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1. INTRODUCTION

Banach contraction principle play an important role in several branches of mathe-
matics. For instances, it has been used to study the existence of solutions of nonlinear
Volterra and Fredholm integral equations, nonlinear integro-differential equations in
Banach spaces and to prove the convergence of algorithms in computational mathe-
matics. Because of its importance in mathematics, Banach contraction principle has
been extended in many different directions, see [1–15] and references therein.

In [10] Khan et al. proved the following fixed point theorem.

Theorem 1 ([10]). Let .X;d/ be a complete metric space, and let T W X ! X be
a mapping satisfying

 .d.T x;Ty//� k .d.x;y//;

for each x;y 2X and for some k 2 Œ0;1/ where  W Œ0;1/! Œ0;1/ is a continuous
and non-decreasing function such that  .t/D 0 if and only if t D 0. Then T has a
unique fixed point x 2X such that lim

n!1
T nx D x, for each x 2X .

Another generalization of the contraction principle was suggested by Alber and
Guerre-Delabriere [1] in Hilbert spaces. Rhoades [15] has shown that the result that
Alber and Guerre-Delabriere proved in [1] is also valid in complete metric spaces.
We state the result of Rhoades in the following.
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Theorem 2 ([15]). Let .X;d/ be a complete metric space. Let T W X ! X be a
mapping which satisfies

d.T x;Ty/� d.x;y/��.d.x;y//;

for each x;y 2 X , where � W Œ0;1/! Œ0;1/ is a continuous and non-decreasing
function such that �.t/ D 0 if and only if t D 0. Then T has a unique fixed point
x 2X such that limn!1T nx D x, for each x 2X .

In fact, Alber and Guerre-Delabriere assumed an additional condition on T which
is limt!1�.t/ D 1. Notice that Rhoades [15] obtained the result presented in
Theorem 2 without using this particular assumption.

In 2008 Dutta et al. [6] proved the following generalization of Banach contraction
mapping principle which includes the generalizations presented in Theorems 1 and
2.

Theorem 3 ([6]). Let .X;d/ be a complete metric space, and let T WX !X be a
mapping satisfying

 .d.T x;Ty//�  .d.x;y//��.d.x;y//;

for each x;y 2 X , where  ;� W Œ0;1/! Œ0;1/ are continuous and non-decreasing
function such that  .t/D �.t/D 0 if and only if t D 0. Then T has a unique fixed
point x 2X such that limn!1T nx D x, for each x 2X .

The purpose of this paper is to present a new generalization of the Banach contrac-
tion principle in terms of altering distances. Our theorem unifies and extends some
well-known results in the literature including the above theorems.

2. MAIN RESULTS

We are ready to state our main result.

Theorem 4. Let .X;d/ be a complete metric space and let T WX !X be a map-
ping satisfying

u.d.T x;Ty//� v.d.x;y//; for each x;y 2X;

where u;v W Œ0;1/! Œ0;1/, v.t/ <u.t/ for each t > 0 and u.0/D v.0/D 0. Assume
either one of the following assumptions holds:

(a) u and v are continuous and if fu.xn/g be a non-increasing sequence then
fxng is bounded;

(b) u is increasing, continuous, u�1 is continuous and v is continuous from the
right;

(c) u is increasing, continuous, v is continuous at 0, liminf
t!1

.t �u�1.v.t/// > 0

and limsup
s!r

v.s/ < v.r/ for each r > 0.

Then T has a unique fixed point x 2X such that limn!1T nx D x, for each x 2X .
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Proof. For any x0 2X , we construct the sequence fxng by xnD T xn�1 for n2N.
From our assumption on T , we have

u.d.xn;xnC1//� v.d.xn�1;xn//; for each n 2N: (2.1)

Since
v.d.xn�1;xn//� u.d.xn�1;xn//; for each n 2N (2.2)

then from (2.1) and (2.2), we get

u.d.xn;xnC1//� v.d.xn�1;xn//� u.d.xn�1;xn//; for each n 2N: (2.3)

From (2.3), we deduce that fu.d.xn;xnC1//g is a non-negative non-increasing sequ-
ence and consequently there exists r � 0 such that

lim
n!1

u.d.xn;xnC1//D r: (2.4)

