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Abstract. In this paper, we study the asymptotic behavior of eventually positive (negative) and
oscillatory solutions to the following nonhomogeneous second order delay differential equation

u”(t) = pOu@—1)+ f(2),
u(t) =¢(), tel0,7),

where p and f are suitable real functions.

2010 Mathematics Subject Classification: 39A23; 47THO0S5

Keywords: delay differential equation, asymptotic behavior, asymptotic stability, bounded solu-
tion

1. INTRODUCTION

Qualitative theory of delay differential, difference and functional equations is the
subject of many recent publications. Specially, asymptotic behavior and oscillation of
delay differential and difference equations of first and second order has been studied
by many authors. We refer the reader to the interesting book by Gopalsamy [ 1] and to
the recent articles [2—5]. In this paper, we consider the following second order delay
differential equation

u'(t) =put—-o)+ @), t=1
u)=¢(), te€l0,7)

where 7 > 0 is a constant delay, and p : [t,+00) — RT, f : [r,+00) — R, and
¢ :[0,7) — R. In the special case f(t) =0 and p(tr) = p > 0, the equation (1.1)
has the characteristic equation A2 — pe~*T = 0. This equation has negative roots for
suitable constants p and 7. For example, if t = 10 and p = Tloo’ then the equation
g(A) = 100012 — e~ 194 has two negative roots —11—0 <Ai<0and -1 <Ay < —%.
Because g(0) =—1 <0, g(;—é) =10—e >0and g(—1) = 1000—e'? < 0. Therefore
e*1" and 2! are two bounded solutions of (1.1) and convergent to 0 as t — +o00. In
this paper, our motivation is the study of the asymptotic behavior of solutions to (1.1)

(1.1
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in the case when f and p are nonconstant under the following suitable assumptions:

+o00
/ tp(t)dt = o0, (1.2)
T
+o00
/ t f()|dt < +o0, (1.3)
T
t s
limsup/ ds/ p(rydr <1, (1.4)
t—>+4o0 Jt—1 T
f@ _ .
~—— =0, where p(t) > 0, for sufficiently large ¢ > 0. (1.5)

im
t—-+oo p(t)

Throughout the paper we assume that p, f, and ¢ are continuous. By a solution
of equation (1.1), we mean a continuous function u : [0, +00) — R which is twice
continuously differentiable on [t, +00) and satisfies the equation (1.1) for all # > t.

2. MAIN RESULTS

First, we prove two lemmas.

Lemma 1. Let g : R — R be continuously differentiable and bounded from above,
then liminf; _ 4 oo g’(¢) < 0.

Proof. Suppose to the contrary, liminf; 400 g’(f) > A > 0. Then there exists
to > 0 such that for each ¢ > t¢, g’(¢) > A. Integrating from 7o to 7', we have g(T) —
g(to) = A(T —tp). We get a contradiction by letting 7' — +o0. O

Lemma 2. Suppose that g : Rt — R is bounded from above and twice continuo-
usly differentiable such that

g"(t) = —h(t), V=0, 2.1

where h : Rt — R* is continuous and f0+°°th(t)dt < +o00. Then there exists
lim; s 4 o0 g(¢) and limsup,_, , . g'(¢) < 0.

Proof. Integrating (2.1) fromt = Stot =T, where S < T, we get

T
g'(S) Sg’(T)+/S h(t)dt.

Taking liminf as 7 — +o00, by Lemma 1, we get

00
g'(S) < / h(t)dt. (2.2)
s
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Taking limsup as S — o0, we derive that: limsup,_, , . g’(¢) < 0. Now, integrat-
ing (2.2) from S = T7 to S = T3, where T < T, and applying Fubini’s theorem, we
obtain

T2 +oo +o0 +o0
o(Ty) < g(T1) + /T ds /S h()dt < g(T1) + /T ds [S h(t)di

+o00 t +o00
=g(T1) +/ dt/ h(t)dS = g(Typ) +/ (t—Tyh(t)dt
T T T
+o00
< g(T1)+/ th(t)dt.
Ty
Now, taking limsup as 7, — 400 and liminf as 77 — 400, the proof is complete.

0

Theorem 1. Suppose that u is a solution to (1.1).

(1) If (1.2) and (1.3) are satisfied, then every eventually positive or eventually
negative bounded solution to (1.1) converges to 0 as t — +o00.

(2) If (1.4) and (1.5) are satisfied, then every oscillatory solution to (1.1) conver-
gesto0Qast — +oo.

