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A. We prove a generalization of the Wallis formula which is connected with
the generalizedπ (denoted by ˆπ(n), n > 0 is real) introduced by Elbert in [1].
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1. I

The infinite product of the form

π

2
=


limk→∞ 22

1·3 · 42

3·5 · · · · · (2k)2

(2k−1)·(2k+1)

limk→∞ 2 · 2·4
32 · 4·6

52 · · · · · (2k−2)·2k
(2k−1)2

(1)

is known as the Wallis formula (or product) [5]. This formula is the most remarkable
expression for the numberπ. The formula is proved in an elementary way on the
basis of recurrence formula of∫ sinα(t) dt.

In this paper we give a generalization and prove it similarly as in the original case.

2. T  

Theorem(Generalized Wallis formula). Letn > 0 be an arbitrary real number. Then

π̂(n)
2

=


limk→∞ 1

n

∏k
i=1

i2(n+1)2

i2(n+1)2−n2

limk→∞ n+1
n

∏k−1
i=1

i (i+1)(n+1)2

[(i+1)(n+1)−1][(i+1)(n+1)−n]

(2)

where

π̂(n) = 2 ·
π

n+1

sin π
n+1

. (2a)

In the case wheren = 1, (2) is the original Wallis formula (1).
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Proof. Consider the half-linear differential equation

y′′|y′|n−1 + yn∗ = 0, y = y(x), (−∞ < x < ∞), (3)

whereyn∗ = |y|n · signy, n > 0.
In [1] Elbert introduced the generalized sine functionSn(x) as the solution of the

differential equation (3) satisfying the initial conditionsy(0) = 0, y′(0) = 1. The
functionSn(x) is periodic with the period 2ˆπ, and

0 < Sn(x) < 1 for 0< x <
π̂

2
and

Sn

(
π̂

2

)
= 1, S′n

(
π̂

2

)
= 0.

It is proved that the generalized Pythagorean formula holds

|Sn(x)|n+1 + |S′n(x)|n+1 = 1. (4)

First we show the following simple integral formula
∫ π̂(n)

2

0
Sα

n(t) dt =
α − n
α

∫ π̂(n)
2

0
Sα−(n+1)

n (t) dt (α ≥ n + 1). (5)

From the differential equation (3), we have∫
Sn∗

n (t) dt = −1
n

S′n
∗

n + const. (6)

By partial integration we obtain from (6) and (4) that

∫ π̂(n)
2

0
Sα

n(t) dt =

∫ π̂(n)
2

0
Sα∗

n (t) Sα−n
n (t) dt =

=

∫ π̂(n)
2

0
Sα

n(t) dt =

∫ π̂(n)
2

0
Sα∗

n (t) Sα−n
n (t) dt =

=
α − n

n

∫ π̂(n)
2

0
Sα−(n+1)

n (t) dt +
α − n

n

∫ π̂(n)
2

0
Sα

n(t) dt. (7)

Rearranging (7) we obtain (5).
From (6), we get ∫ π̂(n)

2

0
Sn∗

n (t) dt =
1
n
. (8)

In the cases whereα = k(n+1) andα = k(n+ 1)+ n,(k = 1,2, . . . ), we obtain from
(5) the relations

∫ π̂(n)
2

0
Sk(n+1)

n (t) dt =
k− ν

k

∫ π̂(n)
2

0
S(k−1)(n+1)

n (t) dt (9)
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and ∫ π̂(n)
2

0
Sk(n+1)+n

n (t) dt =
k

k + ν

∫ π̂(n)
2

0
S(k−1)(n+1)+n

n (t) dt, (10)

whereν = n
n+1, ν ∈ (0,1).

Repeating (9) and (10) and using (8) we get
∫ π̂(n)

2

0
Sk(n+1)

n (t) dt =
π̂(n)

2

k∏

i=1

i − ν
i
, (k = 1, 2, . . . ) (11)

and ∫ π̂(n)
2

0
Sk(n+1)+n

n (t) dt =
1
n

k∏

i=1

i
i + ν

. (12)

In the case wheren = 1, formulas (11) and (12) are the well-known recurrence
formulas (k(n + 1) is the even,k(n + 1) + n is the odd equivalent of the index).

