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1. INTRODUCTION

One of the most famous inequality for convex functions is so called Hermite-
Hadamard’s inequality as follows: Let f : I CR— R
be a convex function defined on the interval / of real numbers and a,b € I, with

a < b. Then
b b ,
f(a;— )Sﬁ/ f(x)dxgw.

For recent results, refinements, counterparts, generalizations and new
Hermite-Hadamard type inequalities see [9], [2],[4] and [11].

Definition 1 (See [7]). A function f : [a,b] — R is said quasi-convex on [a, b] if
fAx+(A=-2)y) =sup{f(x), f(y)}. (QC)
holds for all x,y € [a,b] and A € [0, 1].

Definition 2 (see [10]). Let 2 : J € R — R be a non-negative function. We say
that f : I € R — R is an hA—convex function or that f belongs to the class SX (h, 1),
if f is nonnegative and for all x,y € [ and « € [0, 1] we have

flax+(-a)y) <h(a) f(X)+h(1-a)f()).

In recent years, several authors have been studied on integral inequalities. One of
the well known of these inequalities is Simpson’s inequality as following:

(© 2014 Miskolc University Press



636 M. EMIN OZDEMIR, MUSTAFA GURBUZ, AND CETIN YILDIZ

Theorem 1. Let f : [a,b] — R be a four times continuously differentiable map-
ping on (a,b) and H @ H = sup ‘f(“) (x)‘ < 00. Then, the following inequality
o0

x€(a,b)
holds:
b
L[ f@)+ f (b) a+b\] 1 @]
5[ 2 +2f( 2 )] b—a/f(x)d)C 52880Hf Hoo(b @y

For recent refinements, counterparts, generalizations and new Simpson’s type in-

equalities,ﬂsee the papers [8], [1], [3], [5].
In [6], Ozdemir et al. proved the following lemma:

Lemma 1. Let f : I C R — R be a twice differentiable mapping on 1° such that
f" e Li[a,b], where a,b € I with a < b and r € R then the following equality

holds:
b
1 2 a+b 2
@t et () -t [ rmax
1
= —a)Z/k(t)f” (th+ (1 —t)a)dt
0
where
Gr-1) . 1e[0.3)

“”={<’1—z><e—,i1>, re 3]

In this article, by using functions whose second derivatives’ absolute values are
quasi-convex or h—convex, we obtained new inequalities related to the left hand side

of Simpson inequality. Also new inequalities are proved.

2. RESULTS FOR QUASI-CONVEX FUNCTIONS

Theorem 2. Let f : I C R — R be a twice differentiable mapping on I ° such that
f"e€Ly[a,bland | f"|? is quasi-convex, where a,b € I witha <b, r > 1 and q > 1,

then one has the following inequality;

b
1 2 a+b 2
@+ 1o+ 1 (50 = s [ £

r(r+1)
< I a2 (sup L@ L)) =y

T 12r(r+1)>3
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Proof. Suppose that ¢ = 1, from Lemma 1 and by using quasi-convexity of | f”'],
we obtain

a+b

[f(a)+f(b)]+—f( )——/f(thr(l—t)a)df

r(r+1)

<(b—a)? {/ ;(rj—l_t) "(tb+(1—1t)a)|dt
0

‘(1—1) (———)‘ | /" @b+ (1—1t)a)|dt

: 1
< (b~ a)z{/ () st @llr@lar
0

Jpea2)

—3r+6 Vi "
m( —a) sup {f (a)| ‘f (b)|}

Now suppose that g > 1, from Lemma 1 we have

sup{| f"(@)].[f"(B)]} dt

a+b

1
[f(a)+f(b)]+—f( )—%/f(tb-l—(l—t)a)dt
0

r(r +1)

1
=02 [ kOIS b+ (1 =00
0

By using Power mean inequality we get

1
(a+b)—%/f(tb+(1—t)a)dt
r
0

1 g
( / k(1) f"(tb+(1—t)a)}th) |
0

"()

1
< (b—a)? ( / |k(r>|dr)
0

1
-3
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Since | | is quasi-convex, we have

1
o +1) [f(a)+f(b)]+—f(a+b)—§0/f(zb+(1—t)a)dt
e
]

Corollary 1. Under the assumptions of Theorem 2, if we choose r =1 in (2.1)
we have the following inequality:

—3r+6 ,,
12r(r——|—1)3( —a) (SUP{‘f (a)

This completes the proof.