Proof. (1) Assume that u(¢) is eventually positive and bounded solution of (1.1).
The same proof works for eventually negative solution of (1.1). Then for large
L) = f() = [ — f71) = — (@), where f¥ (1) = max{f(1),0} and
f~(t) =max{—f(t),0}. By Lemma 2, there exists lim;_ 4o u(t) =/ and
limsup,_, ; oo %’(¢) < 0. Suppose that / > 0, then there exists 79 > t such that for
eacht > tg, u(t —1) > % Integrating (1.1) from ¢ > ¢y to T', we get

! T T
uw' (T)—u'(t) > E/t p(s)ds—/; f(s)ds.

Taking limsup as 7 — +00, we obtain

I +o0 +oo
—u'(t) > 5/ p(s)ds — f(s)ds, fort > tg.
t

t

If [ p(s)ds = +o0, it is a contradiction; because f:oo f~(t)dt < +00. Other-
wise, integrating fromz =tgtot =T, we get

! T +o00 T +o00
—u(T)+u(to) > E/t dt/t p(s)ds—/t dt f(s)ds.

0 t
Letting 7" — +o00, and by (1.2), (1.3) and Fubini’s theorem, we get

)i +o00 +o00 +o00 +o00
=l +u(ty) > 5/ dt/ p(s)ds—[ dt f(s)ds
o t to t
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+o00 +oo
= A/t (t—lo)p(t)dt—/ (t—to) f~ (t)dt = 4o0.

2 0 fo
This is a contradiction. Then [/ = 0.
(2) Suppose that u(¢) oscillates. Then, there exists a sequence ¢, of extreme points
of u(t) such that t,, - +o00 as n — +o00. Let & > 0 such that
limsupt_,+oof;_r ds [ p(r)dr <p<landlet0<§ < ;I_—l‘j The sequence {t,,} of
extreme points of u, has a subsequence s; = 1,; such that:
D u(s2;) <0,u(s2j+1) >0, forall j > 1.
2) 52 is a minimum point of u in the interval [s2; 1,52 +1] and 5241 is a maximum
point of u in the interval [s2;,52;42], forall j > 1.
It is enough to prove, u(s;) — 0 as j — +o00. By (1.1), we have

W (527) = plsaulsay — 0+ fls27) = u(sn 1) > 202D (93
p(s2;)
u”(s2j41) = pls2j+Du(s2j+1—1) + f(s2j+1)
Uy —1) = 202 g
p(s2j+1)

Give a subsequence s;; of s; such that

|f(@)]
Sj1 = TSjipq —8j; > Ts m

Sn s
and [ ds/ p(r)ydr <u <1, foreachn > j;. (2.5)
Sn—T T

<§', foreacht >s;,,

Integrating (1.1) on [s},,s], we get

N s
u'(s) =u'(s)—u'(s),) = / p(Mu(r—1)dr +f f(rydr. (2.6)
Sj; Sj;
For large m such that 52, — T > sj;, integrating (2.6) on [s2,, — T, 52m], and by (2.3),
we obtain

f(s2m)

> (52m) > u(sam) —u(som —1) =

f s / P(Mur —1)dr + / " ds / Frdr. 27

Ji

u(SZm) +

Integrating (2.6) on [$2m+1 — T, S2m+1], and by (2.4), we get

M < u(52m+1) —u(52m+1 - ‘L') =

u(s2m+1) + =
P(S2m+1)
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/S2m+1 ds/s p(r)u(r—r)dr-l—/SZMH a’s/s f(rydr. (2.8)

2m+1—T Ji 2m+1—T

(2.7) and (2.8) imply that for sufficiently large n such that s, —7 > s,

|u(s,,)|§["_ ds/_ p(r)|u(r—f)|dr—|—/i ds/. |f(r)|dr+%. (2.9)

By (2.5) for each n > j;, we have

Sn s
/ ds/ p(r)ydr < u
Sn—T Sji

[_ ds/ | f(r)|dr +|fg;’;| < us +8§.

