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Abstract. In this paper, we establish some sharp estimates for certain vector-valued multilinear
integral operators. The operators include Littlewood-Paley operators, Marcinkiewicz operators
and the Bochner-Riesz operator. As an application, we obtain the (L?, L9)-norm inequality for
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1. INTRODUCTION

As a part of the development of singular integral operators, their commutators and
multilinear operators have been well studied in [2-5, 14—18]. In [8], Hu and Yang
obtained a variant sharp estimate for the multilinear singular integral operators. In
[18], C. Pérez and R. Trujillo-Gonzalez obtained a sharp weighted estimate for the
vector-valued singular integral operators and their commutators. The main purpose
of this paper is to prove the sharp estimates for some multilinear operators related
to certain integral operators. The integral operators include Littlewood-Paley opera-
tor, Marcinkiewicz operator and the Bochner-Riesz operator. As an applications, we
obtain the (L2, L?)-norm inequalities for the multilinear operators.

2. NOTATIONS AND THEOREMS

Let m; (j =1,---,1) be positive integers with my +---+m; =m, A; : R" —
€(j=1,-,1), F;: R"x R"x[0,4+00) = € and (x, y,t) — F;(x, y) be some locally
integrable functions. Set

FH)i= [ R S0y

and

l‘— R Ajix,
Eﬂﬂuyzﬁfl“ D) b e f )y

|x — y|™
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for every bounded and compactly supported function f, where

1
Rnjr1(Ajix,y) = Aj(x)= 3 —DA;(r)(x = )"

le|<m;
In addition F; satisfies the following condition: for fixed e > 0 and 0 < § < n,
|1 Fe(x, p)l] < Clx—y[ 7"+

and
[|Fr(y,x)— Fe(z,x)|| < C|y—z|‘9|x—z|_”_8+5

if 2|y —z| < |x —z|. For 1 < r < oo and for the vector-valued multilinear operators
|TA(f)|, and |T(f)|, the bounded and compactly supported functions on R" —
H related to F/ are defined by

oo 1/r oo 1/r
ITAf) ()] o= (Z(TA(ﬁ)(x))’) and |T(f)(x)],:= (ZIT(ﬁ)(x)I’) :
i=1 i=1
where
TAf) ) == IFAHD O T = IF ().
Here ||-|| is the norm of the Banach space H := {continous and bounded /1 : R" — €}

with norm ||A|| such that, for each fixed x € R", F;(f)(x) and FtA(f)(x) may be
viewed as a mapping from [0, +o00) to H. Set

00 1/r
FACIIIRES (Z|fi(x)|r) -

i=1
Suppose that |T'|, is bounded from L?(R™) to L4(R") for any 1 < p <n/§ and
1/g=1/p—65/n.

If m =0, T4 is just the vector-valued multilinear commutator of 7 and A (see
[15]). If m > 0, T4 is non-trivial generalizations of the commutator. It is well known
that multilinear operators are of great interest in harmonic analysis and have been
widely studied by many authors (see [2—5, 14]). The main purpose of this paper is to
prove a sharp inequality for the vector-valued multilinear integral operators T4. As
an application, we obtain a (L?, L) -norm inequality for the vector-valued multili-
near operators. In Section 4, we give some examples.

First, let us introduce some notations. Throughout this paper, Q will denote a cube
of R™ with sides parallel to the axes. For any locally integrable function f : R” — €,

define fp = |Q|_1fQ f(x)dx and

SHx) = sup

1
- — foldy.
anIQI/QV(y) foldy
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and set || f|lBmo = ||f#||Loo. We write f € BMO(R") if || f|lBmo < oo. Tt is
well-known that (see [7])

71~ sup inf oo f f () —cldy.

Forl < p<ooand0<§ <mn,let

1/p
My (f)(x) = sup(| = / If(y)I”dy) |

We shall prove the following theorems.

Theorem 1. If 1 <r < oo, D*A; € BMO(R") for all o with || =mj(j =
-,1), then there exists a constant C > 0 such that for any [ = {fi} € Cg°(R"),
l<s<n/éand X € R",

l
ITAND* @& < T Do 1P 4)llBmo | Ms (1 15)(E).

J=1 \lej|=m;

Theorem 2. If D¥A; € BMO(R") for all a with |a| =mj;(j =1,---,1), then
|TA|, : LP(R") — L9(R") is bounded for | <r <oo, 1 <p<n/Sand1/p—1/q =
8/ n, that is

1
NTAN e <C T D2 11D Ajllmo |1/ lLe.

J=1 \laj|=m;

3. PROOFS OF THE THEOREMS

To prove the theorems, we need the following lemmas.

