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A. In this paper, by using the fuzzy propertyP, some characterisations and
properties of certain types of upper (lower) fuzzy continuous multifunctions in-
cluding upper (lower) fuzzy continuous, upper (lower) fuzzy almost continuous,
upper (lower) fuzzyc-continuous, upper (lower) fuzzy almostc-continuous, upper
(lower) fuzzyc∗-continuous, upper (lower) fuzzys-continuous, upper (lower) fuzzy
almosts-continuous, upper (lower) fuzzỳ-continuous, upper (lower) fuzzy almost
`-continuous functions are given.
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1. I

It is well known that several types of fuzzy upper (lower) continuous multifunc-
tions are given in literature. By using propertyP, our main goal here is to give
some characterisations and properties of certain types of upper (lower) fuzzy contin-
uous multifunctions including upper (lower) fuzzy continuous, upper (lower) fuzzy
almost continuous, upper (lower) fuzzyc-continuous, upper (lower) fuzzy almost
c-continuous, upper (lower) fuzzyc∗-continuous, upper (lower) fuzzys-continuous,
upper (lower) fuzzy almosts-continuous, upper (lower) fuzzỳ-continuous, upper
(lower) fuzzy almost̀ -continuous functions.

Fuzzy sets on a universeX will be denoted by Greek letters asµ, ρ, η, etc. Fuzzy
points will be denoted byxε, yν, etc. For any fuzzy pointsxε and any fuzzy setµ, we
write xε ∈ µ iff ε ≤ µ(x). A fuzzy setxε is called quasi-coincident with a fuzzy set
ρ, denoted byxε q ρ, iff ε + ρ(x) > 1. A fuzzy setµ is called quasi-coincident with a
fuzzy setρ, denoted byµ q ρ, iff there exists ax ∈ X such thatµ(x)+ρ(x) > 1. In this
paper we use the concept of a fuzzy topological space as introduced by [1]. By int(µ),
cl(µ) and co(µ), we mean the interior ofµ, the closure ofµ, and the complement ofµ.

Let F : X → Y be a fuzzy multifunction from a fuzzy topological spaceX to a
fuzzy topological spaceY. For any fuzzy setµ ≤ X, F+(µ) andF−(µ) are defined
by F+(µ) = {x ∈ X : F(x) ≤ µ}, F−(µ) = {x ∈ X : F(x) q µ}. We know that
F−(co(β)) = co(F+(β)) for any fuzzy setβ ≤ Y [8].
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2. F P- 

Definition 1. Let (X, τ) be a fuzzy topological space and letµ ≤ X be a fuzzy set.
Then it is said that

(i) µ is a fuzzyP-set ifµ possesses fuzzy propertyP,
(ii) µ has fuzzyP-complement if co(µ) possesses fuzzy propertyP.

The following definition of fuzzyP-continuity is considered for fuzzy multisetting
from [6] in the classical sense.

Definition 2. Let F : X→ Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space (Y, υ). Then it is said thatF is fuzzy lower (upper)
P-continuous if for eachxε ∈ X and for each fuzzy setµ having aP-complement such
thatxε ∈ F−(µ) (xε ∈ F+(µ)), there exists an open fuzzy setρ containingxε such that
ρ ≤ F−(µ) (ρ ≤ F+(µ)).

The following table gives us the list of some types of lower (upper) fuzzyP-
continuous multifunctions with propertyP.

The definitions of lower (upper) fuzzyc-continuous, lower (upper) fuzzy almost
c-continuous, lower (upper) fuzzyc∗-continuous, lower (upper) fuzzys-continuous,
lower (upper) fuzzỳ -continuous and lower (upper) fuzzy almost`-continuous mul-
tifunctions are considered for fuzzy multisetting from [2, 3, 10, 4, 5] and [7], respec-
tively.

The definitions of lower (upper) fuzzy continuous and lower (upper) fuzzy almost
continuous multifunctions are considered from [8] and [9], respectively.

n◦ Fuzzy P-set Fuzzy lowerP-con. Fuzzy upperP-con.

