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1. INTRODUCTION

One of the most famous inequality for convex functions is so called Hermite-
Hadamard’s inequality as follows: Let f W I � R! R

be a convex function defined on the interval I of real numbers and a;b 2 I , with
a < b. Then

f

�
aCb

2

�
�

1

b�a

Z b

a

f .x/dx �
f .a/Cf .b/

2
:

For recent results, refinements, counterparts, generalizations and new
Hermite-Hadamard type inequalities see [9], [2],[4] and [11].

Definition 1 (See [7]). A function f W Œa;b�! R is said quasi-convex on Œa;b� if

f .�xC .1��/y/� supff .x/;f .y/g ; .QC/

holds for all x;y 2 Œa;b� and � 2 Œ0;1�:

Definition 2 (see [10]). Let h W J � R! R be a non-negative function. We say
that f W I � R! R is an h�convex function or that f belongs to the class SX .h;I /,
if f is nonnegative and for all x;y 2 I and ˛ 2 Œ0;1� we have

f .˛xC .1�˛/y/� h.˛/f .x/Ch.1�˛/f .y/ :

In recent years, several authors have been studied on integral inequalities. One of
the well known of these inequalities is Simpson’s inequality as following:
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Theorem 1. Let f W Œa;b�! R be a four times continuously differentiable map-
ping on .a;b/ and




f .4/




1
D sup

x2.a;b/

ˇ̌̌
f .4/ .x/

ˇ̌̌
<1: Then, the following inequality

holds:ˇ̌̌̌
ˇ̌13
�
f .a/Cf .b/

2
C2f

�
aCb

2

��
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌� 1

2880




f .4/




1
.b�a/4 :

For recent refinements, counterparts, generalizations and new Simpson’s type in-
equalities, see the papers [8], [1], [3], [5].

In [6], Özdemir et al. proved the following lemma:

Lemma 1. Let f W I � R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b� , where a;b 2 I with a < b and r 2 RC then the following equality
holds:

1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx (1.1)

D .b�a/2
1Z

0

k.t/f 00 .tbC .1� t /a/dt

where

k.t/D

� t
r

�
1

rC1
� t
�

; t 2
�
0; 1

2

�
.1� t /

�
t
r
�

1
rC1

�
; t 2

�
1
2
;1
� :

In this article, by using functions whose second derivatives’ absolute values are
quasi-convex or h�convex, we obtained new inequalities related to the left hand side
of Simpson inequality. Also new inequalities are proved.

2. RESULTS FOR QUASI-CONVEX FUNCTIONS

Theorem 2. Let f W I � R! R be a twice differentiable mapping on I ı such that
f 00 2L1 Œa;b� and jf 00jq is quasi-convex, where a;b 2 I with a < b, r � 1 and q � 1;
then one has the following inequality;ˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
r3�3rC6

12r .rC1/3
.b�a/2

�
sup

nˇ̌
f 00.a/

ˇ̌q
;
ˇ̌
f 00.b/

ˇ̌qo� 1
q
: (2.1)
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Proof. Suppose that q D 1; from Lemma 1 and by using quasi-convexity of jf 00j ;
we obtainˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�
2

r

1Z
0

f .tbC .1� t /a/dt

ˇ̌̌̌
ˇ̌

� .b�a/2

8̂<̂
:

1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌ ˇ̌
f 00 .tbC .1� t /a/

ˇ̌
dt

C

1Z
1
2

ˇ̌̌̌
.1� t /

�
t

r
�

1

rC1

�ˇ̌̌̌ ˇ̌
f 00 .tbC .1� t /a/

ˇ̌
dt

9>>=>>;
� .b�a/2

8̂<̂
:

1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌
sup

˚ˇ̌
f 00.a/

ˇ̌
;
ˇ̌
f 00.b/

ˇ̌	
dt

C

1Z
1
2

ˇ̌̌̌
.1� t /

�
t

r
�

1

rC1

�ˇ̌̌̌
sup

˚ˇ̌
f 00.a/

ˇ̌
;
ˇ̌
f 00.b/

ˇ̌	
dt

9>>=>>;
D
r3�3rC6

12r .rC1/3
.b�a/2 sup

˚ˇ̌
f 00.a/

ˇ̌
;
ˇ̌
f 00.b/

ˇ̌	
:

Now suppose that q > 1; from Lemma 1 we haveˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�
2

r

1Z
0

f .tbC .1� t /a/dt

ˇ̌̌̌
ˇ̌

� .b�a/2
1Z

0

jk.t/j
ˇ̌
f 00 .tbC .1� t /a/

ˇ̌
dt

By using Power mean inequality we getˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�
2

r

1Z
0

f .tbC .1� t /a/dt

ˇ̌̌̌
ˇ̌

� .b�a/2

0@ 1Z
0

jk.t/jdt

1A1� 1
q
0@ 1Z

0

jk.t/j
ˇ̌
f 00 .tbC .1� t /a/

ˇ̌q
dt

1A
1
q

:
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Since jf 00jq is quasi-convex, we haveˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�
2

r

1Z
0

f .tbC .1� t /a/dt

ˇ̌̌̌
ˇ̌

�
r3�3rC6

12r .rC1/3
.b�a/2

�
sup

nˇ̌
f 00.a/

ˇ̌q
;
ˇ̌
f 00.b/

ˇ̌qo� 1
q
:

This completes the proof. �

Corollary 1. Under the assumptions of Theorem 2, if we choose r D 1 in (2.1),
we have the following inequality:ˇ̌̌̌

ˇ̌f .a/Cf .b/2
Cf

�
aCb

2

�
�

2

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

24

�
sup

nˇ̌
f 00 .a/

ˇ̌q
;
ˇ̌
f 00 .b/

ˇ̌qo� 1
q
:

Corollary 2. If we take q D 1 and r D 1 in (2.1), we obtain an inequality which
includes the left-hand side of the Corollary 3 in [6]:ˇ̌̌̌

ˇ̌f .a/Cf .b/2
Cf

�
aCb

2

�
�

2

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

24
sup

˚ˇ̌
f 00 .a/

ˇ̌
;
ˇ̌
f 00 .b/

ˇ̌	
�
.b�a/2

24

�ˇ̌
f 00 .a/

ˇ̌
C
ˇ̌
f 00 .b/

ˇ̌�
Corollary 3. If we choose r D 2 in (2.1), we obtainˇ̌̌̌

ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

81

�
sup

nˇ̌
f 00 .a/

ˇ̌q
;
ˇ̌
f 00 .b/

ˇ̌qo� 1
q

�
.b�a/2

81

�ˇ̌
f 00 .a/

ˇ̌q
C
ˇ̌
f 00 .b/

ˇ̌q� 1
q

Let a1 D jf
00 .a/j

q , b1 D jf
00 .b/j

q . Here 0 < 1
q
< 1 for q > 1; using the fact that

nP
kD1

.akCbk/
s
�

nP
kD1

.ak/
s
C

nP
kD1

.bk/
s for 0� s � 1; a1;a2; :::;an � 0;
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b1;b2; :::;bn � 0; we getˇ̌̌̌
ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

81

�ˇ̌
f 00 .a/

ˇ̌
C
ˇ̌
f 00 .b/

ˇ̌�
:

Theorem 3. Let f W I � R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b�. If jf 00jp is quasi-convex on Œa;b�;where a;b 2 I with a < b, r � 1
and p > 1, then the following inequality holdˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌ (2.2)

�
.b�a/2

4

�
sup

nˇ̌
f 00.a/

ˇ̌p
;
ˇ̌
f 00.b/

ˇ̌po� 1
p

�

�
1

2

� 1
p

 
1

r .rC1/
qC2

q

!(
.r �1/qC1

�
2.qC2/� .r �1/.qC1/C22Cq

�
.qC1/.qC2/

) 1
q

where 1
p
C

1
q
D 1:

Proof. By using Lemma 1 and triangle inequality, we haveˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f .racaCb2/�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2

