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Asstract. Let p, gbe two non-negative given integers. The sequeﬁg@,gq)mmw,
Kmnpg : L1([0, 1] x [0, 1]) — C([0, 1] x [0, 1]),

(Kmnpaf) (xy) = (M+ p+ 1)+ p+1)

j+1

k+1
m+p n+q . mip+l oL
X Zk:o ijo Pk (X) Pnj(v) f# f f(s t)dsdt

J

mp+1 n+g+1
of bivariate Kantorovich-Schurer operators is constructed and some approximation

properties of the sequen{:lémn,p,q f}mnE]N are studied.
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1. PRELIMINARIES

SrartiNG With the well-known Bernstein operat@,, L. V. Kantorovich p] intro-
duced and studied the operat&f, : L1(J0, 1]) — C([0, 1]) defined for anym € N
and anyf € L1([0, 1]) by

k+1

m LG Y
m+1
(Knf)(¥) = (m+ 1)2 Pmk(X) fk f(t)dt, (1.1)
k=0 [
wherepmk(X) = (’l‘(")xk(l — X)™K are the fundamental Bernstein polynomials. Opera-
tors (1.1) are known in mathematical literature as the Kantorovich operators.
In 1962, F. Schurer9] considering a given non-negative integeiconstructed
and studied a generalization of classical Bernstein operator. This generalization is
the operatorémp : C([0,1 + p]) — C(]0,1]) defined for anym € N and anyf €

C([0,1 + p]) by
. mp k
(Bmpf) (9 = k§zo Pmk(x) f (m) (1.2)
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wherepnk(X) = (M;P)x¥(1 - Y™ P* are the fundamental Schurer polynomials.
Starting with the operator (1.2), id]; we constructed the Kantorovich-Schurer

operatorKy,p : L1([0, 1]) — C([0, 1]), defined for anym € N and anyf € L4([0, 1])

by

k+1
mHp+
k

" f ()t (1.3)

m+p+1

m+p
(Rmpf) (0 = (M+p+1) ) Pruic¥)
k=0

There, we established a convergence theorem for the seq{.léngé} and we gave
quantitative estimations of the approximation order in terms of first order modulus of
smoothness.

Considering two given non-negative integgrandgq, in [2], we constructed the
bivariate Schurer operat&m,n,p,q :C([0,1+ p]x [0,1+q]) — C([0,1] x [0, 1])

N MH+p N+q ) i K j
(Brunaa) (<) = 3, > PruWPns ) [ 2. (1.4

k=0 j=0 m
The purposes of the present paper are the following:
(i) To construct the bivariate Kantorovich-Schurer operator
Kimnpa : L1([0,1] x [0, 1]) = C([0, 1] x [0, 1]);

(i) To establish a convergence theorem for the SeqUH’Zlﬁﬂ,p,qf}mneN;
(i) To give quantitative estimations of the approximation order in terms of first
order modulus of smoothness for bivariate functions.

2. THE CONSTRUCTION OF BIVARIATE K ANTOROVICH—SCHURER OPERATORS

Let p > 0,q > 0 be two given integers and 1B, : L1([0, 1]) — C([0,1]), Knq :
L1([0, 1]) — C([0, 1]) defined for anym, n € IN and anyy € L1([0, 1]), h € L1([0, 1]),
respectively, by:

. e P
(Rrpg) 00 = (m+p+2) Y B9 [ o(9dls (2.1)
k=0 mip+l
and
. s R
(Kn,qh):(n+q+1)z Pn.j () f . h(tdt, (2.2)
j=0 frrarl

wherepmk(X), pn,j(y) are the fundamental Schurer polynomials.
The parametric extensions (for this term, sgjedfr [5]) of (2.1) and (2.2) are the

operatorKy,,, Kiq : L1([0, 1] x [0, 1]) - C([0, 1] x [0, 1]), defined for anyn.n € N
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and anyf € L1([0, 1] x [0, 1]) as follows:

m+p k+1
v - mp+1
(Rxpf) o) = (M+p+1) > Bruk(¥) " f(sy)ds (2.3)
k=0 m+p+1
% flaic nJJ:qil
(RE)em) =(+q+1) ) r)n,j(y)f o feendt (2.4)
j=0 nrgrl

Lemma 2.1. The parametric extensions of the univariate Kantorovich-Schurer
operator, defined b{2.3)and (2.4) are linear and positive operators.