Lemma 1 (see [4]). Let A: R" — € be a locally integrable function and D*A €
L9(R") for all a with |«| = m and some q > n. Then

1

1/q
——— |D“A<z)|4dz) ,
10 (x,y)| JO(x.y)

Ru(Aix )| < Cle—ym 3 (

lo|=m
where Q is the cube centered at x and having side length 5/n|x — y|.

Lemma 2 (see [1,6]). Suppose that 1 <r <00, 0<§<n, 1 <s < p<n/§and
1/g=1/p—68/n. Then

[IMs,s(|.f ))l|ze = ClIfIrllze.
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Proof of Theorem 1. 1t suffices to prove for f = { f;} € C§°(R") and some cons-
tant Cp, the following inequality:

I
1 . -
o [T @L ~Coldx < [T( 32 109 4) w0 | Mo (1£1 ()
|Q| (9} j=1 \le;|=m;

J I
Without loss of generality, we may assume / = 2. Fix a cube Q = Q(xo,d) and X €
Q.LetQ=5/nQand A;(x)=A;(x)— 3 %(D“Aj)éx“,then Rm;(Aj:x,y)

la|=m;
= ij(/fj;x,y) and D"‘ffj = D%A; —(D"‘Aj)Q~ for |o| = mj. We split f =
g+h={gi}+ihi}forgi = fix g and hi = fi ) gn\ 5- Write

2’— R, I‘I'i )
AW = [ Y

lx —y[™
[T5=1 Rm,+1(4j:x.,)
_ J A Fy(x,y)hi(y)dy
R |X—y|
j L Fi(x,y)gi(y)dy
RN |X—y|
1 Ry, (A2;x,y)(x — y)@ i
S _/ mo (A2;x,y)(x —y) DY Ay (y)Fr(x,y)gi (y)dy
al! n |x_y|m
loer|=m
1 Ry (A1;x,y)(x —y)®2 A
S _f my (A%, y)(x —y) D*2 Ay (y) Fr(x,y)gi (y)dy
or! R |x_y|m
loa|=m2
I (x — y)®1+22 D@1 4, (y) D Ay (y)
N Z L i Fi(x,y)gi(y)dy,
o1:02: JRn |X y|

loey|=m1, |az|=m>

then, by Minkowski’ inequality,

1 4 r

IQI/QMT (N =T () (xo0)lr | dx

= 1 ‘”FrA(f)(x)Hr—||F;‘I(h)(x0)||r dx
101 /o

1/r

= HE/Q (Z”FtA(ﬁ)(x)—F;‘I(hi)(xo)Hr dx
i=1

~ 1/r
H12'=1 Rm; (Ajix.y) ' dx
Rn [x —y[™

Fi(x,y)gi(y)dy
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SrIAN(DY

i=1||lai|=m

/ Ry (A2;x,y)(x — y)®

ey P A F g (v)dy

rN 1/r
) dx
N 1/r
) dx
r\ 1/r
) dx

o0

A D>

i=1||la2l=m>

/ Ry (A13x,y)(x — y)*2
n [x — y[™

©Q

D*2 Ay (y) Fy(x,y)gi (y)dy

o0

SrA PN D>

i=1||lar|=my, |az|=m2

©Q

(x = y)*1+2 D*1 A4, (y) D A(y)

R |x — y|™

1/r
|Q| (ZHFA(h )0) = FA (i) (xo) | )

=L+ L+ 13+ 14+ 15.

Fi(x,y)gi(y)dy

Now, let us estimate 11, I, I3, I4 and Is, respectively. First, for x € Q and y € Q
we get by Lemma 1,

Rm(Ajix.y) <Clx—y|™ Y |ID% 4;||Bmo-

Ia_,- |=m

thus, by the (L5, L?)-boundedness of |T|, with 1 <s <n/§and 1/qg =1/s—48/n,
we obtain

n=c[[ = 10 4lismo |Q|[|T(g)(x)| dx

J=1 \la,|=m;

1/q
<cT1l > 10% 45limmo (|Q|/|T<g)<x)|qu)

J=1 \le;|=m;

2 1/s
<cTI| X 1% 45llzmo IQI‘”q(/QIf(x)IidX)

J=1 \la,;|=m;
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<CII[ X 1p%4jlizmo | Mss(1f1r)(%).