8̂<̂
:
ˇ̌̌̌
ˇ̌̌

1
2Z

0

t

r

�
1

rC1
� t

�
f 00 .tbC .1� t /a/dt

ˇ̌̌̌
ˇ̌̌

C

ˇ̌̌̌
ˇ̌̌̌ 1Z

1
2

.1� t /

�
t

r
�

1

rC1

�
f 00 .tbC .1� t /a/dt

ˇ̌̌̌
ˇ̌̌̌
9>>=>>;

D .b�a/2

8̂<̂
:
ˇ̌̌̌
ˇ̌̌

1
2Z

0

f 00 .tbC .1� t /a/

�
1

rC1
� t

�
t

r
dt

ˇ̌̌̌
ˇ̌̌
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C

ˇ̌̌̌
ˇ̌̌̌ 1Z

1
2

f 00 .tbC .1� t /a/

�
t

r
�

1

rC1

�
.1� t /dt

ˇ̌̌̌
ˇ̌̌̌
9>>=>>; :

By using weighted version of Hölder’s inequality which is described as

ˇ̌̌̌Z
I

f .s/g.s/h.s/ds

ˇ̌̌̌
�

�Z
I

jf .s/jp h.s/ds

� 1
p
�Z

I

jg.s/jq h.s/ds

� 1
q

for p > 1; p�1Cq�1D 1; h is non-negative on I and provided all the other integrals
exist and are finite; we haveˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2

�

8̂̂̂<̂
ˆ̂:
0B@

1
2Z

0

ˇ̌
f 00 .tbC .1� t /a/

ˇ̌p t
r
dt

1CA
1
p
0B@

1
2Z

0

ˇ̌̌̌
1

rC1
� t

ˇ̌̌̌q
t

r
dt

1CA
1
q

C

0BB@
1Z

1
2

ˇ̌
f 00 .tbC .1� t /a/

ˇ̌p
.1� t /dt

1CCA
1
p
0BB@

1Z
1
2

ˇ̌̌̌
t

r
�

1

rC1

ˇ̌̌̌q
.1� t /dt

1CCA
1
q

9>>>=>>>; :

By using the quasi-convexity of jf 00jp ; we getˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2
�

sup
nˇ̌
f 00.a/

ˇ̌p
;
ˇ̌
f 00.b/

ˇ̌po� 1
p

�

8̂̂̂<̂
ˆ̂:
0B@

1
2Z

0

t

r
dt

1CA
1
p
0B@

1
2Z

0

ˇ̌̌̌
1

rC1
� t

ˇ̌̌̌q
t

r
dt

1CA
1
q



QUASI CONVEX AND H -CONVEX FUNCTIONS 641

C

0BB@
1Z

1
2

.1� t /dt

1CCA
1
p
0BB@

1Z
1
2

ˇ̌̌̌
t

r
�

1

rC1

ˇ̌̌̌q
.1� t /dt

1CCA
1
q

9>>>=>>>;
D
.b�a/2

4

�
sup

nˇ̌
f 00.a/

ˇ̌p
;
ˇ̌
f 00.b/

ˇ̌po� 1
p

�

�
1

2

� 1
p

 
1

r .rC1/
qC2

q

!(
.r �1/qC1

�
2.qC2/� .r �1/.qC1/C22Cq

�
.qC1/.qC2/

) 1
q

:

So the proof is complete. �

Corollary 4. Under the assumptions of Theorem 3, if we choose r D 1 in the
inequality (2.2), we have the following inequalities:ˇ̌̌̌

ˇ̌f .a/Cf .b/2
Cf

�
aCb

2

�
�

2

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

16

�
1

2

� 1
q �

sup
nˇ̌
f 00.a/

ˇ̌p
;
ˇ̌
f 00.b/

ˇ̌po� 1
p

�
.b�a/2

16

�
sup

nˇ̌
f 00.a/

ˇ̌p
;
ˇ̌
f 00.b/

ˇ̌po� 1
p

where
�

1
2

� 1
q � 1; q 2 .1;1/:

Corollary 5. If we choose r D 2 in (2.2), we obtainˇ̌̌̌
ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

24

�
1

2

� 1
p
�
1

3

� 2
q
�
.qC3/C2qC2

.qC1/.qC2/

��
sup

nˇ̌
f 00.a/

ˇ̌p
;
ˇ̌
f 00.b/

ˇ̌po� 1
p
:

3. RESULTS FOR h-CONVEX FUNCTIONS

Theorem 4. Let f W I � R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b� and jf 00j is h�convex, where a;b 2 I with a < b and r � 1; then one
has the following inequality;ˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌ (3.1)
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� .b�a/2K.h;r/
�ˇ̌
f 00 .a/

ˇ̌
C
ˇ̌
f 00 .b/

ˇ̌�
where

K.h;r/D
3r2�9rC8

480r2 .rC1/2
C

Z 1

0

h2.t/dt:

Proof. From Lemma 1 and properties of absolute value, we haveˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2
1Z

0

jk.t/j
ˇ̌
f 00 .tbC .1� t /a/

ˇ̌
dt

D .b�a/2

8̂<̂
:

1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌ ˇ̌
f 00 .tbC .1� t /a/

ˇ̌
dt

C

1Z
1
2

ˇ̌̌̌
.1� t /

�
t

r
�

1

rC1

�ˇ̌̌̌ ˇ̌
f 00 .tbC .1� t /a/

ˇ̌
dt

9>>=>>; :
Since jf 00j is h�convex, we getˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2

264
1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌ ˇ̌
h.t/f 00.b/Ch.1� t /f 00.a/

ˇ̌
dt

C

1Z
1
2

ˇ̌̌̌
.1� t /

�
t

r
�

1

rC1

�ˇ̌̌̌ ˇ̌
h.t/f 00.b/Ch.1� t /f 00.a/

ˇ̌
dt

3775

� .b�a/2

264
1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌˚
h.t/

ˇ̌
f 00.b/

ˇ̌
Ch.1� t /

ˇ̌
f 00.a/

ˇ̌	
dt
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C

1Z
1
2

ˇ̌̌̌
.1� t /

�
t

r
�

1

rC1

�ˇ̌̌̌˚
h.t/

ˇ̌
f 00.b/

ˇ̌
Ch.1� t /

ˇ̌
f 00.a/

ˇ̌	
dt

3775
D .b�a/2 ŒJ1CJ2� : (3.2)

So we can write

J1 D

1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌˚
h.t/

ˇ̌
f 00.b/

ˇ̌
Ch.1� t /

ˇ̌
f 00.a/

ˇ̌	
dt

D
ˇ̌
f 00.a/

ˇ̌ 1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌
h.1� t /dtC

ˇ̌
f 00.b/

ˇ̌ 1
2Z

0

ˇ̌̌̌
t

r

�
1

rC1
� t

�ˇ̌̌̌
h.t/dt:

Since cd � 1
2

�
c2Cd2

�
for c;d 2 R we have

J1 �
ˇ̌
f 00.a/

ˇ̌ 8̂<̂:12
264

1
2Z

0

�
t

r

�
1

rC1
� t

��2

dtC

1
2Z

0

h2.1� t /dt

375
9>=>;

C
ˇ̌
f 00.b/

ˇ̌ 8̂<̂:12
264

1
2Z

0

�
t

r

�
1

rC1
� t

��2

dtC

1
2Z

0

h2.t/dt

375
9>=>;

D
ˇ̌
f 00.a/

ˇ̌ 8̂̂<̂
:̂
1

2

2664 3r2�9rC8

480r2 .rC1/2
C

1Z
1
2

h2.t/dt

3775
9>>=>>; (3.3)

C
ˇ̌
f 00.b/

ˇ̌ 8̂<̂:12
264 3r2�9rC8

480r2 .rC1/2
C

1
2Z

0

h2.t/dt

375
9>=>; :

By similar calculation we get

J2 �
ˇ̌
f 00.a/

ˇ̌ 8̂<̂:12
264 3r2�9rC8

480r2 .rC1/2
C

1
2Z

0

h2.t/dt

375
9>=>; (3.4)
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C
ˇ̌
f 00.b/

ˇ̌ 8̂̂<̂
:̂
1

2

2664 3r2�9rC8

480r2 .rC1/2
C

1Z
1
2

h2.t/dt

3775
9>>=>>; :