We shall show that
lim
n!1

d.xn;xnC1/D 0: (2.5)

Assume first that (a) holds. Then fd.xn;xnC1/g is a bounded subsequence. On the
contrary, assume that

lim
k!1

d.xnk
;xnkC1/D s > 0; (2.6)

for some subsequence fxnk
g of fxng. Since u and v are continuous then from (2.3),

(2.4) and (2.6), we have

u.s/D lim
k!1

u.d.xnk
;xnkC1//D lim

k!1
v.d.xnk

;xnkC1//D v.s/;

and so s D 0, a contradiction. Thus (2.5) holds.
If (b) holds, since u is increasing and fu.d.xn;xnC1//g is non-increasing then we
get that the sequence fd.xn;xnC1/g is non-increasing and consequently there exists
s0 � 0 such that limn!1d.xn;xnC1/ D s0. Since u is continuous from (2.4) we
deduce that

0D lim
n!1

u.d.xn;xnC1//D u.s0/;

and so s0 D 0. Thus (2.5) holds in any case.
We next prove that fxng is a Cauchy sequence. If possible, let fxng be not a Cauchy
sequence. Then there exists � > 0 for which we can find subsequences fxm.k/g and
fxn.k/g of fxng with n.k/ > m.k/ > k such that

d.xm.k/;xn.k//� �; for each k 2N: (2.7)

Further, corresponding to m.k/, we can choose n.k/ in such a way that it is the
smallest integer with n.k/ > m.k/ and satisfying (2.7). Then

d.xm.k/;xn.k/�1/ < �: (2.8)

Then, we have

�� d.xm.k/;xn.k//� d.xm.k/;xn.k/�1/Cd.xn.k/�1;xn.k//< �Cd.xn.k/�1;xn.k//:
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Letting k!1 and using (2.5),

lim
k!1

d.xm.k/;xn.k//D �: (2.9)

Again,

d.xn.k/;xm.k//� d.xn.k/;xn.k/�1/Cd.xn.k/�1;xm.k/�1/Cd.xm.k/�1;xm.k//;

and

d.xn.k/�1;xm.k/�1/� d.xn.k/�1;xn.k//Cd.xn.k/;xm.k//Cd.xm.k/;xm.k/�1/:

Letting k!1 in the above two inequalities and using (2.5) and (2.9), we get

lim
k!1

d.xn.k/�1;xm.k/�1/D �: (2.10)

Now, assume (a) holds. Let 0 < ˛ < 1. Since u is continuous then from (2.1) and
(2.9) there exists K such that

˛u.�/� u.d.xm.k/;xn.k///� v.d.xm.k/�1;xn.k/�1//;

for each k �K. Letting k!1 and using (2.9) and (2.10), we obtain ˛u.�/� v.�/.
Since 0 < ˛ < 1 is arbitrary, we get

u.�/� v.�/;

which is a contradiction if � > 0 and so fxng is a Cauchy sequence.
Now, assume that (b) holds. Since u is increasing then from our assumption on T ,
we get

d.T x;Ty/� u�1.v.d.x;y///� d.x;y/; for each x;y 2X: (2.11)

From (2.11) and for each k 2N, we have

d.xm.k/;xn.k//� d.xm.k/;xm.k/C1/Cd.xm.k/C1;xn.k/C1/Cd.xn.k/C1;xn.k//

� 2d.xk;xk�1/Cu
�1.v.d.xm.k/;xn.k////: (2.12)

Since v is continuous from the right and u�1 is continuous, then from (2.5), (2.7) and
(2.9), we get (note that v.�/ < u.�/)

� � u�1.v.�// < �;

a contradiction. Then fxng is a Cauchy sequence.
Now suppose that (c) holds. To prove that fxng is a Cauchy sequence let us, on the

contrary, assume that limsupm;n!1d.xm;xn/ > 0. By the triangle inequality and
using (2.11),

d.xm;xn/� d.xm;xmC1/Cd.xmC1;xnC1/Cd.xnC1;xn/

� d.xm;xmC1/Cu
�1.v.d.xm;xn///Cd.xnC1;xn/;

for each m;n 2N. Then for each m;n 2N, we have

0� d.xm;xn/�u
�1.v.d.xm;xn///� d.xm;xmC1/Cd.xnC1;xn/: (2.13)
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From (2.5), we get

lim
m;n!1

d.xm;xn/�u
�1.v.d.xm;xn///D 0:

From (c) we deduce that fd.xm;xn/g has a bounded subsequence. Let us denote
lim
k!1

d.xmk
;xnk

/D r > 0. Then from (2.13) and using the continuity of u, we get

that
lim
k!1

u.d.xmk
;xnk

//D u.r/� v.r/;

a contradiction. This shows that fxng is a Cauchy sequence.
Since X is a complete metric space then fxng is convergent. Let limn!1xn D x.
From our assumption on T , we have

u.d.xn;T x//D u.d.T xn�1;T x//� v.d.xn�1;x//:

Letting n!1 and using continuity of u and continuity of v at 0,

u.d.x;T x//� v.0/D 0;

which implies u.d.x;T x//D 0, that is, T x D x.
To prove the uniqueness of the fixed point, let us suppose that x and y are two fixed
points of T . Then, we have

u.d.x;y//D u.d.T x;T y//� v.d.x;v//;

and so d.x;v/D 0. Thus x D y. �

Remark 1. Let u.t/D .t/ and v.t/D .t/��.t/ for each t 2 Œ0;1/where ;� W
Œ0;1/! Œ0;1/ are continuous and increasing function such that  .t/D �.t/D 0
if and only if t D 0. Then from Theorem 4 we get immediately the above mentioned
result of Dutta and Choudhury.

Now we get the following fixed point theorem of integral type due to Branciari [2].

Corollary 1. Let .X;d/ be a complete metric space and let k 2 Œ0;1/, T WX!X

be a mapping such that for each x;y 2X ,Z d.fx;fy/

0

'.t/dt � k

Z d.x;y/

0

'.t/dt;

where ' W Œ0;1/! Œ0;1/ is a Lebesgue-integrabel mapping which is summable,
non-negative, and such that for each � > 0,

R �
0 '.t/dt > 0. Then T has a unique fixed

point x 2X such that limn!1T nx D x, for each x 2X .

Proof. Let u.t/D
R t
0 '.x/dx and v.t/D ku.t/ for each t 2 Œ0;1/ and apply The-

orem 4. �

The following result (due to Browder [3]) is another consequence of our main
result.
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Corollary 2. Let .X;d/ be a complete metric spaceand let T WX !X be a map-
ping such that for each x;y 2X ,

d.T x;Ty/�  .d.x;y//;

where  W Œ0;1/! Œ0;1/ is non-decreasing and continuous from the right. Then T
has a unique fixed point x 2X such that limn!1T nx D x, for each x 2X .

Corollary 3 ([7]). Let .X;d/ be a complete metric space and let T WX !X be a
mapping such that for each x;y 2X ,

d.T x;Ty/� ˛.d.x;y//d.x;y/;

where ˛ W Œ0;1/! Œ0;1/ satisfying

˛.tn/! 1) tn! 0:

Then T has a unique fixed point x 2X such that limn!1T nx D x, for each x 2X .

Proof. Let u.t/ D t and v.t/ D ˛.t/t and apply Theorem 4 (note that u and v
satisfy (c)). �

ACKNOWLEDGEMENTS

The first author was partially supported by the Center of Excellence for Mathema-
tics, University of Shahrekord, Iran and by a grant from IPM (No. 91470412), while
the work of the second author was supported by a grant of the Romanian National
Authority for Scientific Research, CNCS-UEFISCDI, project number PNII-ID-PCE-
2011-3-0094.

REFERENCES

[1] Y. I. Alber and S. Guerre-Delabriere, “Principle of weakly contractive maps in Hilbert spaces,” in
New results in operator theory and its applications: the Israel M. Glazman memorial volume, ser.
Oper. Theory, Adv. Appl., I. Gohberg, Ed. Basel: Birkhäuser, 1997, vol. 98, pp. 7–22.
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