1. f. closed f. l. con. f. u. con.
2. f. regular closed f. l. almost con. f. u. almost con.
3. f. closed compact f. l.c-con. f. u.c-con.
4. f. regular closed compact f. l. almostc-con. f. u. almostc-con.
5. f. closed countable compact f. l.c∗-con. f. u.c∗-con.
6. f. closed connected f. l.s-con. f. u.s-con.
7. f. regular closed connected f. l. almosts-con. f. u. almosts-con.
8. f. closed Lindel̈of f. l. ` -con. f. u.` -con.
9. f. regular closed Lindelöf f. l. almost`-con. f. u. almost̀ -con.

We know that a net (xαεα) in a fuzzy topological space (X, τ) is said to be eventually
in the fuzzy setµ ≤ X if there exists an indexα0 ∈ J such thatxαεα ∈ µ for all α ≥ α0.

The following theorem gives us some characterisation of fuzzy lower (upper)P-
continuous multifunctions.
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Theorem 1. Let F : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). Then the following statements are equiva-
lent:

(i) F is a lower (upper) fuzzyP-continuous multifunction.
(ii) For eachxε ∈ X and for each fuzzy setµ having aP-complement such that

F(xε) q µ (F(xε) ≤ µ), there exists an open fuzzy setρ containingxε such
that if yβ ∈ ρ, thenF(yβ) q µ (F(yβ) ≤ µ).

(iii) F−(µ) (F+(µ)) is an open fuzzy set for any fuzzy setµ ≤ Y having a P-
complement.

(iv) F+(co(µ)) (F−(co(µ))) is a closed fuzzy set for any fuzzy setµ ≤ Y having a
P-complement.

(v) For eachxε ∈ X and for each net(xαεα) which converges toxε in X and for
each fuzzy setρ ≤ Y having aP-complement such thatxε ∈ F−(ρ) (xε ∈
F+(ρ)), the net(xαεα) is eventually inF−(ρ) (F+(ρ)).

Proof. (i)⇔(ii). This statement is obvious.
(i)⇔(iii). Let xε ∈ F−(µ) and letµ be a fuzzy set having aP-complement. From

(i), there exists an open fuzzy setρ containingxε such thatρ ≤ F−(µ). It follows that
xε ∈ int(F−(µ)) and (iii) holds.

The converse can be shown easily.
(iii)⇔(iv). SinceF−(co(µ)) = co(F+(µ)) andF+(co(µ)) = co(F−(µ)), the proof is

clear.
(i)⇒(v). Let xαεα be a net which converges toxε in X and letρ ≤ Y be any fuzzy set

having aP-complement such thatxε ∈ F−(ρ). SinceF is a lower fuzzyP-continuous
multifunction, it follows that there exists an open fuzzy setµ ≤ X containingxε such
thatµ ≤ F−(ρ). Sincexαεα converges toxε, it follows that there exists an indexα0 ∈ J
such thatxαεα ∈ µ for all α ≥ α0. From here, we obtain thatxαεα ∈ µ ≤ F−(ρ) for all
α ≥ α0. Thus, the net (xαεα) is eventually inF−(ρ).

(v)⇒(i). Suppose that (i) is not true. There exists a pointxε and a fuzzy setµ
having aP-complement withxε ∈ F−(µ) such thatρ 
 F−(µ) for each open fuzzy
set ρ ≤ X containingxε. Let xερ ∈ ρ and xερ < F−(µ) for each open fuzzy set
ρ ≤ X containingxε. Then for the neighbourhood net (xερ), xερ → xε, but (xερ) is
not eventually inF−(µ). This is a contradiction. Thus,F is a fuzzy lower (upper)
P-continuous multifunction.

The proof of the fuzzy upperP-continuity ofF is similar to that given above. �

Example.Let F : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space (Y, υ). Then the following statements are equivalent
to Theorem 1 when we take fuzzyP-set as fuzzy closed compact set:

(i) F is a lower (upper) fuzzyc-continuous multifunction,
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(ii) For eachxε ∈ X and for each fuzzy open setµ having a compact complement
such thatF(xε) q µ (F(xε) ≤ µ), there exists an open fuzzy setρ containing
xε such that ifyβ ∈ ρ, thenF(yβ) q µ (F(yβ) ≤ µ),

(iii) F−(µ) (F+(µ)) is an open fuzzy set for any fuzzy open setµ ≤ Y having a
compact complement,

(iv) F+(1 − µ) (F−(1 − µ)) is a closed fuzzy set for any fuzzy open setµ ≤ Y
having a compact complement,

(v) For eachxε ∈ X and for each net (xαεα) which converges toxε in X and for each
fuzzy open setρ ≤ Y having a compact complement such thatxε ∈ F−(ρ)
(xε ∈ F+(ρ)), the net (xαεα) is eventually inF−(ρ)(F+(ρ)).

