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Abstract. In this paper, the Diophantine equation B{‘ + Bé‘ + e+ B,]l‘_1 = B,ll it Brl, 1ot
s Brll T for the positive integer unknowns n > 2, k,/ and r is studied in certain cases, where
By, denotes the n'”* term of the balancing sequence.
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1. INTRODUCTION

The first definition of balancing numbers is essentially due to Finkelstein [5], tho-
ugh he named them numerical centers. A positive integer n > 2 is called balancing
number if

I+2+-+n-1D)=m+D)+O0+2)+--+n+r) (1.1)

holds for some positive integer r which is called balancer corresponding to the ba-
lancing number n. The m’ h term of the sequence of balancing numbers is denoted by
By, It is known that the balancing numbers satisfy the recurrence
By =6Bp—1—Bp (1.2)
where initial contidions are defined by Bg = 0 and B; = 1. The first few terms of the
balancing sequence are
0, 1, 6, 35, 204, 1189, 6930, 40391,... .

The Binet formula of the balancing numbers is given by

n n
or—pr (3+2v2) - (3-22)
B = = y
" oa-p 42
where « and B are the roots of the chaeacteristic polynomial x2 — 6x + 1 of the
recursive sequence (1.2).
Behera et al. [4] showed that the diophantine equation

FF+Ff+ v FF =F  +F  ,+-+F, (1.3)
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has no solution in the positive integers n,r,k,/ with n > 2 in the case
k<l and (k,[)=(2,1), (3,1), (3,2). (1.4)

Here F;, denotes the n'" Fibonacci number. They also conjectured in [4] that only
the quadruple (n,r,k,l) = (4,3,8,2) satisfies (1.3). Their conjecture was proved by
Alvarado et al. [2].

In this paper, we focus on the diophantine equation

BF B4 B* =Bl +B .+ +B.,. (1.5)
In the specific cases (1.4) we found no solutions. Based on Theorems 6-9 and an
extended computer search, we conjectured the following.

Conjecture 1. There is no quadruple (n,r,k,l) of positive integers (n > 2) which
satisfies (1.5).

2. LEMMAS

The proofs of the theorems use several statements collected in this section.

Lemma 1. For any positive integer m
(@): Bm+1Bm—1=Bm+1)(Bn—1),
(b): Bom—1 = B2 —B%_,,
(©): Bi+Bs+-+ Bom_1 = B2,

(d): B+ B3 +-++B2_| < But1+ Buy2+--+ Bom—3 form > 5,
(©): B3, 5+ B3, 6+ + B3, 4 <By +Bj+-+ B3, s form=>2,
(f): 4By < Bmt1— Bm < 5Bm

hold.

Proof. The first three identities appear in [3] and [6].
The fourth property (d) can be justified by induction on m. Clearly, B 12 + 322 +
B + B} < Be + B7. Now suppose that,

B+ B3+--+ B2 1 <But1+Buia+-+ Bams.
Evaluating
Bi+B3+-+Bh |+ B} <Bui1+Bmi2++ Bom—3+ B},
we see that B,% < Bom—1+ Bam—2 — B+ fulfills, and then
B +B3+--+ B2 < Byit1+ But2+ -+ Bam—3 + Bam—1 + Bam—2 — Bm+1
= Bni+2+ Bmy3z+--+ Bam—1

follow. Indeed, B2 — Bom—1 = B2,_| < Bom—2— Bm—1.
The identity (e) can be seen by the same way, we leave it to the readers, as well as
the proof of the statement (f). l

Lemma 2. Any positive integer n satisfies
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(@): Y i—1 Bx = (Bpy1—Bn—1) /4,

(b): Y gy BE = (Bant+1—(2n+1)) /32,

(©): Y i—1 B = (B3ny3— B3y —147(Bpy1— By) +112) /6272.

Proof. Since the technique of the proofs of the cases (a), (b) and (c) coincide, we

omit the first statement and start with the second one.
(b) By the Binet formula of the balancing numbers,

n 1 n—1
ZB]%= Ol2k+2+,32k+2—2
2
k=1 (@—p) k=0
1 21_a2n 21_/3211
= — -2
32(“ =z TP T
1 a2n+2+ 2n+2 _ a2n+ 2n
=— P ( P )—(2n—|—1)
32 32

= (Biy1—Bi—(2n+1) /32
= (Bany1—(2n+1)) /32.

(c) For the proof of the third identity, we use the Binet formula of balancing num-
bers again as follows.

n

1 n—1
Z Bi? o Za3(k+1) G (ak+1 _ﬂk+1)
k=0

= s

k=1
1 1 =3 1—83n 1—a” 1— 8"
(a—p)3 l1—o3 1-p3 l—« 1-8
_ 1 {B3ut1)—Ban—35 _3Bn+1 —-B,—1
32 196 4
_ Bant3— B3n —147(But1— By) +112
6272 '
and the proof is completed. U

Lemma 3. For any integer u > 3, the inequalities

O[14—0.99 < By, <O[14—0.98

hold.
Proof. See Lemma 4 in [1]. O

Lemma 4. Suppose that a > 0 and b > 0 are real numbers and ug is a positive

Utk

real number. Then aa™ +b <« holds for any u > uy where k = log,, (a + O%) .

Proof. For the proof, see Lemma 2.4 in [4]. O
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3. THE RESULTS
Here we present four theorems and their proofs which confirm Conjecture 1.

