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Abstract. In this paper, we extend two curious divisibility properties for the general second order
linear recurrence {Uy (p,q)}. We also give new recursive identities for the general second linear
recurrences {Uy (p,q)} and {V; (p,q)}. These results generalize the results given by E. Kili¢, ”A
matrix approach for generalizing two curious divisibility properties”, Miskolc Math. Notes, vol.
13., No. 2, pp. 389-396, 2012.
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1. INTRODUCTION

Let p and ¢ be nonzero integers such that pZ 4+ 4g # 0. For n > 1, the generalized
Fibonacci sequence {U,(p,q)} and the generalized Lucas sequence {V,(p,q)} are
defined by

Un(p.q) = pUn—1(p.9) + qUn—2(p.q)
and
Va(p.q) = pVa-1(p.q) +qVn-2(p.9).
where Up(p,q) =0, Ui(p,q) = 1 and Vo(p,q) =2, V1(p,q) = p, respectively.

Let o and B be the roots of the equation x2 — px —¢g = 0. Then the Binet formulas
of the sequences {U, (p,q)} and {V,,(p,q)} are given by
a — ﬂn

Un(p.q) =

a—p
If p =¢q =1, then Uy(1,1) = F, (nth Fibonacci number) and V,(1,1) = L, (nth
Lucas number).
It is a well known fact that

ng(Fn: Fm) = Fgcd(n,m)-

It is also known that F},, is a multiple of F},, for all integers k and n. In [9], the author
showed that, for n > 2, the Fibonacci number Fy, is a multiply of F? if and only if

and V,(p.q) =" + p"
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m is multiply of n F}, (for more details see [4]). Also, in [1], the author obtained the
following divisibility properties:

1) Frp_1— F,f_l is divisible by F?2,

ii) Frp_p—(—D**t1EK s divisible by F2,
where n,k > 1. Recently Kili¢ [7] generalized these results for a general second
order linear recursion {Uy(p, 1)} as follows:

UF = (p. DUkn—r (p, ) = (=) VEFDGE (p,1) is divisible by U7 (p, 1).

Furthermore, the author found new recursive identities for the general second order
linear recurrences {U,(p, 1)} and {V,,(p,1)}.
In this paper, for the case ¢ # 1, we show that

U1 (0. ) Uk n—y (p.q) — (=)~ DEFDGre=D gk (), g)is divisible by U2 (p,q).

—r

To do that we use matrix methods. Matrix methods are useful tools for derivating

some properties of linear recurrences (see [3, 5,6, 8, 10]). We consider the quotient
U’{c—l Ukn—r _ (_1)(r_1)(k+1)qr(k_l)Unk—r
U2 ’
n

where 1,k > 1. We define a generating matrix for this quotient for fixed n and inc-
reasing values of k. Then we give an explicit statement for the quotient. Also, by
considering this explicit statement, we find new recursive identities for the general
second order linear recurrences {U, (p,q)} and {V,(p,q)}. Thus we obtain a genera-
lization of the results given in [7].

Throughout this study, for simplicity, we will denote U, (p,q) by U,, and V,,(p,q)
by V.

2. MAIN RESULTS

Before we give our main results, we need some auxiliary results and definitions.
Denote the quotient (U,k_1 Ukn—r — (—1)(’_1)(k+1)q’(k_1)U,f_r) JUZ by s(n,k).
Define two matrices H(n) and G(n, k) of order 3 as follows:

Ap—1 By _(_‘Z)n+rUr2Un—r
Hm)=| 1 0 0
0 1 0
and
s(nk+2) t(nk+2) —(—q)"TTUPUp—rs(n,k +1)
Gn,k)y=| s(n,k+1) tnk+1) —(—=@)"T"UUy—rs(n,k) ,
s(n,k) t(n,k) —(=q)" T U2Uy—ps(n,k —1)

where
Ap1=U,V, — (_Q)rUn—ra
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By = (=) Uy VaUn—r = (=q)" U}
and
1.k = () U U Uy + (17 2" U Uy
+(_1)(r+l)(k—1)qr(k—l)Ur Usn U;f—r) / U,f’
Lemma 1. Forn > 1, the eigenvalues of H(n) are Uy, U, 8" and —(—q)" Up—.
Proof. The characteristic polynomial of H (n) is
X3 = Ay 1x? = Bpx + (—q)"t"U2U,—, =0
and it is factorized as
(x=Ura")(x = UrB")(x + (=q) Un—r) =0,
as required. O
Thus the first main result of this paper is the following.

