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Abstract. This work relates to bivariate Meyer-Konig and Zeller operators, My, n € N which
are not a tensor product setting. We show the monotonicity of the sequence of operators for n
under convexity, moreover we study the property of monotonicity in the sense of Li [9]. Finally,

] [r]

we provide an rth order generalization M,Er of M, and also study approximation of M,; -.
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1. INTRODUCTION

The Cheney and Sharma modification of the well-known univariate Meyer-Konig
and Zeller operators (MKZ) are defined as

- k
M (o) = Ym0 £ () omed (LD

k=0

k

The monotonic convergence of {M,’ (f;x)}y—; under convexity was investigated
in [2] by Cheney and Sharma by means of analytical approach, also studied in [&]
by Khan, by means of probabilistic approach. Monotonic convergence of several
approximation operators are studied deeply in [6] by Khan, Della-Vecchia and Fassih
with probabilistic point of view. Some works related to MKZ operators can be viewed
in[1-8,13]and [10, 11].

We shall use the following standard notation. Let X = (x1,x2), t = (t1,12) € R?,
k= (k1.k2) € N2, Ng = NU{0}. x5 = x¥1 xk2 k1 — k) 1k, (K| = Ky +Ka, [x] =

k
for f € C[0,1) and x € [0,1), n € N, where m,, ; (x) = (1 —x)t ! (n + )xk [3].
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n!

- " and
K-k "

. ) n
X1+ x2, €; denotes the unit vector in R%. Furthermore (k)

o0 o0 o0
=2 2.
k=0 k;=0k,=0
Let S, C R? be the open simplex defined by
S, ={xeR* x;>0,i=12, |x] <1}.

For a function f € C (S>), bivariate MKZ operators are defined as

> k n+ K|
M, (f.x) = (1—|x|)"*! f( ) ( )xk, neN, (1.2)
1;) n+ [k| k

where C (S,) denotes the space of continuous real valued functions defined on S5. It
is obvious that M, n € N, are not a tensor product extension of the univariate MKZ
operators M, given by (1.2).

Now we give the following definitions which we shall use.

Definition 1. A continuous function f is said to be convex in D C R™, if

r r
f (Zaixz') > o f (xi)
i=1 i=1

for every x1,Xx2,...,Xr € D and for every non-negative numbers o1,o5, ..., such
that o) + o2 + ... + o = 1.

Definition 2. A continuous function f from D C R? into R is said to be Lipschitz
continuous of order w, u € (0, 1], if there exists a constant A > 0 such that for every

(x1,x2), (y1,y2) € D, f satisfies

2
|f (x1.x2) = f 1.y S A |xi—yil”,

i=1
the set of Lipschitz continuous functions is denoted by Lip (i, D).

In this work, we firstly show the monotonicity of the sequence of bivariate MKZ
operators defined by (1.2) under convexity. Secondly we give a kind of monotonnicity
similar to the property given by Li in [9]. Namely, we show that if f (x) is a non-
negative function and x; 1 £ (x) (i =1,2) is non-increasing for x; on (0,1), then
foreachn > 1, x; LM, (f:x) is also non-increasing for x; on (0, 1). Moreover we

build an » —th order generalization M,Er] of M, analogues to Kirov and Popova’s
construction in [8] and investigate its approximation property.
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2. MONOTONICITY FOR THE SEQUENCE OF BIVARIATE MEYER-KONIG AND
ZELLER OPERATORS

In this section, we study the monotonic convergence of the sequence of bivariate
MKZ operator under convexity. Note that monotonic convergence of univariate MKZ
operator when f is convex, was first obtained by Cheney and Sharma in [3]. We note
here that monotonic convergence of the multivariate Baskakov operator is studied in

[2].

Theorem 1. If f is convex, then M, ( f;X) is strictly monotonically non-decreasing
inn, unless f is the linear function (in which case My (f;X) = My4+1 (f:X) for all
n € N).

Proof. We have
My (f3%) = Mug1 (f3%) = (1 [x))" T x

> ko n-+kp ko n+1+ks K

Al ) () Ot ()
n+kq k1 n+1+k; k

+Z[ (n+k )( k1 )_f(n+1+k1’0)< ki )}X

k n+1+|k| ki+1 k2
+sz(n+1+|kl)< K )

k1=0k>

k l’l+1+|k| k1 k2+1
53 () ()

k1=0k>

Therefore the last equation reduces to the following:
My (f %) = Mut1 (f %) = (1= [x)" "'

)
ko n+ko ko n+1+k;
0,—2_ —flo.—2
x k21|:f( n+k2)( ko ) f( I’l+1+k2)< ko )
o=
ko—1 n-+kp k n—+kq
0, 2
() () e £ G (13)
=
kl I’l+1+k1 kl—l n+k1 k
- —F.0 ,0 !
f(l’l-i—l-i—kl’ )( k1 )+f(n+k1 )(kl—l):|x1

S ()

ki=1ky=1
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k ko—1Y\ [(n+]k
+f( Lk ) k|
n+ k| n+|k| k—e;