Proor. The assertion follows from the definitions Kf, , andK{, . O

Lemma 2.2. The parametric extensions of the Kantorovich-Schurer operator com-
mute onL4([0, 1] x [0, 1]). Their product is the bivariate Kantorovich-Schurer oper-
ator Km,n,p,q : L1([0, 1] x [0, 1]) — C([0, 1] x [0, 1]) defined for anyn,n € N and any
f € L1([0, 1] x [O, 1]) by the relation

(Kmnpaf) (X y) = (m+ p+ 1) +q+1)

mepnsg o
x>, > B [ [T Haodsat @)
k=0 j=0 e ™ e

Proor. We arrive to the desired result by direct computation, taking into account
definitions (2.3), (2.4) and Lemma 2.1. O

Lemma 2.3. The bivariate Kantorovich-Schurer operat(#.5)is linear and pos-
itive.

Proor. The product of linear and positive linear operators is a linear and positive
operator. We apply next Lemma 2.1. O

3. CONVERGENCE PROPERTIES OF THE SEQUENCE {Kpmn nqf Jmnen

In what follows,&j(x, y) = Xy! (i, j € N,0 < i + j < 2) denotes the test functions.
We need the following auxiliary result (the first Korovkin Theorem for approximation
of bivariate continuous function42)]).

Theorem 3.1. Let a,b,c,d be real numbers satisfying the inequalitias< b,
c < d and let(Lmn)mnen be a sequence of linear and positive operatbfg, :
C([a,b] x [c,d]) — C([a,b] x [c,d]) having the properties

(Lm,neOO) (X’ y) =1+ Um,n(x’ y)’ (31)
(Lmn(€10 = %?) (% y) = vma(X. 1), (32)
(Lmn(eo1 = )?) (% 4) = wmn(X, ). (33)
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m!;ﬁ]m Umn(X, y) = m!rlmm omn(X, y) = m';mw wmn(X,y) =0

uniformly on[a, b] x [c, d], then the sequendémnf},, .n COnverges td uniformly
on[ab] x[c,d asmn — oo.

In our earlier paperq], we proved

Lemma 3.1(Lemma 3 in f]). Foranyx € [0,1+ p], the operatorizm,p satisfies
the relations

(Kmpeo) () = 1, (3.4
> . m+p 1

(Kmmer) (9 = mrp+1  2m+p+l) (3.5)
~ +p 1

(Kmpez) (X) = m {(m-l— p)X2 + X(2 - X)} + m (36)

Lemma 3.2. The parametric extensid?(y’{er satisfies the identitig8.4), (3.5), and
(3.6).

Proor. We make use of the definition (2.3) Kﬁm and of Lemma 3.1. O

Remark3.1 The parametric extensidiﬁ’q satisfies identities similar to the iden-
tities (3.4), (3.5), and (3.6).

Lemma 3.3. The bivariate Kantorovich-Schurer operaﬂﬁﬁm,p,q defined by(2.5)
satisfies the equalities

(Rmnpa€oo) (x.9) = 1, 3.7)
~ . m+p 1
(Kmmn’p’qelo) (x4) = m+p+1 X+ 2m+p+ 1) (3.8)
> . n+q 1
(Kmnpatoz) (x.9) = n+q+1’ 2n+q+1) (3.9)
. _ m+p 5
(Kinn p,quO) (X y) = (m+p+ 17 {(m+ PX +X(2 - X)}
1
+ m, (3.10)
(Rmnpagoz) (x.5) = 2 [(n-+ o)y + y(2— )]
P ’ (n+q+1)2
L (3.11)

- 3n+qg+ 1)

Proor. Taking into account definition (2.5) and Lemma 3.2, we arrive at the de-
sired equalities. O
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Lemma 3.4. The bivariate Kantorovich-Schurer operat(#.5) satisfies the rela-
tions

~ m+p-1

(Kmnpa(eio—%)?) (x y) = e 9 e G2
~ n+gq-1 1

(Kimn.pa(eor = )?) (x.y) = +qs 17 y(l-y) + 3nTqr e (3.13)

Proor. SinceKmn pq is linear, we have
(Kmnpa(€10 = ¥)?) (¢ ) = (Kmnpa€20) (. y)

- ZX(Km,n,p,qelo) (X.y) +x° (Rmmp’qelo) (%.1)-

Next, applying Lemma 3.3, we get relation (3.12). Equality (3.13) is proved in a
similar way. O

Theorem 3.2. The sequencﬂ?mn,p,qf}mnew converges td uniformly on[0, 1] x
[0,1] forany f € L4 ([0, 1] x [0, 1]).

Proor. We apply Theorem 3.1 with

Umn(x’ y) = 0’
_ m+p-l gt
tmn(%.5) = (m+ p+ 1) (L= + 3(Mm+p+1)%
n+q-1
S s B ) S S
wmn(X ) (n+q+ 1) yd-y+ 3n+q+1)%2

4. ESTIMATION OF THE RATE OF CONVERGENCE

Here, we focus on estimating the rate of convergenceKein pqf} in terms of
the first order modulus of smoothness for bivariate functions. We first recall the
following.

