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Abstract. This paper investigates the existence of solutions for a sequential fractional differen-
tial equation of arbitrary order £ 4+ 1, £ € (n — 1,n], n > 2 with three-point nonlocal boundary
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1. INTRODUCTION

Initial and boundary value problems of fractional order have extensively been stud-
ied by several researchers in recent years. A variety of results ranging from the theor-
etical aspects of existence and uniqueness of solutions to the analytic and numerical
methods for finding solutions have appeared in the literature. Fractional differential
equations appear naturally in a number of fields such as physics, biophysics, blood
flow phenomena, aerodynamics, electro-dynamics of complex medium, viscoelasti-
city, electrical circuits, electron-analytical chemistry, biology, control theory, fitting
of experimental data, etc. An excellent account in the study of fractional differ-
ential equations can be found in [15, 22-24]. For more details and examples, see
[1-4,6,8-10,12,14,17,21,25-27,30] and references therein.

The concept of sequential fractional derivative is given, for example, on page 209
of the monograph [20]. There is a close connection between the sequential fractional
derivatives and the non sequential Riemann-Liouville derivatives [28, 29]. For some
recent work on sequential fractional differential equations, we refer the reader to
the papers [7, 11, 16]. In [5], the authors studied a sequential fractional differential
equation of order o + 1, & € (1,2] with three-point boundary conditions.

In this paper, motivated by [5], we extend the study of sequential fractional differ-
ential equations to an arbitrary order. Precisely, for £ € (n —1,n], n > 2, we consider

© 2014 Miskolc University Press
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a fractional boundary value problem of arbitrary order £ + 1 given by
DED +M)x(t) = ft,x(t)), 0<t <1, (1.1)

x(0) =0, x'(0) =0, x"(0)=0, ..., x®D@©) =0, (12)
x(l)=ax(0), 0<o <1, ’

where € D is the Caputo fractional derivative, D is the ordinary derivative, f : [0, 1] x
R — R, A is a positive real number and « is a real constant.

In Section 2, we present a basic result that lays the foundation for the sequel.
The main results, based on Banach’s contraction mapping principle, Krasnoselskii’s
fixed point theorem and nonlinear alternative of Leray-Schauder type, are presented
in Section 3.

2. BASIC RESULT
Let us recall some basic definitions of fractional calculus [15,22].

Definition 1. For (n — 1)—times absolutely continuous function g : [0,00) — R,
the Caputo derivative of fractional order g is defined as

1 t
‘DIg(r) = —/ (t—s5)"1"'gM(s)ds, n—1<q<nn=lg]+1,
I'(n—q) Jo
where [¢] denotes the integer part of the real number g.

Definition 2. The Riemann-Liouville fractional integral of order ¢ is defined as

Log(s)

Fs0 =50 ), t=sr

ds, q >0,

provided the integral exists.

Definition 3. Sequential fractional derivative for a sufficiently smooth function
g(t) due to Miller-Ross [20] is defined as

Dig(r) = D% D% ... DY g (1), 2.1)
where § = (61, ..., O ) is a multi-index.

In general, the operator D3 in (2.1) can either be Riemann-Liouville or Caputo or
any other kind of integro-differential operator. For instance,

d
¢Dig(t) = D—(n—q)(a)ng(t), n—1l<gqg<n,

where D~("~%) is the fractional integral operator of order n —¢. Here we emphasize
that D™P f(¢t) = I? f(t), p = n—q; for more details, see page 87 [22].

Before presenting an auxiliary lemma, we recall the following result [15].
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Lemma 1. For g > 0, the general solution of the fractional differential equation
¢ Dix(t)=0, n—1<gq <n,is given by
x(t) =co+cit+cat>+.. 4 cn1t" 1,
where cg,c1,...,cn—1 are arbitrary real constants.