Definition 3. Suppose that (X, τ), (Y, υ) and (Z, ω) are fuzzy topological spaces. If
F1 : X → Y andF2 : Y→ Z are fuzzy multifunctions, then the fuzzy multifunction
F2 ◦ F1 : X→ Z is defined by (F2 ◦ F1)(xε) = F2(F1(xε)).

Theorem 2. Let (X, τ), (Y, υ), (Z, ω) be fuzzy topological spaces and letF : X → Y
andG : Y → Z be fuzzy multifunctions. IfF : X → Y is an upper fuzzy continuous
multifunction andG : Y → Z is an upper fuzzyP-continuous multifunction, then
G ◦ F : X→ Z is an upper fuzzyP-continuous multifunction.

Proof. Let µ ≤ Z be any fuzzy set having aP-complement. From the definition of
G ◦ F, we have (G ◦ F)+(µ) = F+(G+(µ)). SinceG is an upper fuzzyP-continuous
multifunction, it follows thatG+(µ) is an open fuzzy set. SinceF is an upper fuzzy
continuous multifunction, it follows thatF+(G+(µ)) is an open fuzzy set. This shows
thatG ◦ F is an upper fuzzyP-continuous multifunction. �

Theorem 3. Let F : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). If F is a lower (upper) fuzzyP-continuous
multifunction andµ ≤ X is a fuzzy set, then the restriction multifunctionF |µ: µ→ Y
is a lower (upper) fuzzyP-continuous multifunction.

Proof. Suppose thatβ ≤ Y is a fuzzy set having aP-complement. Letxε ∈ µ and let
xε ∈ F−|µ(β). SinceF is a lower fuzzyP-continuous multifunction, it follows that
there exists a fuzzy open setxε ∈ ρ such thatρ ≤ F−(β). From here we obtain that
xε ∈ ρ∧µ andρ∧µ ≤ F−|µ(β). Thus, we show that the restriction multifunctionF|µis
lower fuzzyP-continuous.

The proof of the fuzzy upperP-continuity ofF|µ is similar to the above. �

Theorem 4. Let f : X → Y be a fuzzy function from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). Let {γα : α ∈ Φ} be an open cover of
X. If the restriction multifunctionFα = Fγα is a lower (upper) fuzzyP-continuous
multifunction for eachα ∈ Φ, thenF is lower (upper) fuzzyP-continuous.

Proof. Let µ ≤ Y be a fuzzy set having aP-complement. Since Fα is lower fuzzy
P-continuous for eachα, from Theorem 1,F−α (µ) ≤ intγα(F

−
α (µ)) and from here
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F−(µ)∧γα ≤ intγα(F
−1(µ)∧γα) andF−(µ)∧γα ≤ int(F−1(µ))∧γα. Since{γα : α ∈ Φ}

is an open cover ofX, it follows thatF−(µ) ≤ int(F−(µ)). Thus from Theorem 1, we
obtain thatF is a lower fuzzyP-continuous multifunction.

The proof of the fuzzy upperP-continuity ofF is similar to the above. �

Definition 4. Suppose thatF : X → Y is a fuzzy multifunction from a fuzzy
topological spaceX to a fuzzy topological spaceY. The fuzzy graph multifunction
GF : X→ X × Y of F is defined asGF(xε) = {xε} × F(xε) [8].

Theorem 5. Suppose that a finite product of fuzzyP-sets is a fuzzyP-set andX is a
fuzzyP-set. LetF : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). If the graph function ofF is lower (upper)
fuzzyP-continuous, thenF is a lower (upper) fuzzyP-continuous multifunction.

Proof. For the fuzzy setsβ ≤ X, η ≤ Y , we take

(β × η)(z, y) =


0 if z < β
η(y) if z ∈ β.

