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AsstrAcT. In this paper, by using the fuzzy propeRy some characterisations and
properties of certain types of upper (lower) fuzzy continuous multifunctions in-
cluding upper (lower) fuzzy continuous, upper (lower) fuzzy almost continuous,
upper (lower) fuzzyc-continuous, upper (lower) fuzzy almastontinuous, upper
(lower) fuzzyc*-continuous, upper (lower) fuzz¢continuous, upper (lower) fuzzy
almosts-continuous, upper (lower) fuzzcontinuous, upper (lower) fuzzy almost
¢-continuous functions are given.
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1. |NTRODUCTION

It is well known that several types of fuzzy upper (lower) continuous multifunc-
tions are given in literature. By using propef®y our main goal here is to give
some characterisations and properties of certain types of upper (lower) fuzzy contin-
uous multifunctions including upper (lower) fuzzy continuous, upper (lower) fuzzy
almost continuous, upper (lower) fuzzycontinuous, upper (lower) fuzzy almost
c-continuous, upper (lower) fuzay-continuous, upper (lower) fuzzycontinuous,
upper (lower) fuzzy almoss-continuous, upper (lower) fuzz§continuous, upper
(lower) fuzzy almost-continuous functions.

Fuzzy sets on a universéwill be denoted by Greek letters asp, n, etc. Fuzzy
points will be denoted by,, y,, etc. For any fuzzy pointg, and any fuzzy set, we
write x, € u iff ¢ < u(x). A fuzzy setx, is called quasi-coincident with a fuzzy set
p, denoted by, g p, iff € + p(X) > 1. A fuzzy selu is called quasi-coincident with a
fuzzy setp, denoted by q p, iff there exists & € X such thau(x) +p(x) > 1. In this
paper we use the concept of a fuzzy topological space as introduced by [1]. By int(
cl(u) and cofz), we mean the interior qgf, the closure ofi, and the complement of

Let F . X — Y be a fuzzy multifunction from a fuzzy topological spaXdo a
fuzzy topological spac¥. For any fuzzy sett < X, F*(u) andF~(u) are defined
by Ff(u) = {x € X : F(X) < u}, F-(u) = {x € X : F(X) q u}. We know that
F~(co(@)) = co(F*(B)) for any fuzzy seB < Y [8].
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2. Fuzzy P-CONTINUOUS MULTIFUNCTIONS

Definition 1. Let (X, 7) be a fuzzy topological space and Jek X be a fuzzy set.
Then it is said that

(i) uis afuzzyP-set if u possesses fuzzy propery
(i) wu has fuzzyP-complement if cqf) possesses fuzzy propely

The following definition of fuzzyP-continuity is considered for fuzzy multisetting
from [6] in the classical sense.

Definition 2. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 7) to a fuzzy topological spacé,@). Then itis said thaF is fuzzy lower (upper)
P-continuous if for eacl, € X and for each fuzzy sethaving aP-complement such
thatx, € F~(u) (X, € F™(u)), there exists an open fuzzy getontainingx, such that

p<F () (o< F W)

The following table gives us the list of some types of lower (upper) fu2zy
continuous multifunctions with propers.

The definitions of lower (upper) fuzzag-continuous, lower (upper) fuzzy almost
c-continuous, lower (upper) fuzay-continuous, lower (upper) fuzzycontinuous,
lower (upper) fuzzy-continuous and lower (upper) fuzzy almd@stontinuous mul-
tifunctions are considered for fuzzy multisetting from [2, 3, 10, 4, 5] and [7], respec-
tively.

The definitions of lower (upper) fuzzy continuous and lower (upper) fuzzy almost
continuous multifunctions are considered from [8] and [9], respectively.

n° Fuzzy P-set Fuzzy loweP-con. Fuzzy uppeP-con.
1. f. closed f. . con. f. u. con.

2. f.regular closed f. I. almost con. f. u. almost con.
3. f. closed compact f. kc-con. f. u.c-con.

4. f. regular closed compact f. I. almaston.  f. u. almost-con.
5. f. closed countable compact f.di-con. f. u.c*-con.

6. f. closed connected f. &-con. f. u.s-con.

7. f.regular closed connected f.|. almaston. f. u. almoss-con.
8. f. closed Lindabf f. I. £-con. f. u.¢ -con.

9. f.regularclosed LindéF  f.|. almosté-con.  f. u. almost-con.

We know that a net(,) in a fuzzy topological spaceX(r) is said to be eventually
in the fuzzy sel: < X if there exists an indexo € J such thatx; € u for all @ > ao.