For the forthcoming analysis, we define
"l (=12 n (n—1)(n—2)t""3

P(t) = Po(1) =

A A? 23
n—1)t n—1)! _ )
-t An_f ( o ) (1—e™), nis odd, (2.2)
"l m=Dt"2 (n—=1D(n—2)"3
n—Dlt (n-1)! _ )
- (An—z = I ) (1—e™), n is even. (2.3)

Furthermore, we assume the non-resonance condition, that is, for P = P, and P =
P., we choose « such that

P(l)—aP(o) #0, forO0 <o < 1. 2.4)

Lemma 2. Assume that the non-resonance condition (2.4) holds. Then, for v €
C0, 1], the unique solution of the equation

DE(D+)x(1)=v(t), 0<t<1, n—1<E<n, n>2, (2.5)
subject to the boundary conditions (1.2) is given by

S (o N\E—
x(l)=/0te_k(t_s)( | %v(u)du)ds

PO 7 A(o—s) S (s—u)f1
P(1)—aP (o) [“/0 € ( o TE v(u)du |ds (2.6)

1 S (o __N\E—
_/(; e—)L(l—s)( i (s F’:E)—) lv(u)du)ds:|,

where P(t) = P,(t) and P(t) = P(t) are given by (2.2) and (2.3) respectively.

Proof. Inview of the well known property: € D€ I¥x (1) = x(¢) [16,19] and Lemma
1, observe that any solution of the equation

(D+M)x(t) =co+cit+cat®>+...+cn1t" L+ 150(1) 2.7

will satisfy (2.5), where cg,c1,...,cp—1 are arbitrary unknown constants. Rewriting
(2.7), we have

DM x(t)) = [co+c1t +cat® + ...+ ca1t" L+ IE0(0)]e?.
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Integrating from 0 to 7 and using x(0) = 0, x’(0) = 0, x”(0) =0, ..., x"~D(0)
=0,wegetco=0,c1=0,c=0, ¢ =0and

t S (o __\E—1
x(t) = cn_lPo(t)+/0 e_“t_s)( | %v(n)du)ds, nisodd, (2.8)

and

')

where P,(t) and P,(¢) are given by (2.2) and (2.3) respectively. Using the condition
x(1) = ax (o) in (2.8), we find that

1 7 —A(c—s) * (s _U)E—l
th-1=—— |« e ————v(u)du |ds
ot Paa)—aPo(o)[ / o e "
1 S (o161
—A(1-s) (s —u)
—| e ——v(u)du |ds |,
/0 ( o T® ) }
where P, is given by (2.2). Similarly, using the condition x(1) = ax(c) in (2.9), we
get
~ 1 o —A(o—s) $ (S—M)S_l
bp-1=——— |« e ——v(u)du |ds
- Pea)—aPe(o)[ / o e "

S (a__21\E—
_/Ole_MI_S)< i (s ['lg_) lu(u)du)ds:|,

where P, is given by (2.3). Substituting the values of ¢,—1, ¢,—1 respectively in
(2.8) and (2.9), we obtain (2.6). This completes the proof. U

t S (o __0\E—1
X(t) = Cn—1Pe(t) +/ e_k(’_s)( (s—w) v(u)du)ds, niseven, (2.9)
0 0

3. EXISTENCE OF SOLUTIONS

Let € = C(]0,1],R) denotes the Banach space of all continuous functions from
[0, 1] — R endowed with the sup norm defined by || x| = sup{|x(¢)|,? € [0,1]} < oo.
For the sake of convenience, we set

P ma P(t) 1+ P)(1—e )+ Piact
= X |———m/m/m1, = s
L= ol P —aP@)) P AT(E+1)

where P(t) is given by (2.2), (2.3).
In view of Lemma 2, we transform problem (1.1) — (1.2) as

x = F(x), (3.2)

3.1
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where F : € — € is defined by

(Fx)(t) =/ —A@ s)</ (s— F(S) f(u x(u))du)ds
P(1) 7 —A(o—s) (S_M)E !
+ P(1)—aP (o) |:05/0 e ( | NG ——— f(u,x(u))du |d

S (¢ _a\E—
_Ale—l(l—s)( i (s F”(’;)_l f(u,x(u))du)dsi|.

Observe that problem (1.1) — (1.2) has solutions if the operator equation (3.2) has
fixed points.

Theorem 1. Ler f :[0,1] x R — R be a jointly continuous function satisfying the
condition

|f@t.x)= f@t.y)| = Lix=y|. Vt €[0,1], x.y €R,

where L is the Lipschitz constant. Further, the non-resonance condition (2.4) holds.
Then the boundary value problem (1.1) — (1.2) has a unique solution if p < 1/L,
where p is given by (3.1).