Theorem 1. Forn > 1,
Hn)* = G, k).

Proof. In the proof, we will use induction on k. Since G(n, 1) = H (n), the result is
true when k = 1. Now assume that H(n)k~! = G(n,k — 1). Then, by the definitions
of s(n,k) and t(n,k), we have

Ap—1s(nk+1)+t(n.k+1)=snk+2)

and
Bps(n,k4+1) = (—q)" " U2Up—ps(n,k) = t(n,k +2).
This completes the proof. 0

As a consequence of this theorem, we can see that the matrix H (n) generate the
s(n,k). Since the elements of H (n) are integers, the quotient s(n, k) are integers.

Also from Theorem 1 in [2], we have the following result for the combinatorial
representation of s(n,k).

Corollary 1.

lh+1+1
S(n’k) B Z ( ll+ 12-; 3) (_1)(n+r_1)l3A£’ll—1Bll12Ur213Ur€3—r’
(1,02,13) 1,62,¢63

where the summation is over nonnegative integers satisfying 11 + 2l + 313 =k —2.

As another main result, we have the following theorem.
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Theorem 2. Forn,k > 1
(G(n,k))z1=s(nk) =
_)"TTUR Uy + (DR (=) VU UE L+ U Uy U
U3 '
Proof. Since the eigenvalues of H (n) are distinct, H(n) is diagonalizable as
V- 'H@n)V =D,

where
Ur2a2n UrZﬂZn qu Unz—r
V= Ura” Ur,Bn _(_Q)rUn—r )
1 1 1

and D = diag(Uya, U,p", —(—q)" U,_, ). Therefore, we obtain V"' H(n)kV =
D¥. By Theorem 1, we write V"G (n,k)V = D¥. Then we have the following
linear equation system:

gllU2a2n +g2UrOl +giz = Uk+(3 i) kn+(3 i)n
gitUZB*" + ginUp B + giz = UK TG0 ghntG=im
§1107" Uy = 812(=q) Un—y + g3 = (=) DEFI=0gErd G=Dry k2 G=0
Using the identities

Un—rUntr— =—(=q)"" rU2
and
9" Un—r +(=1)"UpVyy = (=1) Upr,
the solution of the above linear equation system gives the claimed result. U

By considering definition of s(n,k), we have the following consequence of The-
orem 2.

Corollary 2. Let n,k and r arbitrary integers. Then
Un—rUkn = UnUgp—r ( q)n Ur n(k—1)-

The next result presents a similar expression by considering generalized Lucas
sequence {V},}.

Theorem 3. For all integers n,k,r,
Un—rVicn = UnVien—r — (=0)" 7" Ur Va—1).-
Proof. Using Binet formulas of the sequence {U, } and {V},}, we have

UnVin—r — (= ‘I) "UV, nk—1) =
— (akn+n—r _ I3kn+n Ty anﬁkn r _akn—rﬂn _ (_q)n—rakn—n+r

+ (_q)n—rﬂkn—n+r _ (_q)n—rarﬂkn—n + (_q)n—rakn—nﬂr)/(a _ ,3)
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_ (akn+n—r _ﬁkn+n—r _ (_q)n—rakn—n+r + (_q)n—rﬂkn—n+r) /(Ol _ﬁ)

= (@" =" )" + B (@~ B)
=Un—+Vin-
The proof is complete. O
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