Let xε ∈ X and letµ ≤ Y be a fuzzy set having aP-complement such thatxε ∈
F−(µ). We obtain thatxε ∈ G−F(X × µ). Since fuzzy graph multifunctionGF is
fuzzy lowerP-continuous andX is a fuzzyP-set, it follows that there exists an open
fuzzy setρ ≤ X containingxε such thatρ ≤ G−F(X × µ). From here, we obtain that
ρ ≤ F−(µ). Thus,F is a fuzzy lowerP-continuous multifunction.

The proof of the fuzzy upperP-continuity ofF is similar to the above. �

Theorem 6. Suppose that(X, τ) and(Xα, τα) are fuzzy topological spaces andXα is
a fuzzyP-set whereα ∈ J. Let F : X → ∏

α∈J Xα be a multifunction fromX to the
product space

∏
α∈J Xα and letPα :

∏
α∈J Xα → Xα be the projection multifunction

for eachα ∈ J which is defined byPα((xα)) = {xα} and let a product of fuzzyP-sets
be a fuzzyP-set. IfF is a fuzzy upperP-continuous multifunction, thenPα ◦ F is a
fuzzy upperP-continuous multifunction for eachα ∈ J.

Proof. Take anyα0 ∈ J. Let xε ∈ X and letµα0
≤ Xα0 be a fuzzy set having aP-

complement such thatxε ∈ (Pα0 ◦ F)+(µα0
). We know thatxε ∈ (Pα0 ◦ F)+(µα0

) =

F+(P+
α0

(µα0
)) = F+(µα0

×∏
α,α0

Xα). SinceF is a fuzzy upperP-continuous mul-
tifunction and a product of fuzzyP-sets is a fuzzyP-set, it follows that there ex-
ists an open fuzzy setρ ≤ X containingxε such thatρ ≤ F+

(
µα0
×∏

α,α0
Xα

)
=

F+(P+
α0

(µα0
)) = (Pα0◦F)+(µα0

). This shows thatPα0◦F is a fuzzy upperP-continuous
multifunction.

Thus we obtain thatPα ◦ F is a fuzzy upperP-continuous multifunction for each
α ∈ J. �

Theorem 7. Suppose that for eachα ∈ J, (Xα, τα), (Yα, υα) are fuzzy topological
spaces andYα possesses propertyP for eachα ∈ J. Let Fα : Xα → Yα be a
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multifunction for eachα ∈ J and letF :
∏

α∈J Xα →∏
α∈J Yα be defined byF((xα)) =∏

α∈J Fα(xα) from the product space
∏

α∈J Xα to the product space
∏

α∈J Yα. If F is
an upper fuzzyP-continuous multifunction and the product of fuzzyP-sets is a fuzzy
P-set, then eachFα is an upper fuzzyP-continuous multifunction for eachα ∈ J.

Proof. Let µα ≤ Yα be a fuzzy set having aP-complement. Thenµα ×
∏

α,β Yβ is
a fuzzy set having aP-complement. SinceF is an upper fuzzyP-continuous multi-
function, it follows thatF+(µα ×

∏
α,β Yβ) = F+(µα)×∏

α,β Xβ is an open fuzzy set.
Consequently, we obtain thatF+(µα) is an open fuzzy set. Thus, we show thatFα is
an upper fuzzyP-continuous multifunction. �

Theorem 8. Let F : X→ Y be a fuzzy function from a fuzzy topological space(X, τ)
to a fuzzy topological space(Y, υ). Suppose thatY has a base of neighbourhood
such that the complement of each fuzzy set of the base of neighbourhood is the finite
union ofP-sets. IfF is lower fuzzyP-continuous multifunction, thenF is lower fuzzy
continuous.

Proof. Let xε ∈ X and letµ be any fuzzy open set such thatxε ∈ F−(µ). Then there
exists a fuzzy pointyν ∈ µ such thatxε ∈ F−(yν). SinceY has a base of neigh-
bourhood such that the complement of each fuzzy set of the base of neighbourhood
is finite unions ofP-sets, it follows that there exists a neighbourhoodβ of yν such
that β ≤ µ and co(β) =

∨n
i=1 ηi where eachηi is a P-set. From here we obtain

thatβ =
∧n

i=1 co(ηi). Thenyν ∈ co(ηi) and xε ∈ F−(co(ηi)) for eachi = 1, 2, ..., n.
SinceF is a lower fuzzyP-continuous multifunction, it follows that there exists an
open setρi containingxε such thatρi ≤ F−(co(ηi)). We takeρ =