Proof. As a first step, we show that the operator F given by (3.2) maps € into
itself. For that, we set sup;¢[g,1]|/(¢,0)| = M < oo. Then, for x € €, we have

[(Fx)l
= su /le_l(t_s) swf(u x(u))du |ds
" reto| Jo o T®

R (O Iy g rey By o Gt
+ P(1)—aP (o) |:01/0 e ( | NG fu,x(u))du |ds

1 S (o 61
—A(1-s) (s —u)
+ /0 y ( /O @ f(u,xm))du)ds}

s [T EmwE!
st:&]( [ (/ S (s — fw.0)

+ |f(u,0)|)du)ds)

P(z) 7 —A(o—s) (S_u)
w0 |5 —ap@) [“/o ‘ ( 0o T® i
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—f(w,0)]+ If(u,O)I)du)ds

1 s §—1
—A(1—s) (s—u) _
+/<) ‘ (o g 0ex0= /00l

+ |f(u,0)|)du)ds:|

t K £—1
- “A—s) (s—u)
_tesﬁ)li](/o e ( A X6 (L|x(u)|+|f(u,0)|)du)ds)

P(t) e —A(o—s) s (S_u)é_l
+£E§f’l]‘P<1)—aP<o)‘[“/o ¢ ( o e

+ |f(u,0)|)du)ds

1 K £-1
—A(1—s) (s —u)
+/0 e ( | G (L|x(u)|+|f(u,0)|)du)ds:|

t K £—-1
—A(t—s) (S—M) d d
S(L”x”+M)[t2E$‘i](/o ¢ ( o T® ”) S)

P(t) % o—s) S(s—u)é—ld J
| —arol o (0 G

1 S (o __\E—1
—A(1—s) (s —u)
+/0 e (0 NG du)ds :|

1+ P)(1—e )+ Piaot
AC(E+1)

S(L||X||+M)(

= (Lllx|[ 4+ M)p < oc.

This shows that F maps € into itself. Now, for x,y € € and for each ¢ € [0, 1], we
obtain

[(Fx)—(Fy)l = sup [(Fx)(z)—(Fy)@)|
t€l0,1]

K a0\ E—
< sup [ / te—w—”( (s Flg) 1If(u,x(u))—f(u,y(u))ldu)ds
0 0

t€fo,1]
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7 —A(o—s) S(S_u)s_l
af e (/0 )

—f(u,y(u))ldu)ds

1 S (o __0\E—1
_a(1-s) (s —u) 3
+[ e (0 P 0) f(u,y(u))ldu)ds”

t S (o __0\E—1
<L|x—y|| sup / e A=) (SL)du ds
tef0,1] \ Jo o I'¢)

P(t) 7 o—s) S(s—u)f—ld J
9 | o, ¢ (0 re )"

1 S (o161
_a(1-s) (s —u)
+/0 e (0 G du)ds}:|

1+ P)(1—e?) + Piact
AC(E+1)
= pL|x—yl,

where p is given by (3.1). As p < 1/L, therefore, F is a contraction. Thus, the con-
clusion of the theorem follows by the contraction mapping principle. This completes
the proof. g

P(1)
+ ) P(l)—aP(o0)

[l =¥l

Now, we state a known result due to Krasnoselskii [ 18] which is needed to prove
the existence of at least one solution of (1.1) — (1.2).

Theorem 2. Let M be a closed, convex, bounded and nonempty subset of a
Banach space X. Let §1, 9> be the operators such that: (i) §1x + 9>y € M whenever
X,y € M; (ii) &, is compact and continuous; (iii) §» is a contraction mapping. Then
there exists 7z € M such that 7 = 612 + 6>2.

Theorem 3. Assume that f :[0,1] x R — R is a jointly continuous function and
the following assumptions hold:

(Hl) |f(t,X)—f(l,y)| = L|x_y|’ Vit € [Ov 1]’ X,y € IR;
(Hy) | £(t,%)| < u(t), V(t,x)€[0,1]x R with € C([0,1], R).

Further, the non-resonance condition (2.4) holds. Then the boundary value problem

(1.1)-(1.2) has at least one solution on [0, 1] if

Pi(1—e™* +ao?)
AE+T)

(3.3)
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Proof. Letting sup, o, 17| (t)| = [[], we fix

(14 P)(1—e )+ Piact
AC(E+1)

>

el (3.4)

and consider B, = {x € € : || x| < r}. Define the operators F; and F» on B, as

t S (o __0\E—1
(Fix)(t) = /0 e—“’—s)< i % f(u,x(u))du)ds,

_ PO C s [F—wE!
(F2x)(t) —P(l)—aP(U) |:a/0 e ( ; —F(S) f(u,x(u))du |ds

R
_/Ole—k(l—s)( 0 (s ]“Ig)_l f(u,x(u))du)ds:|.