If we use the inequalities (3.3) and (3.4) in (3.2) we get the desired result. �

Corollary 6. In the inequality (3.1), if we choose h.t/D 1 and r D 1; we getˇ̌̌̌
ˇ̌f .a/Cf .b/2

Cf

�
aCb

2

�
�

2

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
37:13

25:3:5
.b�a/2

�
jf 00 .a/jC jf 00 .b/j

2

�
:

Corollary 7. In Theorem 6, if we choose h.t/D t and r D 2 we haveˇ̌̌̌
ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
11:131

25:33:5
.b�a/2

�
jf 00 .a/jC jf 00 .b/j

2

�
:

Theorem 5. Let f W I � R! R be a twice differentiable mapping on I ı such that
f 00 2 L1 Œa;b�. If jf 00jp is h�convex on Œa;b�;where a;b 2 I with a < b, r � 1 and
p > 1, then the following inequality holdˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌ (3.5)

�
.b�a/2

4r

(
2qC2C .r �1/qC1 .qrCqC rC3/

2.rC1/qC2 .qC1/.qC2/

) 1
q

�

�hˇ̌
f 00 .b/

ˇ̌p
A.h; t/C

ˇ̌
f 00 .a/

ˇ̌p
B.h; t/

i 1
p

C

hˇ̌
f 00 .b/

ˇ̌p
B.h; t/C

ˇ̌
f 00 .a/

ˇ̌p
A.h; t/

i 1
p

�

where A.h; t/D 1
24
C

1
2R

0

h2 .t/dt and B.h; t/D 1
24
C

1R
1
2

h2 .t/dt:
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Proof. By using Lemma 1, triangle inequality and weighted version of Hölder’s
inequality we haveˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2

�

8̂̂̂<̂
ˆ̂:
0B@

1
2Z

0

ˇ̌
f 00 .tbC .1� t /a/

ˇ̌p t
r
dt

1CA
1
p
0B@

1
2Z

0

ˇ̌̌̌
1

rC1
� t

ˇ̌̌̌q
t

r
dt

1CA
1
q

C

0BB@
1Z

1
2

ˇ̌
f 00 .tbC .1� t /a/

ˇ̌p
.1� t /dt

1CCA
1
p
0BB@

1Z
1
2

ˇ̌̌̌
t

r
�

1

rC1

ˇ̌̌̌q
.1� t /dt

1CCA
1
q

9>>>=>>>;
By using h�convexity of jf 00jp we haveˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2

�

8̂̂̂<̂
ˆ̂:
0B@

1
2Z

0

h
h.t/

ˇ̌
f 00 .b/

ˇ̌p
Ch.1� t /

ˇ̌
f 00 .a/

ˇ̌pi t
r
dt

1CA
1
p
0B@

1
2Z

0

ˇ̌̌̌
1

rC1
� t

ˇ̌̌̌q
t

r
dt

1CA
1
q

C

0BB@
1Z

1
2

h
h.t/

ˇ̌
f 00 .b/

ˇ̌p
Ch.1� t /

ˇ̌
f 00 .a/

ˇ̌pi
.1� t /dt

1CCA
1
p

0BB@
1Z

1
2

ˇ̌̌̌
t

r
�

1

rC1

ˇ̌̌̌q
.1� t /dt

1CCA
1
q

9>>>=>>>;
D .b�a/2
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�

8̂̂̂<̂
ˆ̂:
0B@ jf 00 .b/jp

r

1
2Z

0

th.t/dtC
jf 00 .a/j

p

r

1
2Z

0

th.1� t /dt

1CA
1
p

0B@
1
2Z

0

ˇ̌̌̌
1

rC1
� t

ˇ̌̌̌q
tdt

1CA
1
q

C

0BB@ˇ̌f 00 .b/ˇ̌p
1Z

1
2

.1� t /h.t/dtC
ˇ̌
f 00 .a/

ˇ̌p 1Z
1
2

.1� t /h.1� t /dt

1CCA
1
p

0BB@
1Z

1
2

ˇ̌̌̌
t

r
�

1

rC1

ˇ̌̌̌q
.1� t /dt

1CCA
1
q

9>>>=>>>; :