∧n
i=1 ρi , then

ρ =
∧n

i=1 ρi ≤
∧n

i=1 F−(co(ηi)) = F−(
∧n

i=1 co(ηi)) = F−(β) ≤ F−(µ). Thus, we obtain
thatF is a lower fuzzyP-continuous multifunction. �

Theorem 9. Suppose that(X1, τ1), (X2, τ2), (Y1, υ1) and(Y2, υ2) are fuzzy topological
spaces andF1 : X1 → Y1, F2 : X2 → Y2 are fuzzy multifunctions and suppose that
η × β is a fuzzyP-set iff η andβ are fuzzyP-sets for any fuzzy setsη ≤ Y1, β ≤ Y2.
Let F1 × F2 : X1 × X2 → Y1 × Y2 be a fuzzy multifunction which is defined by
(F1 × F2)(xε, yν) = F1(xε) × F2(yν). ThenF1 × F2 is an upper fuzzyP-continuous
multifunction iff F1 andF2 are upper fuzzyP-continuous multifunctions.

Proof. We know that (µ∗ × β∗)(xε, yν) = min{(µ∗(x), β∗(y)} for any fuzzy setsµ∗, β∗

and for any fuzzy pointsxε, yν.
Let µ × β ≤ Y1 × Y2 be a fuzzy set having aP-complement. We know that (F1 ×

F2)+(µ × β) = F+
1 (µ) × F+

2 (β) andρ × ξ is a fuzzyP-set iff ρ andξ are fuzzyP-sets
for any fuzzy setsρ ≤ Y1, ξ ≤ Y2. From Theorem 1, the proof is obtained. �

Theorem 10. Suppose that(X, τ), (Y, υ), (Z, ω) are fuzzy topological spaces andF1 :
X → Y, F2 : X → Z are fuzzy multifunctions and suppose thatη × β is a fuzzyP-set
iff η andβ are fuzyP-sets for any fuzzy setsη ≤ Y, β ≤ Z. Let F1 × F2 : X → Y × Z
be a fuzzy multifunction which is defined by(F1 × F2)(xε) = F1(xε) × F2(xε). Then
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F1 × F2 is an upper fuzzyP-continuous multifunction iff F1 and F2 are upper fuzzy
P-continuous multifunctions.

Proof. (⇒) Let xε ∈ X and letµ ≤ Y, β ≤ Z be fuzzy sets havingP-complements such
that xε ∈ F+

1 (µ) andxε ∈ F+
2 (β). Then we obtain thatF1(xε) ≤ µ andF2(xε) ≤ β and

from here,F1(xε)× F2(xε) = (F1× F2)(xε) ≤ µ× β. We havexε ∈ (F1× F2)+(µ× β).
SinceF1 × F2 is an upper fuzzyP-continuous multifunction, it follows that there
exists an open fuzzy setρ containingxε such thatρ ≤ (F1 × F2)+(µ × β). We obtain
that ρ ≤ F+

1 (µ) and ρ ≤ F+
2 (β). Thus we obtain thatF1 and F2 are upper fuzzy

P-continuous multifunctions.
(⇐) Let xε ∈ X and letµ × ρ ≤ Y × Z be a fuzzy set having aP-complement such

thatxε ∈ (F1 × F2)+(µ × ρ). We obtain that (F1 × F2)(xε) = F1(xε) × F2(xε) ≤ µ × ρ.
From here we haveF1(xε) ≤ µ andF2(xε) ≤ ρ and thenxε ∈ F+

1 (µ) andxε ∈ F+
2 (ρ).

SinceF1 andF2 are upper fuzzyP-continuous multifunctions, it follows that there
exist fuzzy open setsη containingxε andβ containingxε such thatη ≤ F+

1 (µ) and
β ≤ F+

2 (ρ). We takexε ∈ η∧β. Then we obtain thatη∧β ≤ F+
1 (µ) andη∧β ≤ F+

2 (ρ).
Hence we haveη ∧ β ≤ (F1 × F2)+(µ × ρ). Thus, we show thatF1 × F2 is an upper
fuzzy P-continuous multifunction. �
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