The following theorem gives us some characterisation of fuzzy lower (upper)
continuous multifunctions.
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Theorem 1. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to a fuzzy topological spade, v). Then the following statements are equiva-
lent:

(i) Fis alower (upper) fuzzfP-continuous multifunction.

(i) For eachx, € X and for each fuzzy s@thaving aP-complement such that
F(x:) g u (F(X:) < w), there exists an open fuzzy getontainingx, such
that if yg € p, thenF(yp) q 1 (F(yp) < w).

(i) F~(u) (F*(u)) is an open fuzzy set for any fuzzy gek Y having aP-
complement.

(iv) F*(co()) (F~(co())) is a closed fuzzy set for any fuzzy get Y having a
P-complement.

(v) For eachx, € X and for each ne{x; ) which converges ta, in X and for
each fuzzy sgé < Y having aP-complement such thad. € F~(p) (x. €
F*(p)), the net(x ) is eventually inF~(o) (F*(0)).

Proof. (i)<(ii). This statement is obvious.

() (). Let x. € F~ (1) and letu be a fuzzy set having B-complement. From
(), there exists an open fuzzy getontainingx, such thap < F~(u). It follows that
Xe € int(F~(u)) and (iii) holds.

The converse can be shown easily.

(iii) ©(iv). SinceF~(co()) = co(F*(u)) andF*(co()) = co(F~(u)), the proof is
clear.

()=(v). Letx; be anetwhich convergesxpin X and leto <Y be any fuzzy set
having aP-complement such that. € F~(p). SinceF is a lower fuzzyP-continuous
multifunction, it follows that there exists an open fuzzy get X containingx, such
thatu < F~(p). Sincex; converges t, it follows that there exists an index) € J
such thatxg € p for all @ > ap. From here, we obtain that € u < F~(p) for all
@ > ap. Thus, the netx ) is eventually inF~(p).

(V)=(i). Suppose that (i) is not true. There exists a poinend a fuzzy set
having aP-complement withx, € F~(u) such thalp £ F~(u) for each open fuzzy
setp < X containingx.. Letx. € p andx. ¢ F~(u) for each open fuzzy set
p < X containingx.. Then for the neighbourhood net.(), x;, — X, but (x,) is
not eventually inF~(x). This is a contradiction. Thus; is a fuzzy lower (upper)
P-continuous multifunction.

The proof of the fuzzy uppéP-continuity of F is similar to that given above. o

Example.Let F : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to afuzzy topological spac¥,(v). Then the following statements are equivalent
to Theorem 1 when we take fuzByset as fuzzy closed compact set:

(i) Fis alower (upper) fuzzg-continuous multifunction,
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(i) For eachx, € X and for each fuzzy open sehaving a compact complement
such that~(x.) q u (F(x:) < u), there exists an open fuzzy getontaining
X such that ifys € p, thenF(yz) q u (F(yp) < p),

(i) F~(u) (F*(u)) is an open fuzzy set for any fuzzy open gex Y having a
compact complement,

(iv) F*(1 — u) (F~(1 - w)) is a closed fuzzy set for any fuzzy open gek Y
having a compact complement,

(v) Foreachk, € Xand foreach net ) which converges t@. in X and for each
fuzzy open sep < Y having a compact complement such thate F~(p)

(Xe € F7(0)), the net & ) is eventually inF~(o)(F *(0)).

Definition 3. Suppose thatX, 1), (Y,v) and ¢, w) are fuzzy topological spaces. If
Fi1: X > YandF; :Y — Z are fuzzy multifunctions, then the fuzzy multifunction
FooFy: X — Zisdefined by F2 o F1)(%:) = F2(F1(Xe))-

Theorem 2. Let (X, 1), (Y, v), (Z, w) be fuzzy topological spaces and ket X —» Y
andG : Y — Z be fuzzy multifunctions. F : X — Y is an upper fuzzy continuous
multifunction andG : Y — Z is an upper fuzzy-continuous multifunction, then
GoF : X — Zis an upper fuzz{P-continuous multifunction.

Proof. Let u < Z be any fuzzy set having B-complement. From the definition of
Go F, we have G o F)*(u) = F*(G*(u)). SinceG is an upper fuzzy-continuous
multifunction, it follows thatG* (1) is an open fuzzy set. Sindeis an upper fuzzy
continuous multifunction, it follows thd*(G* (u)) is an open fuzzy set. This shows
thatG o F is an upper fuzzy-continuous multifunction. O

Theorem 3. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to a fuzzy topological spad#, v). If F is a lower (upper) fuzzi-continuous
multifunction and: < X'is a fuzzy set, then the restriction multifunctién,: u — Y

is a lower (upper) fuzziP-continuous multifunction.