"

b
f(a)+ f(b) a+b 2
> +f( > )—b_a/f(x)dx
(b—a)*

"

=T (Sup{‘f” qD;

Corollary 2. If we take ¢ = 1 and r =1 in (2.1), we obtain an inequality which
includes the left-hand side of the Corollary 3 in [0]:

b
fl@)+ f(®) a+b 2
7 +f( 5 )—b_a/f(x)dx
(b a) 1 1
(b a)

(LF" @[ +]f"®)])

Corollary 3. Ifwe choose r =2 in (2.1), we obtain

b
b
o[ r@+ar (50) 1|52 [ rwax

<5 i i

b—
< ( a) (‘f//( )‘q—i-‘f//(b)}q)

Let ay = If”(a)lq, by =

"

| £ (b)|1. Here 0 < ;1 < 1 for q > 1, using the fact that

n n n
N(ag+bp)’ < > (ap)’+ Y. (br)’ for0<s <1, ay,az,....,an >0,
k=1 k=1 k=1
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b1,ba,....,by =0, we get

b
1 a+b 1
6[f(a)+4f( 5 )+f(b)]—mff(x)dx

2
_b-a)
- 81

(I @|+]"®])-

Theorem 3. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" e Lyla,b). If | f"|? is quasi-convex on |a,b],where a,b € I witha <b, r > 1
and p > 1, then the following inequality hold

2.2)

r(r+1) 2

= O (I ey

XG)L 1 (=D 24 +2) - = D(g + D) +224]) *
rr4 D)5 (¢+1)(qg+2)

b
1 2 a+b 2
@+ 100+ f (7)o [ £

2

1,1 _
where;—f—a—l.

Proof. By using Lemma 1 and triangle inequality, we have

b
2 2
[f(a)—i—f(b)]—kmf(raca +b2)—r(b_a)/f(x)dx

r(r+1)

1

<(b—a)? /;(ﬁ—t) f" b+ (1 —t)a)dt
0

1

=(b—a)? /f/'(tb+(1—t)a) (%—t) ;dr
0
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1
, i1
+ /f (tb—i—(l—t)a)(;—m)(l—f)d’

By using weighted version of Holder’s inequality which is described as

< ( /1 If(s)l”h(s)ds)p ( /1 |g<s)|4h(s>ds)q

for p>1, p~!4¢~1 =1, h is non-negative on I and provided all the other integrals
exist and are finite; we have

‘ /1 F(5)g()h(s)ds

-1

b
1 2 a+b 2
@t e+ () - s [ £
<(b-a)
% T Y
. /}f”(zb+(1—z)a)|p;dt /r+1_ ;dt
0 0

Q=

[ \7 [
+ [\f”(rb+(1—z)a)}”(1—t)dz /t !

\

By using the quasi-convexity of | f

q
(1—1)dt

r r+1

Nl—=
N

1P we get

b
1 2 a+b 2
‘r(r+1)[f(a)+f(b)]+r+1f( )i [rwas

< a2 (swp S @] | ®)|?})

1 1

1 vl 7
t 1 94
X /—dt / —t| —dt
r r+1 r
0 0
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j(l—z)dt /‘

= O @] }f”(b)\p})’l’

X(l);, 1 (r =171 [2(g +2) = (r = 1)(g + 1) +22*9]
2) o+ (¢+1)(g+2)

So the proof is complete.

1
q

Q=

0

Corollary 4. Under the assumptions of Theorem 3, if we choose r = 1 in the
inequality (2.2), we have the following inequalities:

b
f(a)+f(b)+f(a+b)_bia/f(x)dx

2 2

1

5E(5) el ror)

< (b 6a) (sup{‘f”(a)‘p |f”(b)‘ })

where( )611<1 q € (1,00).