Since 0< Sn(x) < 1 on
(
0, π̂(n)

2

)
, we have

∫ π̂(n)
2

0
Sk(n+1)+n

n (t) dt <
∫ π̂(n)

2

0
Sk(n+1)

n (t) dt

<

∫ π̂(n)
2

0
S(k−1)(n+1)+n

n (t) dt (k = 1, 2, . . . ). (13)

By (11) and (12), formula (13) can be written in the form

Ak <
π̂(n)

2
< Bk (k = 1, 2, . . . ), (14)

where

Ak =
1
n

k∏

i=1

i2

i2 − ν2
(15)

and

Bk =
1
ν

k−1∏

i=1

i (i + 1)[
i + 1− ν

n

]
[i + 1− ν]

. (16)

Clearly,

Bk =
k + ν

k
Ak. (17)

The sequenceAk is strictly increasing because

i2(n + 1)2

i2(n + 1)2 − n2
> 1 (i = 1,2, . . . , k).

Hence, by (14), the limit limk→∞ Ak exists.
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The sequenceBk is strictly decreasing because

i (i + 1)[
i + 1− ν

n

]
[i + 1− ν]

=
i (i + 1)

i (i + 1) + ν2

n

< 1 (i = 1, 2, . . . , k− 1).

By (14), the limit limk→∞ Bk exists.
We estimate the difference ofBk andAk, (14) and (17)

0 < Bk − Ak =
ν

k
Ak <

ν

k
π̂(n)

2
. (18)

With increasingn, Bk−Ak can be diminished, soπ̂(n)
2 can be approximated with op-

tional accuracy with theAk, Bk sequence, that is

lim
k→∞

Ak =
π̂(n)

2
= lim

k→∞
Bk,

which proves our theorem. �

Remark.The integrals (11) and (12) may be computed by using the gamma-functions.

Second Proof.We take

I (n, α) =

∫ π̂(n)
2

0
Sα

n(t) dt. (19)

Considerϕn(t), the inverse function ofSn(t) . From (4),

dϕn(t)
dt

=
1

n+1√
1− tn+1

(0 5 t < 1). (20)

From (19), using the substitutionτ = Sn(t)n+1, we get

I (n, α) =
1

n + 1

∫ 1

0
τ
α−n
n+1 (1− τ)− 1

n+1 dτ. (21)

Consider the Euler first integral [2]

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt (22)

wherex, y are positive. This integral can be evaluated using gamma-function:

B(x, y) =
Γ(x)Γ(y)
Γ(x + y)

. (23)

In the right side of (20), there is the Euler first integral. Using (23), we get

I (n, α) =
1

n + 1

Γ
(
α+1
n+1

)
Γ
(

n
n+1

)

Γ
(
α

n+1

) (α > 0). (24)
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In the caseα = k(n + 1) + n, (k = 1,2, , ), we have

I (n, k(n + 1) + n) =
1

n + 1

Γ(k + 1)Γ
(

n
n+1

)

Γ
(
k + n

n+1

)
.

Using the elementary formula for the gamma-function

xΓ(x) = Γ(x + 1), (25)

we get

I (n, k(n + 1) + n) =
1
n

k∏

i=1

i
i + ν

,

which is equivalent to (12). Ifα = k(n + 1), applying (22), we obtain

I (n, k(n + 1)) =
Γ
(
k + 1

n+1

)
Γ
(

n
n+1

)

Γ(n + 1).
In view of (25), we have

I (n, k(n + 1)) =
1

n + 1
Γ

(
1

n + 1

)
Γ

( n
n + 1

) k∏

i=1

i − ν
i
. (26)

With the help of the Euler functional equation

Γ(x)Γ(1− x) =
π

sinπx
,

and (2a), we get
1

n + 1
Γ

( n
n + 1

)
Γ

( n
n + 1

)
=
π̂(n)

2
.

Substituting this into (26), we obtain (11). �
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