Definition 4.1. Leta,b,c,d € R be given so thah < b,c < d and letf : [a,b] x
[c,d] — R be a bounded function. The functiasy : [0,b—a] x [0,d -] — R,
defined for anyds, 62) € [0,b—a] x[0,d — (]
wi(01,62) = supf|f(x,y) = (X, ")+ (X ),
(X,y) €[0,b-a] x[0,d~c], [X=X| <61, ly—y'| <52} (4.1)
is called first order modulus of smoothness of functfon
The first order modulus of smoothness for bivariate functions has properties simi-

lar to the properties of the first order modulus of smoothness for univariate functions.
Some of them are contained in
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Lemma 4.1. The first order modulus of smoothness for bivariate funct{dnk)
has the following properties:
(1) wi(01,62) < wt(07,05) for all (61,92) and (67, 6%) from[0,b —a] x [0,d - c]
such that; < ¢} andé, < d5;
(ii) wi (/11(51, /12(52) < (1+/11)(1+/12)a)f(61, (52) forall (51, 52) € [O, b—a] X[O, d—C]
andiy, Ao € ]Rj_

The following version of the Shisha—Mond theoreh][for estimating the rate of
convergence is known.

Theorem 4.1. Let(Lmn)mnen be @ sequence of bivariate linear positive operators
mapping the spacg([a, b] x[c, d]) into itself and reproducing the constant functions.
Then, for anyf € C([a, b] x[c, d]) and any(61, §2) € [0, b—a] x[0,d—¢], the estimate

Lot 04) = 0601 = {1+ 77 y(Lmolero = 99) ()

+ 63 \(Lmn(B01 - )?) (x )+

+ 671, 65 \/(Lmn(elo = %)2) (%) - (Lmn(€01 — ¥)?) (X, y)} -wi(61,62) (4.2)

is true.

Now, we are ready to prove the main result of this section.
Theorem 4.2. For any f € C([0, 1] x [0, 1]) and any(x,y) € [0,1] x [0, 1], the
operatorKmn,pq satisfies the relation
[Rmnpaf(xy) = f(xy)] <
< 4o [ V3Mm+p-1)x(1-x) + 17 V3n+g-1yl-y) + 1]
V3(m+ p+1) V3(n+q+1)
( J3m+3p+1  Bn+3q+1l J w3
2V3m+p+1) 2vV3(n+q+1)
Proor. Applying Theorem 4.1 and Lemma 3.4, we get

[Rmnpaf(xy) = fxy)| <
-1

5
<{ \/_(Tp-i-l)\/3(m+ p+l)X(1 X)+l+
—6_1 V3+g+y(l-y) + 1+ 0105

\/_(n+q 1) 3(m+p+1)(n+q+1)

X A/BM+ p+1x(1-x) +1)BM+qg+ Lyl -y) + l)}a)f(él, 62) (4.4)
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forany ©¢1,62) € [0,1+ p] x[0,1+ q]. Choosing in (4.4)
5 V3Mm+p+1)x(1-x) +1 5 V3+g+1y(l-y)+1
l =

VBm+p+1) ¢ V3(n+q+1)
we get the firstinequality (4.3). Taking into account thi@t-x) < 1/4, y(1-y) < 1/4
for any (x,y) € [0, 1] x [0, 1], we obtain the second inequality (4.3). O

5. THE BIVARIATE K ANTOROVICH OPERATORS

The Kantorovich bivariate operatém,, : L1([0, 1] x [0, 1]) — C([0, 1] x [0, 1]),
defined for anyf € L1(][0, 1] x [0, 1]) and anym, n € N by the formula

(Kma)(65) = M+ D0+ 1) D> prid¥)Pni(v) f " f " H(sndsdt (5.1)
k=0 j=0 1 YA

is the Kantorovich-Schurer bivariate operaan 0. All the proprieties oK, can
be obtained from the properties Kfynpq for p = q = 0. We formulate them as
corollaries of the corresponding propertiek@fn p g

Corollary 5.1. The sequencfKmnf}. o COnverges td, uniformly on[0, 1] x
[0, 1], for any f € L4([0, 1] x [0, 1]).

Proor. The assertion follows from Theorem 3.2 foe= q = 0. O

Corollary 5.2. For any f € C(]0, 1] x [0, 1]) and any(x,y) € [0, 1] x [0, 1], the
Kantorovich bivariate operato(5.1) satisfies the relation

|(Kmnf)(x 9) = f(xp)| <

< Aoy V3(M-1)x(1-x) + 1’ V3 -1y(l-y) + 1] .
V3(m+1) V3(n+1)
Vam+1 Van+1
< dor (2\/§(m+ 1) 2v3(n+ 1))' 5:2)
Proor. Application of Theorem 4.2 witlp = g = 0. O
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