Proof. Suppose thag < Y is a fuzzy set having B-complement. Lek, € u and let
Xs € F7|,(B). SinceF is a lower fuzzyP-continuous multifunction, it follows that
there exists a fuzzy open set € p such thajp < F~(8). From here we obtain that
X € pApandp Ap < F7|,(8). Thus, we show that the restriction multifunctibf,is
lower fuzzyP-continuous.

The proof of the fuzzy uppé®-continuity of F|, is similar to the above. O

Theorem 4. Let f : X — Y be a fuzzy function from a fuzzy topological space
(X,7) to a fuzzy topological spacg,v). Let{y, : a € ®} be an open cover of
X. If the restriction multifunctiorF, = F,_is a lower (upper) fuzz{-continuous
multifunction for eachr € @, thenF is lower (upper) fuzzP-continuous.

Proof. Let u < Y be a fuzzy set having B-complement. Since JFis lower fuzzy
P-continuous for eachr, from Theorem 1F;(u) < int, (F;(x)) and from here
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F-(w) Ay, <int, (F7(u)Ay,) andF~ () Ay, < int(F1(w))Ay,. Sincely, : a € ®}
is an open cover oX, it follows thatF~(«) < int(F~(«)). Thus from Theorem 1, we
obtain thatF is a lower fuzzyP-continuous multifunction.

The proof of the fuzzy uppd?-continuity of F is similar to the above. O

Definition 4. Suppose thaF : X — Y is a fuzzy multifunction from a fuzzy
topological spac& to a fuzzy topological spacé. The fuzzy graph multifunction
G : X > X x Y of F is defined a5 (X:) = {X:} X F(Xc) [8].

Theorem 5. Suppose that a finite product of fuz2ysets is a fuzziP-set andX is a
fuzzyP-set. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to a fuzzy topological spad#, v). If the graph function of is lower (upper)
fuzzyP-continuous, thefr is a lower (upper) fuzzfP-continuous multifunction.

Proof. For the fuzzy set8 < X,n <Y, we take

0 ifz¢ B
n(y) ifzep.

Let x. € X and lety < Y be a fuzzy set having B-complement such thag, €
F~(u). We obtain thatx, € Gg(X x u). Since fuzzy graph multifunctioGe is
fuzzy lowerP-continuous ani is a fuzzyP-set, it follows that there exists an open
fuzzy setp < X containingx, such thap < GZ(X x u). From here, we obtain that
p < F~(u). Thus,F is a fuzzy lowerP-continuous multifunction.

The proof of the fuzzy uppd?-continuity of F is similar to the above. O

Bxn)(zy) ={

Theorem 6. Suppose thafX, ) and (X, ) are fuzzy topological spaces aig is
a fuzzyP-set wherex € J. LetF : X — [],c3 X, be a multifunction fronX to the
product spacq],cj X, and letP, : [T,c3 Xe — X, be the projection multifunction
for eacha € J which is defined b¥?,((X,)) = {X.} and let a product of fuzzlp-sets
be a fuzzyP-set. IfF is a fuzzy uppeP-continuous multifunction, theR, o F is a
fuzzy uppeP-continuous multifunction for each e J.

Proof. Take anyap € J. Letx. € X and lety,, < X,, be a fuzzy set having B-
complement such thag. € (Py, o F)*(u,,). We know thatx, € (Py, o F)*(u,,) =
F Py (tap)) = F gy X [Tarao Xe)- SinceF is a fuzzy uppeiP-continuous mul-
tifunction and a product of fuzzf-sets is a fuzzyP-set, it follows that there ex-
ists an open fuzzy set < X containingx. such thajp < F* (/,tao X [Tarao Xa) =
F* (P}, (o)) = (PagoF)* (1y,). This shows thaP,,oF is a fuzzy uppeP-continuous
multifunction.

Thus we obtain thal, o F is a fuzzy uppeP-continuous multifunction for each
a € J. m|

Theorem 7. Suppose that for each € J, (X4, 7o), (Yo, ve) are fuzzy topological
spaces andy, possesses properfy for eachae € J. LetF, : X, —» Y, be a
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multifunction for eaclr € Jand letF : [],c3 Xe — [14es Yo be defined b¥ ((x,)) =
[Tpes Fa(X) from the product spacg],cj X, to the product spac@],cj Y. If F is
an upper fuzzy-continuous multifunction and the product of fuzgets is a fuzzy
P-set, then eack, is an upper fuzz{P-continuous multifunction for eaah e J.