Since cd � 1
2

�
c2Cd2

�
for c;d 2 R we have

ˇ̌̌̌
ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

� .b�a/2

8̂̂̂<̂
ˆ̂:
0B@

1
2Z

0

ˇ̌̌̌
1

rC1
� t

ˇ̌̌̌q
tdt

1CA
1
q

�

264 jf 00 .b/jp
2r

0B@
1
2Z

0

t2dtC

1
2Z

0

h2 .t/dt

1CA

C
jf 00 .a/j

p

2r

0B@
1
2Z

0

t2dtC

1
2Z

0

h2 .1� t /dt

1CA
375

1
p
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C

0BB@
1Z

1
2

ˇ̌̌̌
t

r
�

1

rC1

ˇ̌̌̌q
.1� t /dt

1CCA
1
q

�

2664 jf 00 .b/jp2

0BB@
1Z

1
2

.1� t /2dtC

1Z
1
2

h2 .t/dt

1CCA

C
jf 00 .a/j

p

2

0BB@
1Z

1
2

.1� t /2dtC

1Z
1
2

h2 .1� t /dt

1CCA
3775

1
p

9>>>=>>>;
If we simplify the expression, we haveˇ̌̌̌

ˇ̌ 1

r.rC1/
Œf .a/Cf .b/�C

2

rC1
f

�
aCb

2

�
�

2

r .b�a/

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

4r

(
2qC2C .r �1/qC1 .qrCqC rC3/

2.rC1/qC2 .qC1/.qC2/

) 1
q

�

8̂̂̂<̂
ˆ̂:
2664ˇ̌f 00 .b/ˇ̌p

0B@ 1

24
C

1
2Z

0

h2 .t/dt

1CAC ˇ̌f 00 .a/ˇ̌p
0BB@ 1

24
C

1Z
1
2

h2 .t/dt

1CCA
3775

1
p

C

2664ˇ̌f 00 .b/ˇ̌p
0BB@ 1

24
C

1Z
1
2

h2 .t/dt

1CCAC ˇ̌f 00 .a/ˇ̌p
0B@ 1

24
C

1
2Z

0

h2 .t/dt

1CA
3775

1
p

9>>>=>>>;
then the proof is complete. �

Corollary 8. If we choose h.t/D 1; r D 1 in the inequality (3.5) we getˇ̌̌̌
ˇ̌f .a/Cf .b/2

Cf

�
aCb

2

�
�

2

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

4

�
1

.qC1/.qC2/

� 1
q
�
13

12

�ˇ̌
f 00 .a/

ˇ̌p
C
ˇ̌
f 00 .b/

ˇ̌p�� 1
p

:

Corollary 9. If we choose h.t/D 1; r D 2 in (3.5), we getˇ̌̌̌
ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌
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�
.b�a/2

4

�
2qC2C .3qC5/

2:3qC2 .qC1/.qC2/

� 1
q
�
13

24

�ˇ̌
f 00 .a/

ˇ̌p
C
ˇ̌
f 00 .b/

ˇ̌p�� 1
p

:

Corollary 10. If we choose h.t/D t; r D 2 in the inequality (3.5), we haveˇ̌̌̌
ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

8

�
2qC2C .3qC5/

2:3qC2 .qC1/.qC2/

� 1
q

�

8<:
�
jf 00 .a/j

p

12
C
jf 00 .b/j

p

3

� 1
p

C

�
jf 00 .a/j

p

3
C
jf 00 .b/j

p

12

� 1
p

9=; :
Corollary 11. In addition to the conditions given above, if we choose p D q D 2;

we haveˇ̌̌̌
ˇ̌16
�
f .a/C4f

�
aCb

2

�
Cf .b/

�
�

1

b�a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌

�
.b�a/2

48
p
2

8<:
 
jf 00 .a/j

2

12
C
jf 00 .b/j

2

3

! 1
2

C

 
jf 00 .a/j

2

3
C
jf 00 .b/j

2

12

! 1
2

9=; :
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[7] J. E. Pečarić, F. Proschan, and Y. Tong, Convex functions, partial orderings, and statistical applic-
ations, ser. Mathematics in Science and Engineering. Boston, MA: Academic Press, 1992, vol.
187.
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