J=1 \lej[=m;
For I,, denoting s = pg for 1 < p<n/8,q>1,1/g+1/¢’  =1and 1/u=1/p—
6/n, we get, by Holder’s inequality,

L=c Y IDAzllzumo0 /|T(D“1A1g)(x>| dx

loeo |=m2 |a1| =m |Q|
1 _ 1/u
c¢ ¥ malmno 3 (i [ 170" Agwltax)
oz |[=m2 oy |[=my R
. 1/p
<C Z || D2 Az||BMoO Z |Q|_1/"(/ (ID“‘Al(X)IIg(X)Ir)”dX)
loez |=m2 ety [=my R
1/pq’
<C Y ID=Asllsmo Y ( / |D“1A1(x>|1’4dx)
oz |[=m2 ey |[=my 19

1 1/pq
X (|Q|1TS/"/Q |f(x)|fqu)

2
=C[{ 2 1P4sllsmo | Mss(1£11)().

J=1 \|a|=m;

For I3, similar to the proof of I, we get

2
L=C[I| X IP*4llamo | Mss(1f1r)().

J=1 \|o|=m;
Similarly, for 14, denoting s = pg3 for 1 < p <n/é, q1.92.93 > 1, 1/q1 +1/q2 +
1/g3=1and 1/u =1/p—§/n, we obtain

1 ~ ~
I4<C > @/Q |T(D A1 D* A28)(x)|rdx

leey [=my,|az|=m2

1 N _ 1/u
<c ¥ (@ /R ) |T(D°‘1AID“2A2g)(x>|¢‘dx)

leey [=my,|o|=m2

_ . 1/p
<c ¥ IQI_”’(/R n(|D“1A1(x)D“ZAz(x>||g(x)|r)de)

loey |=my,|az|=m2
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1 . 1/pq1
<C > (EﬂA;DmAﬂmeda

loe |[=my,|az|=m2

. 1/pq2
(g7 [, 1o dcorrnax ) (ot [ 1rpras)

2
<C[I| X 11p*4;llsmo | Ms5(1f 1) ().

J=1 \|a|=m;

1/pqs

For I5, we write

FAhi)(x) = F{ (1) (xo)

2
=/ (Ft(x,y) _ F,(xo,y)) [T R, (A3 9)hi (3)dy
Rn j=1

lx —y[™  |xo—y[™

3 8 R, (A2; x,
+/R (le(Al;x,y)—le(A1;xo,y))wﬂ(m,whi(y)dy

5 . R, (A1; X0,
+ f (Rmz(Az;x,w—Rmz(Az;xo,y))Wﬂ(xo,y)hi(y)dy

Rn
1 R, (A2 x, -
) 2:&7/ [mﬂijfﬁfy)lWLw
oy [=my LR '
R A‘ ;X ’ X0 — o ~
B (Ao 3000 =N (3 D (s 1)y
|xo — |
1 R, (A1 x, —))*
-l [ R
oz = 2R ’
R, (A1:x0,¥)(x0 — y)*2 {
B (Arxo. V0N | Do (s (1)
|xo — |
1 (x —y)xrtoz (xo—y)*1te2 ]
F s _—F 9

loey|=m1, |az|=m>

x D' A1 (y) D2 A5(y)hi (y)dy
=1+ 1P+ 1P+ 10+ 10+ 1.

By Lemma 1 and the following inequality (see [19])

|bo, —bg,| < Clog(|Q2|/|21DIIbl|BMo for Q1 C Q2.
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we know that, for x € Q and y € 2kt1 0\ 2k,

| R (A;x,9)| < Clx=y[™ Y~ (ID“Allmo + (D¥A) 5. ., — (D 4) 5])

loe|=m

<Cklx—y[™ Y [ID*Al|Bmo-

lot|=m

Note that [x — y| ~ |xo— y| for x € Q and y € R"\ O, we obtain, by the conditions

on Ft,

1) |x —xo| |x —xo[° )
1 <C +
151l /R” (le_y|m+n+1—8 |xo — y|mtn+e—s

2

j=1

2
<C[[| D IID*4jllzmo
J=1 \la|=m;
o0

|x — xo] |x —xo® )
x k? + (v)|d
,;,[zkwg\zkg (IXo—yI"“‘3 xo—ypres ) /i

2
<cTI| >_ Ip*4;lizmo

J=1 \|a|=m;

o0
x Y k2R 427k
k=1

1
W[zké | fi(y)ldy,

thus, by Minkowski’ inequality,

(

i=1

00 1/r 2
ané”w) <c[Il X up*a;lizmo

J=1 \|x|=m;

o0
x Y k2@ F 427

fO)Irdy
k=1 0

1
|2kQ|1—8/n /zk

2
<c[T| X p*4jllsmo | Msa(f 1)),

J=1 \|a|=m;
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For 1 5(2), by the formula (see [4]):