Proof. Let u, <Y, be a fuzzy set having R-complement. Thep, X [[,.5 Ys is
a fuzzy set having &-complement. Sinc€ is an upper fuzzy-continuous multi-
function, it follows thatF*(u, X [Toxs Yz) = F*(u,) X [Tazs Xs is an open fuzzy set.
Consequently, we obtain thBt"(u,) is an open fuzzy set. Thus, we show tkatis
an upper fuzzyP-continuous multifunction. O

Theorem 8. LetF : X — Y be a fuzzy function from a fuzzy topological spéXer)

to a fuzzy topological spacg,v). Suppose tha¥ has a base of neighbourhood
such that the complement of each fuzzy set of the base of neighbourhood is the finite
union of P-sets. IfF is lower fuzzyP-continuous multifunction, thef is lower fuzzy
continuous.

Proof. Let x. € X and letu be any fuzzy open set such thate F~(u). Then there
exists a fuzzy poiny, € u such thatx. € F~(y,). SinceY has a base of neigh-
bourhood such that the complement of each fuzzy set of the base of neighbourhood
is finite unions ofP-sets, it follows that there exists a neighbourhgoaf y, such

thatg < u and cop) = \/I.,n; where eachy; is a P-set. From here we obtain
thatp = AL, co(;). Theny, € co(y;) andx, € F~(co(y;)) for eachi = 1,2,....n.
SinceF is a lower fuzzyP-continuous multifunction, it follows that there exists an
open seip; containingx, such thato; < F~(co(;)). We takep = AL, p;, then

p = AiL1pi < ALy F~(co@)) = F- (AL, co()) = F~(B) < F~(1). Thus, we obtain
thatF is a lower fuzzyP-continuous multifunction. O

Theorem 9. Suppose thdiXy, T1), (X2, 72), (Y1, v1) and (Y, v2) are fuzzy topological
spaces andrF; : X1 — Y, F2 @ Xo — Y, are fuzzy multifunctions and suppose that
n x B is a fuzzyP-set jf n and g are fuzzyP-sets for any fuzzy sets< Y1, 8 < Ya.
LetF1 x F2 @ X3 x X2 = Y1 X Y2 be a fuzzy multifunction which is defined by
(F1 %X F2)(Xe, yy) = F1(Xe) X Fa(yy). ThenFy x Fz is an upper fuzzy-continuous
multifunction jf F1 and F, are upper fuzzy-continuous multifunctions.

Proof. We know that * X 8)(Xe, yy) = min{(u*(X), 8 (y)} for any fuzzy sets*, g*
and for any fuzzy pointg,, y,.

Letu x B < Y1 X Y2 be a fuzzy set having B-complement. We know thaEg x
F2)"(u x B) = F{ (1) x F3(B) andp x ¢ is a fuzzyP-set if p andé¢ are fuzzyP-sets
for any fuzzy setp < Y1, £ < Yo. From Theorem 1, the proof is obtained. O

Theorem 10. Suppose thatx, 1), (Y, v), (Z, w) are fuzzy topological spaces ahd :
X =Y, F,: X — Zare fuzzy multifunctions and suppose that 3 is a fuzzyP-set
iff n andp are fuzyP-sets for any fuzzy sefs< Y, < Z. LetF1 xF,: X > Y X Z
be a fuzzy multifunction which is defined(®y x F2)(X:) = F1(X:) X F2(X:). Then
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F1 x F» is an upper fuzzy-continuous multifunctioryfi F, and F» are upper fuzzy
P-continuous multifunctions.

Proof. (=) Letx, € Xandletu <Y, 8 < Z be fuzzy sets having-complements such
thatx. € F](u) andx, € F7(8). Then we obtain that;(x.) < 4 andFz(x.) < g and
from hereF1(x:) X Fa(X:) = (F1 X F2)(Xe) < uxB. We havex, € (F1 x F2)*(uxp).
SinceF1 x F2 is an upper fuzzyP-continuous multifunction, it follows that there
exists an open fuzzy sptcontainingx. such thap < (F1 x F2)*(u x 8). We obtain
thatp < F{(u) andp < FJ(B). Thus we obtain thaF; and F, are upper fuzzy
P-continuous multifunctions.

(&) Letx, € Xand letu x p < Y x Z be a fuzzy set having B-complement such
thatx. € (F1 X F2)*(u X p). We obtain thatff; x F2)(X:) = F1(Xs) X F2(Xe) < u X p.
From here we havei(x;) < u andFz(x;) < p and thenx, € F; (1) andx, € F;(p).
SinceF; andF; are upper fuzzyP-continuous multifunctions, it follows that there
exist fuzzy open setg containingx, andg containingx, such thaty < F;(u) and
B < Fi (o). We takex, € nAS. Then we obtainthajAp < Fi(u) andnAB < FJ (o).
Hence we have A B < (F1 X F2)"(u X p). Thus, we show thaE; x F; is an upper
fuzzy P-continuous multifunction. O
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