stable,

(b) if the given forcing term is in the form of f(¢,u) and it is a Lipschitz con-
tinuous function with respect to its second variable by the constant L, then
we can similarly verify that the §-method is convergent for the investigated
problem.

4. SUMMARY

In this paper we investigated the reaction-diffusion problem under certain condi-
tions in an abstract setting. The base of our framework was the N-stablity notion. As
we have shown in Section 3, it is a useful notion regarding both theoretical results
and applications. We verified that the 8-method is N-stable for the reaction-diffusion
problem both with and without the forcing term.

The main advantage of this notion is that we can offer another tool for verifying
the stability property for nonlinear equations. In the near future it is worth dealing
with the N-stability of different physical, biological or chemical processes.
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