Theorem 1. The diophantine equation B{‘ + B§ 4+ B,’f_l = B,ll+1 + B,ll+2 +
-+ B,lH_r has no solution for any positive integers r andn > 2 if k <.

Proof. Applying Lemma 2(a) for k </, we get

B,,—B,,_l—1)k

B{‘+B§+---+B,’f_1§(B1+Bz+---+Bn_1)k=( 1

l
B,—B,_1—
E(n n—1 1)<Brll’
4

which completes the proof of Theorem 1. O

Theorem 2. The diophantine equation 312 + 322 4+ B,%_l = Bp+1+Bn+2+
-+« + Byu+, has no solution in positive integers r and n > 2.

Proof. By the virtue of Lemma 2(a) and (b), the equation
BY+ B3 +++ B} =Bpy1+ B+ + Butr G.1)
is equvalent to
Bon—1+8(Bny1—Bn)—(2n—1) =8(Butr+1—Bntr).

For brevity, we use the following labels:

LS :=Byp—1+8(By+1—Bn)—(2n—1)

RS :=8(Bn+r+1— Bn+r).
Using Lemma 1(f),

Brp—1 < LS < Byp—1+40B,

hold. The by Lemma 3,

a2n—1.99 < LS <a2n—1.98+40an—0.98 SOl2n—1.98 +an+1.12.

According to the Lemma 4, if a = b = 1 we obtain « < 0.02. Thus
o2n—199 1 ¢ o nt112 (an—3.1+1) < g H112,n—3.1,0.02

Consequently,

a2n—1.99 <LS <a2n—1.96' (32)

On the other hand, Lemma 1(f) implies
32By4+r < RS <40By, 4,

and then

an+r—0.99a1.95 — an+r+0.96 n+r+1.12 _ Oln—i—r—0.980[2.1 (3.3)

< RS <«
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follow. Thus, from (3.2) and (3.3) we get
max{2n—1.99,n4+r +0.96} < min{2n —1.96,n +r + 1.12}
which yields the inequalities
2n—1.9<n+r+1.12

and
n+r—+0.96 <2n—1.96.

Hence, the positive integer n and r satisfy
n—311<r<n-2.92,
thatis r =n—3. If we plugr =n—3in (3.1), we obtain
BY+B3++ B} | =But1+Bnyo+-+ Bons (3.4)
which contradicts to Lemma 1(d). O

Theorem 3. The diophantine equation 313 + Bg’ 4+ 33—1 = Bp+1+ B2+
--«+ By, 4, has no solution for any positive integers r and n > 2.

Proof. Obviously, n = 2 the case provides no solution. Therefore we may assume
n > 3, By Lemma 2(a) and (c), the equation in the theorem is equivalent to

By — B3(u_1)+ 1568 Byy1—1715B, +147By_1 + 112 = 1568 (Byr4+1— Bnr) .-

(3.5)
Using the labels again, put
LS := B3p— B3(—1) +1568By+1 —1715B, + 147By—1 + 112,
RS := 1568 (By+r+1— Bn+r).
By Lemma 3, it is obvious that
196 B3(,—1) < LS < 197B3(,_1).
Further we have
o31—3:99,,2.98 _ ,3n—1.01 _ 1 ¢ _ 3n—098 _  3n—3.98,3.00 (3.6)

On the other hand, applying Lemma 1(f),
ot +396 — 1568.4. B, 4, < RS < 1568-5B,4, = o T T4 11 (3.7)
hold. From (3.6) and (3.7) we get
max{3n—1.01,n+r +3.96} <min{3n—0.98,n +r +4.11},

and we deduce
2n—5.12 <r <2n—4.94.

Since n and r are integers in this inequality, only » = 2n — 5 is possible (recall that
n > 3). But it contradicts to

Ban — By(u_1) + 1568 Byi1 — 1715B, + 147 By + 112 < 1568 (B3p—4 — Ban—s).
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Therefore, there is no solution which satisfies (3.5). Il
Theorem 4. The diophantine equation B + B3 +-+-+ By_, = B2, |+ B2, , +
st B,% 1 has no solution for any positive integers r and n > 2.

Proof. For 2 <n <4, th statement is obvious. Assume now 7 > 5. The application
of Lemma 2(b)and (c) converts the equation

B +B3+-+By 1 =Bi + By, ++B, (3.8)

to

Bsn—Bagu_1)— 147 (By— Bp—1) + 112 1

32-196 - 5(32(n+r)+1 — Ban+1 —2r),

which is equivalent to

B3y — B3(n—1)— 147 (Bp — Bu—1) + 196 By 11 + 112 = 196 (B 4r)+1 — 27) -
Put
LS := B3p— B3(y—1)— 147 (By — Bn—1) + 196 Bop 41 + 112,
RS =196 (Ba(ntry+1—2r).

Now use Lemma 3 and Lemma 1(f) to obtain

Q223 _ pg o 2n+2r+3.02) (3.9)
Similarly,
196 B3(n_1) < LS < (197 +196) B3(_1).
31370.99,2.98 _ (,3n—1.01 _ ;¢ (3n-0.59 _ ;3n-3-0.98,3.39 (30

hold. From (3.9) and (3.10)
max {2n +2r +3,3n —1.01} <min{2n + 2r + 3.02,3n —0.59}

follows, which yields
n—4.03 <2r <n—3.59.

Clearly, only 2r = n —4 is possible. Inserting n = 2r + 4 to (3.8), we obtain
BY + B3+ + B3, 3= B35+ B3 g+ + By

and we arrived at a contradiction with Lemma 1(e). O
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