Corollary 5. If we choose r =2 in (2.2), we obtain

o r@+ar (“*b)ﬂ(b)]—ﬁ/bf(x)dx

(b—a)® (1\P (1\7 ((q+3)+20+2 ’ . »
Y (5) (5) ((q+1)(q+2))(“p{‘f @17 ®1)"

3. RESULTS FOR h-CONVEX FUNCTIONS

Theorem 4. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" e Lqa,b] and |f"| is h—convex, where a,b € I witha < b and r > 1, then one

has the following inequality;

b
2 a+b 2
@+ 1o+ = (50 = [ wax] e

r(r —i—l)
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<(-a)*Kh,r) (| @|+]f" ®)])

where

r2—9r+8
K(h.r) = Tt /hz(t)dt
480r2(r+1)

Proof. From Lemma 1 and properties of absolute value, we have

b
1 2 a+b 2
ro+ 1) ]+r+1f( 2 )_r(b—a)/f(x)dx

1

= 0-a? [ k@l|f" @b+ (1 =na) dr

0

=(b-— a)z{/ t(%—t) | /" (tb+ (1—1)a)|dt
0

1
+/‘(1—z) (;-%)‘{f”(tb—i—(l—t)a)\dt :

Since | f”'] is h—convex, we get

b
2 a+b 2
F@+ 100+ f (7)o [ £ 0

(i)
- —t
r\r—+1

< bay
[
(=0 (5= ) s "6+ 0 7@

()
- —1
r\r+1

r(r+1)

D=

(@) /" (b) + h(1=1) f"(a)| dt

+
N\'—‘\“_

<(b—a)? f
0

{h@) | D) +h(1=1)|f"(a)|} dt
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l[k—n(————)hmnvwmhwa 011" @)} di

= (b—a)2 [J1+ J2]. (3.2)

So we can write

t 1 124 14
(?—z) )| "B +h(=1)|f"(a)|} dt

[ Ry (A

Since ¢d < %(c +d2) for ¢,d € R we have

B ,
neironfi] [ (¢ () o fro-o |
0 0
, 4
+ |7 (b)] % /(; (r}rl—t)) dz+/h2(t)dt”
0 0

2
n=[
0

"

h(t)dt.

3295 +8
Sreoorts /hz(t)dt (3.3)
480r2 (r +1)2 (r+1)?

1)) %{438:) r;(ir:lf f hz(t)dt]

By similar calculation we get

L<|f ”(a){1 { 80,2 (9r++1§ / hz(t)dt“ (3.4)

N =

= /" (@)
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1

+ / h2(t)dt

1| 3r2—9r+38

MACHT 48072 (r + 1)

If we use the inequalities (3.3) and (3.4) in (3.2) we get the desired result. ]

Corollary 6. In the inequality (3.1), if we choose h(t) =1 andr = 1, we get

b
fla)+ f(b) a+b 2
' 2 +f( 2 )_b—a/f(x)dx

5 37.13 (b_a)z(|f”(a)|+|f”(b)l).
2535 2

Corollary 7. In Theorem 6, if we choose h(t) =t and r = 2 we have

b
é[f(a)+4f (#)Jrf(b)]—ﬁ/f(x)dx

_ 1113l (b_a)z(If”(a)|+|f”(b)|)‘

— 25335 2

Theorem 5. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" € Ly[a,b). If| f"|? is h—convex on [a,b],where a,b € I witha <b, r > 1 and
p > 1, then the following inequality hold

b
1 2 a+b 2
@t e () s [ s

1
_0—=a)? 202+ DT gr g +r+3)|
T 4 20+ DT (g + 1) (g +2)

(3.5)

Al ann+| 7 @] 0]

+Uf”@MpBwJ%+U”wM”AMJﬂ”}

1
2
where A(h,t) = 2—14 +fh2 (t)dt and B(h,t) = ﬁ + [h%(t)dt.
0

Nl——
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Proof. By using Lemma 1, triangle inequality and weighted version of Holder’s
inequality we have

1
r(r+1)

b
2 a+b 2
@+ 1o+ 1 (5 ) = s [ £

<(b-a)?