Rp(A:x.y) = Rm(Aixo.y) = Y _ Ry ip(DP A:x,x0) (x — )P

|Bl<m

1
B!
and Lemma 1, we have

|Rm(A:x.9) = Rm(Aixo. )| < C Y > [x—xo/™ Bljx — y ||| D* Al | paro.

|Bl<m|o|=m

00 1/r
(ZIIIS(Z)II’)

i=1

thus

2 [e9)

|x — xo|
<C DYA; / i d
< |=| > 1ID*4;lImo0 kéo e G\2K G |xO_y|n+1_5|f(y)|r y

J=1 \Ja|=m;

2
<Cc[T| X 1p*4;llsmo | Ms1(f 1)),

J=1 \la|=m;

Similarly,

00 1/r
(ZIII§3)||’) <C

i=1

[TI D 1p%4jllmo | Ms1(1f 1))

2
j=

1 \|a|=m;
For 1 _;54), we get

oo 1/r
(ZHIS“”H’)

i=1

% L

leey [=m

X | Ry (A23.x, )| D A1 ()| ()| dy

+C Z ~|RW12(“IZ;X’)’)_Rm2(1412§x0,)’)|
R"\Q

(x=y)*" Fi(x.y) (x0—y)" Fi(x0,y) H
|x—y|™ |[xo —y|™

oy |=my
(xo — y)*!|[| Fr (x0, ) i
o 0= 02 e ) )y

(o .¢]
<C Y [ID%4allsmo Y. D k@ 7F4+27%)

lee|=m> leey |=my k=1
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1 o‘lff S’d 1/s’ 1 y
X(pk@fsz'D 1)l y) (M—l_smfzkémy)lr y)

<C[I[ X 1p*4;llsmo | Mss(1f1)E).

J=1 \la|=m;

1/s

Similarly,

00 1/r
(anés’u’) <c

2
i=1 j =

TTI . 1ID*4jllsmo | Mss(1£1-) ().

J=1\|a|=m;

For 15(6), taking ¢1,g> > 1 such that 1/s 4+ 1/g1 + 1/g2 = 1, then

00 1/r
(ZHIS@H’)

i=1

el

lay|=my,|az|=m>

x | DU Ay (0| D2 A2 (D) f ()| dy

— _ s 1 i 1/s
<c Y SkeFiak (M—l_smfzkglf(y)lrdy)

leey [=my,|az|=m2 k=1

( 1 / _ 1/‘11 1 » 1/‘12
o L ~|D°“Al(y>|q‘ozy) ( = ~|D“2Az<y>|qzdy)
12k Q| Jax o 12k Q| Jak o

2

(x=)MT2F(x.y)  (xo—y)* % Fi(x0.y) H

[x =yl |[xo —y|™

<CTIl 22 P*4;liBmo | Ms.o(f 1) ().

J
Thus

1 \|a|=m;

2
Is<CTT{ X IID*4jllzmo | Mss(1f1r)(F).
J=1\la|=m;

This completes the proof of Theorem 1. 0

Proof of Theorem 2. We choose 1 < s < p in Theorem 1 and by using Lemma 2,

we get

l
T4 e < CITAN e <C TT| Do 11D4)l1Bmo | 11M5.5(1f 1|2

J=1 \|a|=m;
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<cl‘[ > D AjlBaso |1 f1rllLe.

J=1 \Ja|=m;

This finishes the proof. U

4. APPLICATIONS

Now we give some applications of the Theorems:

Application 1. Littlewood-Paley operators.

Fixed0 <§ <n,e>0and u > (3n+2—268)/n. Let ¥ be a fixed function which
satisfies the following properties:

(1) Jrn ¥ (x)dx =0,

Q) Y@ <C1+|x)~OF1=9),

B3) Y+ y) =Y @)| < ClyE(1+|x)™ 1+ when 2| y| < |x].