For x,y € 8,, it follows from (3.4) that

(14 P)(1—e )+ Piact
AC(E+1)
Thus, F1x + F>y € B,. In view of the condition (3.3), it can easily be shown that

F> is a contraction mapping. The continuity of f implies that the operator F is
continuous. Also, F is uniformly bounded on B, as

IF1x + Fay| < el <.

o] < L=
T~ AC(E+D)

Now we prove the compactness of the operator Fy. Setting £2 = [0, 1] x B;, we define
sup xyes2 | f(¢,x)| = My, and consequently we have

[ (F1x)(t1) — (F1x)(22) ||
1 S (¢ —1 )\
/’ e—A(n—s)( (s —u) lf(u,x(u))du)ds
0 0

')
/12 iy _s)( S (s—u)s! )

— e M2 f(u,x(u))du |ds
0 0

()

M, & ¢ & At & —At
<——|t; 1 t 1—¢ 21,
_AF($+1)<|1 | le 2¢
which is independent of x and tends to zero as t, — f1. Thus, F; is relatively compact
on B;. Hence, by the Arzela-Ascoli Theorem, F; is compact on B;. Thus all the
assumptions of Theorem 2 are satisfied and the conclusion of Theorem 2 implies
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that the boundary value problem (1.1) — (1.2) has at least one solution on [0, 1]. This
completes the proof. O

In the next theorem we prove the existence of a solution for the boundary value
problem (1.1) — (1.2) via Leray-Schauder nonlinear alternative.

Lemma 3 (Nonlinear alternative for single valued maps [13]). Let E be a Banach
space, C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose
that F : U — C is a continuous, compact (that is, F(U) is a relatively compact
subset of C ) map. Then either

() F has a fixed point in U, or
(ii) there is au € AU (the boundary of U in C) and A € (0,1) withu = AF (u).

Theorem 4. Suppose that f :[0,1] x R — R is a jointly continuous function and
the non-resonance condition (2.4) is satisfied. Further, it is assumed that the follow-
ing conditions hold:

(H3) There exist a function ¢ € L1([0,1],R"), and a nondecreasing function
Rt — R such that | f(t,x)| < ¢ ()Y (||x]), for all (t,x) € [0,1] x R.
(Hy) There exists a constant M > 0 such that

[lx]l
1 [
(1+P1)/0 e_x(l_s)qﬁ(s)ds—l—ozPl/(; e_l(a_s)qﬁ(s)ds}

> 1.

Y ixlD
)

Then the boundary value problem (1.1)-(1.2) has at least one solution on [0, 1].

Proof. Consider the operator F : € — € where

(Fx)(t) :/ —A(t s)(/ (s F"(l;)_l f(u,x(u))du)ds

A 7 —A(o—s) (S—u)
* P(1)—aP (o) |:Oé/0 ¢ ( 0 () f(u x(u))du)

—wE
_/ -A(1 s)(/ (s F(;) lf(u,x(u))du)ds:|.

We show that F maps bounded sets into bounded sets in C([0, 1], R). For a positive
number r, let B, = {x € C([0,1],R) : ||x|| <r} be abounded setin C([0, 1], R). Then

[(Fx)(0)]

s a0\ E—
/0 ) ( /0 Gouf F”(’;) lf(u,x(u))du) ds

<
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PO C s [F—wE!
+P(1)—O{P(O’) |:0t/0 ¢ ( o r'e fu,x(u))du |ds

1 s NE—1
—A(1-s) (s —u)
) ( o T® (”’X("))d”)ds}

t _ S 1
5/0 e_w_S)( 0 ey 96 )W(||x||)du)ds

reé)
i —A(0—s) S (s _u)’;‘—l
TP —aP(o) [“/0 ¢ ( . TG ()Y (lIxIDdu |ds

1 S o E-1
—A(1-s) (s—u)
+/0 ¢ ( 0 () ¢(S)W(||x||)du)ds:|

_ w;n(go /Ole_m_s) Ssrds 4P /()"e_aa_s)gi,(s)ds
1
+ Py /0 e—“l—%(s)ds}
- W;”(;”) (1+P1)/01e—“1‘s)¢(s)ds+aP1 foae‘““‘s)qﬁ(S)dS}-
Consequently,
IFx] < ﬁé; (1+P)/ 7 p(s)ds +aPy /an‘“"‘”p(S)dS}-