1
% 2 % q
” ot 1 9 ¢
X | " @b+ (1—1)a)|” —dt —t| —dt
r r+1 r
0 0

[ \7 (1 ,

Q=

+ /|f”(zb+(1—r)a)\p(1—r)dt /;—ril (1—1)dt
\1 ) \4
By using h—convexity of | f”|” we have
b
1 2 a+b 2
r(r+1)[f(a)+f(b)]+r+1f( : )—r(b_a)/f(X)dx
<(-a)’
3 s 1 . a
« ([[h(t)|f”(b)p+h(lt)|f”(a)|p]§dt) \/ — -t ;dt)
0 0

\%
)

[h O 1" B +h(1=1)| f" (a)\”} (1—1)dt

+
M\'—‘\_

1
q

t 1

q
1—1)dt
r r+1 ( )

/

2

—

= (b—a)*
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1

" (b p % " )4 % §
(M/th(z)dri&#/th(lt)dt)

0 0

% q
1 q
/ —t| tdt
r+1
0

1 1
1o [a-onoar| @] [a-ona-nar

2

=

1
P

2

q

t 1 |4

1—t)dt
r r—+1 ( )

/

2

Since ¢d < % (62+d2) for ¢,d € R we have

b
1 2 a+b 2
@l (00 < [ s

1

3 | ‘ 7
<(h—a)? ‘——z tdt
(0/ r+1 )
O AN =
><|: 2 (/tdr+/h (t)dt)
0

0

N =

1

" p % 2
L 2(:’” ([tzdt—i—/hz(l—z)dt ]
0

0
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1 1
q(l—t)dt X % /(1—z)2dz+/h2(z)dt

t

r r+1

A

1
2

1
D

1 1
+ /7 @) /(1—t)2d1+/h2(1—t)dz

2

2 2

If we simplify the expression, we have

1
r(r+1)

b
2 a+b 2
@+ 1o+ 1 (57 ) = s [ £ 0

1
q

_(0—=a)? [ 292+ = 1)T (gr+q +r+3)
T 2(r+ 17 (g + 1D (g +2)

S

3 1
1
x4 ||/ @®)” (ﬂ+/h2(z)dz)+f"(a)p §+/h2(z)dz
0 1

Nl

1 3
+| "> %—I—/hz(t)dt —i—f”(a)p(%—l—[hz(t)dt)
1 0

D

then the proof is complete. O

Corollary 8. If we choose h(t) = 1, r = 1 in the inequality (3.5) we get

b
f(a)+ f(b) a+b 2
f*f(T)‘m/f(’”dx

N =

<(b—a)2 1 7(13 . -
-4 {(Q+1)(q+2)} {ﬁ(\f @[ +[f"®)| )} :

Corollary 9. If we choose h(t) = 1,r =2 in (3.5), we get

b
1 a+b 1
o[ r@ar () 1|52 [ rax
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<(b—a)2 ZQ+2+(3Q+5) é 13 " D /" V4 %
B §2-3q+2(q+1)(q+2)} {ﬁ(}f @7+ /7@ )} -

Corollary 10. If we choose h(t) =t, r = 2 in the inequality (3.5), we have

b
1 a+b 1
g[f(a)+4f (T)+f(b)]—m/f(x)dx

_(b-a?( 204 (g+5) |
- 8 {2.3‘1+2(q+1)(q+2)}

" p " p % " P " )4 %
(If @ | L7 ®)] ) +(|f @[” SO )

12 3 3 + 12

Corollary 11. In addition to the conditions given above, if we choose p =q =2,
we have

b
1 a+b 1
6[f(a)+4f( > )-l-f(b)}—m/f(x)dx

(b—a)* | (11" (@) If”(b)IZ% |/ (@) If”(b)IZ%
= 482 2 3 + 3 T 2
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