Consider 1 48" + ud' < pu+ 8 + ué < 1. From (2.9), we deduce that
lu(sj)| < Mpu+8+p8 < (M +1)(u+ 8+ ué),
where M = maxo<n<j,{|u(sn)|}. Suppose that for j, <n <m, we have

[u(sn)| < (M + 1)(10 + 8 + u6),

and

then
[u(sm+1)|
Sm+1 S Sm+1 Ky
S/ ds/ p<r>|u<r—r)|dr+/ ds/ ) ldr + Lm0l
SmA17T Sit Sm41—T 5jy P(Sm+1)

<max{(M +1),|[u(sm+1)|}p + 8+ pé.
If |[u(Sm+1)] > M + 1, then
[uCsm+1)| =< [u(smt1)p + 8+ pé.
Therefore

S+ ué

l—p
This follows that 1 > 8+;;8 > M + 1. This is a contradiction. Therefore |u(sp+1)| <
M + 1. This implies that
[u(sm+1)| < (M + D48+ ud < (M + 1) (e + 8 + pd).
Therefore, for all n > j,, we get
lu(sn)| < (M + 1) (i + 8+ ).
Now, by induction suppose that

lu(sn)| < (+8+u8F (M +1), for n> jy. (2.10)

u(sm+1)| =
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By (2.9) forn > j,p 4o, we get

|“<Sn>lf/" ds/ PO —D)ldr+ [ ds/ |f(r)|dr+—|£g";|,
Sn—T Sj2k+1 Sn—T sj2k+1 n
2.11)

If r >sj,,,, thenr—tv >y, —7 >s;, . By the hypothesis of induction and
choosing the sequence s;,, we get

lu(r—7)| < (M + 1) (1 + 8 + ud)*.
Now (2.11) implies that
u(sn)| < (M + D (p+ 8+ pd) o+ 825+ 4 52+
<M+ D) (pA+8+p8) p+ 85T 4 us T < (M + D(n+8+p8FH, (2.12)

for n > jox+». This prove (2.10). The theorem is proved by letting k — +o00 in
(2.10). O

Corollary 1. If the conditions (1.2), (1.3), (1.4) and (1.5) are satisfied, then every
bounded solution to (1.1) converges to 0 as t — +0o0.

Now, we give some examples.

1

>, >1
3 — 1 _ 2_1°
Example 1. Give T =1, ¢(t) = 77, p(t) = i lt .
and f(1) = _2—4i-1_ Tpe assumptions of Theorem 2.3 are satisfied, then every

(-1 (+1)3"
bounded and eventually positive (eventually negative) solution of (1.1) converges to

0 ast — +oo. As well as every its oscillatory solution converges to 0. For example,
u(t) = IJ%I is a bounded solution of (1.1) with the above conditions which converges
to 0.

Example 2. u(t) = 1 is a bounded and positive solution of

§W(t)=p(t)u(l—f)—l’(”’ bzt (2.13)

where p : [t,+00) — R*. But neither [(1.2) and (1.3)] nor (1.5) are satisfied and
u(t) is not convergent to 0.

Example 3. u(t) = sint is an oscillatory solution of

{u”(l) =u(t—m), t>m

. (2.14)
ut)=sint, 0<t<m.

But (1.4) are not satisfied and u(z) is not convergent to 0.



GLOBAL BEHAVIOR OF SOLUTIONS 979

ACKNOWLEDGEMENT

The author would like to thank the referee for his (her) careful reading of the paper
and for the valuable comments on the article’s corrections.

REFERENCES

[1] K. Gopalsamy, Stability and oscillations in delay differential equations of population dynamics,
ser. Mathematics and its Applications. Dordrecht: Kluwer Academic Publishers, 1992, vol. 74.

[2] J. R. Graef and C. Qian, “Global attractivity in differential equations with variable delays,” J. Aust.
Math. Soc., Ser. B, vol. 41, no. 4, pp. 568-579, 2000.

[3] J. R. Graef, C. Qian, and B. Zhang, “Asymptotic behavior of solutions of differential equations
with variable delays,” Proc. Lond. Math. Soc. (3), vol. 81, no. 1, pp. 72-92, 2000.

[4] Y. Liu and W. Ge, “Asymptotic behavior of certain delay differential equations with forcing term,”
J. Math. Anal. Appl., vol. 280, no. 2, pp. 350-363, 2003.

[5] C. Qian and Y. Sun, “Global attractivity of solutions of nonlinear delay differential equations with
a forcing term,” Nonlinear Anal., Theory Methods Appl., Ser. A, Theory Methods, vol. 66, no. 3, pp.
689-703, 2007.

Author’s address

H. Khatibzadeh
University of Zanjan, Department of Mathematics, Zanjan, Iran
E-mail address: hkhatibzadeh@znu.ac.1ir