We denote I'(x) = {(y,t) € R{’,_H . |x — y| <t} and the characteristic function of
I'(x) by x r(x)- The Littlewood-Paley multilinear operators are defined by

oo d 1/2
g:2<f)(x):=(/0 |F;“(f)<x)|27’) ,

dydtY?
S = [//F( )|F,A<f><x,y>|2t,,y+f}
and
A dydt v
dtnw=| [ [ () oG]
where

m Ajix,
FA)(x) —/ [t Ry 1 (4 P ) Sy,

|x — y|™

1 Rm; Ajix,
FAOe = [ oo B Ghyined) oy opa

|x —z|™
and Y (x) :=t "ty (x /1) for 1 > 0. Set F;(f)(y) = f * ¥ (y). We also define

[e'e) d 1/2
2w () = ( /0 |Ft<f><x>|27’) ,

dydt\'/?
sehw = ([ [ 1roPEE)

1/2
e dyd
gu(f)(X)—<// (=) |Ft<f)(y)|2[,f—+f) ,

and
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which are the Littlewood-Paley operators (see[20]). Let H be the space

o0 1/2
H:={h:||h||=(/ |h(t)|2dt/t) <oo}
0
1/2
H:= h:||h||=([/errl|h(y,t)|2dydt/t”+1) <00},

then, for each fixed x € R", FtA(f)(x) and FtA (f)(x,y) may be viewed as the
mapping from [0, +00) to H, and it is clear that

g4 (N = IFAN @I gy (@) =F (NI,

SEN = | 1re FA L Sy(N = |[xr@FHO]|

or

and

A 4 nl2 A
dinm=|() FAOE

¢ nu/2
‘(m) Fe(f)(y)

It is easily to see that gy, Sy and g, satisfy the conditions of Theorems 1 and 2 (see
[9-11]), thus Theorems 1 and 2 hold for g;;, S;; and g;‘}.

Application 2. Marcinkiewicz operators.

Fixed 0 < § < n, Fix A > max(1,2n/(n +2—2§)) and 0 < y < 1. Let £2 be
homogeneous of degree zero on R” with fS"—l 2(x")do(x") = 0. Assume that 2 €
Lip,(S n=1) The Marcinkiewicz multilinear operators are defined by

A . A dt 1/2
/m(f)(x).—(/o EACH) () 73) |

gu(f)x) =

wdner=| [ [ iroe RS }1/2
and
nh dydi "
m(f)(X)—U fe (i) FtA<f>(x,y>|2,,f+3} ,
where

I
nj:lij"l'l(Aj’x y) .Q(x|n );)Sf( )dy

FA)(x) = /

| x—y|<t |x_y|m |
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and
L R +1(A;y, _
FAG = [ Wit By 1 50:0)_20=2) g,
ly—zl<t ly—zl ly—zl
Set
2 —
Fi(f)(x) = /|x_m %f(y)dy.
We also define )
o0 d 1/2
pa (o= ([ IEO@PE)
dydt\/?
pse=([ [ irnwrSs)
and

ni dvd 1/2
O (/ / " (m) |F,(f>(y>|2t,f+§) ,

which are the Marcinkiewicz operators (see[21]). Let H be the space

(oS 1/2
H:= {h:||h||= (/ |h(z)|2dt/t3) <oo}
0
1/2
H:= {h:h = (//RTI |h(y,z)|2dydz/z"+3) <oo}.

Then, it is clear that

SN = IFAN@IL ra(HE = IF I,
(N = ||xr@FAN ||, 1s(H@ = |xrmF OO

or

and

’

" ni/2 4
(m) FA(f)(x,p)

i (H)x) = '

ma(f)(x) =

ni/2
_ F,
(=) =)
It is easily to see that g, ns and p ), satisfy the conditions of Theorems 1 and 2 (see
[12,21]), thus Theorems 1 and 2 hold for ué, ug and ,uf.
Application 3. Bochner-Riesz operator .
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Let§ > (n—1)/2. BY(f)(§) = (1= 12§14 £ (€) and Bf (z) = 17" B%(z/1) for
t > 0. Set

e R 41(Aj3x,
W= [ [ - +y1|(m’ 0 g3 £y

The maximal Bochner-Riesz multilinear operator are defined by
Bi ()= su13|B§f, (/) )].
t>

We also define
B, (f)(x) = sup IBS(f)(x)l,

which is the maximal Bochner-Riesz operator (see [13]). Let H be the space H :=

{h:||h|| = sup|h(t)| < oo}, then
>0

BA (/) = 1B, (H@II. BEHx) = 1BS(NH @),

It is easily to see that B(§4 , satisfies the conditions of Theorems 1 and 2 (see [22]),
thus Theorems 1 and 2 hold for B 5,4 .
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