Next we show that F maps bounded sets into equicontinuous sets of C([0, 1], R).
Let ¢y, € [0,1] with 1 <t and x € B,, where B, is a bounded set of C([0, 1], R).
Then we obtain

|(Fx)(2) = (Fx)(21)]

1 s _ E—l
—A(ta—s) _ —A(t1—s) (s—u)
/0 (e )( o T® f(”’x(“))d“)ds

1 s _ E_l
oY I il
+/tl ¢ ( 0 F(g) f(u,x(u))du)ds

w 7 —A(o—s) S (s—u)i!
" P(1)—aP(o) |:a/0 ¢ ( s T fu,x())du |ds
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S (o _ 1\
_/Ole—/l(l—s)( i (s IJ’(‘;)_I f(u,x(u))du)ds:|

- ~At2=s) _ ,~A(n s) (s —u)!
<[ (e ( [ w<r>¢(u)du)
5] _.n\é-1
—A(t2—s) (S )
+ /t] e ( | NG W(r)gb(u)du)ds
(P = PO (7 o[ [* 5=
MO [“/o ‘ ( o T V)

[ - (s —
/ (/ F(é) 1/f(r)¢(u)du)dsj|

Obviously the right hand side of the above inequality tends to zero independently of
x € By as tp —t; — 0. As F satisfies the above assumptions, therefore it follows by
the Arzela-Ascoli theorem that F : C([0,1],R) — C([0, 1], R) is completely continu-
ous.

The result will follow from the Leray-Schauder nonlinear alternative (Lemma 3)
once we have proved the boundendness of the set of all solutions to equations x =
AFx for A € [0,1].

Let x be a solution. Then, for z € [0, 1], and using the computations in proving that
F is bounded, we have

[x ()] = [A(Fx)(@)]

1 o
< WIEII(;)II) (1+P1)/0 e‘“l‘s)p(s)deraPl/O e‘“"_s)p(S)dS}-

Consequently, we have

<1

[l x]
v (llx]]) b s 7 —Ao—s)
G (1+P1)/0 e p(s)ds—l—cxPI/o e p(s)ds

In view of (Hy), there exists M such that ||x| # M. Let us set
U={xeC(0,1.R) : |Ix|| < M}.

Note that the operator F : U — C([0, 1], R) is continuous and completely continuous.
From the choice of U, there is no x € dU such that x = AF(x) for some A € (0, 1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 3), we
deduce that F has a fixed point x € U which is a solution of the problem (1.1)-(1.2).
This completes the proof. t
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Example 1. Consider the problem
L
cp72(D +2)x(t) = E(IZ +cost + 1+ x(t) +tan”! x(t)), 0<t<l,

x(0) =0, x'(0) =0, x”(0) =0, x”(0) =0,x(1) = x(1/2).
(3.5)

L
Here, £ =7/2, n =4, f(1,x(1)) = E(ZZ +cost + 1 +x(f) —i—tan_lx(t)), A=
2, =1, 0 =1/2. Clearly
| f(t.x)— f(t.y)| < Llx—y+tan ' x—tan"' y|/2 < L|x—y|,

P(t) = Po(t) =13/2=3t(t —1)/4—3(1 —e72")/8, Py ~ 6214821, p = [(1 +
P)(1—e 2)+277/2P1/2I(9/2) ~ 0.2917760234.

For L < 1/p = 3.42728641, it follows by Theorem 1 that problem (3.5) has a
unique solution.

4. CONCLUSIONS

In this paper, we have obtained some existence results for a nonlocal three-point
boundary value problem of sequential fractional differential equations of arbitrary
order £+ 1, £ € (n—1,n], n > 2. Our results are new and generalize some earlier
results. For instance, by taking n = 2, Theorems 3.1 and 3.3 correspond to Theorems
4.1 and 4.3 of [5]. Letting & = n, we get the new existence results for the following
nonlinear problem of ordinary differential equations:

D"(D+AM)x()= f(t,x()), 0<t<]1,
x(0) =0, x'(0) =0, x"(0) =0, ..., x* D) =0,

x()=ax(0), 0<o <1.
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