+f(nfm0(nimg_f(FI;?EO(n+l+mg}ﬁ$'

Let I, I> and I3 denote the followings

_ k n+[kl\ k n+1+|k|
Il_f(n+|k|)( K ) f(n+1—|—|k|)< k )
k—e; \ [(n+]kK]| k—ey \ (n+]kK]|
*f(n+m0(k—m)*f(n+m0(k—%)’

kl n+k1 k1 l’l+1+k1
I ,0 — — 0
3f(l’l+k1 )( k1 ) f(n+1+k1 )( k1 )
k1—1 n+kq
,0 .
+f(n+k1 )(kl—l)

For I, we take
n + K| n+ K| n + K|
k k—e; k—e;
= 7, O = , 03 = N
n+1+ K| n+1+|k| n+1+ K|
k k k

Clearly o1, a2 and o3 are non-negative numbers, and o1 + ap + @3 = 1. On the other
hand if we set

k k—e1 k—ez
X] = ——, X = ———, X3 = ————,
YTk T a+ k] T a4k

then it follows that
k

o1X X 03Xz == —m—8.
1X1 + 02X2 + 03X3 A+ 1+ K|
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Hence, from the convexity of f we obtain that /1 < 0. For /5, we set

n—+kp n+ky
ko ko—1

0= ———"c, = ———
n+1+ky n+1-+ks

kz k2

ko ky—1
=10, —— ) = O? )
=020 ) =022

then, clearly, a1, ap > 0, and a1 + @p = 1. Morever we have

o +uo =10, .
1Y1 2Y2 2

Thus, from the convexity of f we obtain that I, < 0. Similarly we deduce that I3 <
0. So we have proved M, (f;x) < M,+1(f;x) for all n € N. Using the similar
arguments given in [2], the last part of the proof is given as follows: The equality
of My, (f;x) and M, 11 (f:Xx) can be satisfied only if /; = 0 for all k1,k2 € N and
I, = I3 =0 for all k1,ky € Ng. But, if f is convex, then /; = 0 implies that its
graph is a plane in triangle. 0

and

In the following, we show that the bivariate MKZ operators can retain a certain
monotony, that is

Theorem 2. Let f be defined on S». If f (X) is a non-negative function such that
fx—gx) (i = 1,2) is non-increasing for x; on (0,1), then for each n > 1, %{;X), is
also non-increasing for x; on (0,1).

Proof. Straightforward computation gives that for » > 1 we have, for example
with respect to x1,

2 (Metr)

0x1 X1

_ 9 i i (1—x1—x2)”+1f ki ko n+ky+ks ke
- dxy X1 I/l—}-kl-i-kz’l’l-l—kl—i—kz ki+ks L2

k1=0k>=0
5 00 (1—x; —Xz)n+1 ko n+ky\ x 0o 00
s U Ay L Ip>
0x1 {k2=0 X1 n+ka k2 k1=1k2=0
ki ky ntkyi+ka\ g1k
1— . n+1 s 1 ’
X( X1 X2) f(n+k1+k2 n+k1+k2)< k1+k2 )xl Xy

_ ii (1—X1—x2)"+1 (o, ko n+ky X§2+i i
oo 0x1 X1 n+ky ko

k1=1k,=0
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k2 ntkiths ntl k-1
1— 1—1 k>
f(n+kl+k2 n+k1+k2)< k1+k2 )axl I:( X1 — xz) l ]

—(n+1)(1—x1—xz)"xl—(l—xl—xz)"+1 7(o ko n+ko xk2
)C12 ,n-i-kz k2 2

X

if( ky k2 ) ntkitka
| ky=0 n+ki+ky n+ki+ks ki+ks 2

[ (1) (1=x1 =) xf ™ (1= =)™ (= D x|
_ Z (l—xl —2x2)n+1 (—(n+l)x1 —l)f((), kz ) I’l+k2 X]ZCZ
— X1 1—x1—x, n+ko ko

ki ko n+ky+ky .
1—x1—x)" x52
+ E E:f(n+k1+k2 n+k1+k2)( ky + ks )( X1 —x2)" X,

k1=1k2=0

00
2.
k>=0
o0
+ Z

x[ = T T e = DT e = D = = D

xxllcl Z(1=x)(1=x; —x2)" X, k2

Z(l—xl xz)n—i-l _(1+nx1—x2) (o ko ) n+ky k2
1—x1—x, ’}’l—i-kz ko 2

k>=0

k1 ko ) n+ki+ky .
1—x1—x5)"x22
+kzlkzof(n+k1+k2 n—+ky+ky ( ki +ko (I=x1=x2)" x;
1 2=

x[= 0+ k) A+ =) (1= x0) 2172

_ Z (] Xl X2) ( (1+I1X1 )C2))f( _]’C_kz) (n—];kZ)xgz

k2—0

k1 ko n+ky+ka\ k-1 k
n—k) k2
+Z Zf(n+k1+k2 n+k1+k2)( ki +ky )xl (=1 =k1)x;

ki=1k>=0

ky ko n+ky+ko
1—x1—x2)" + ( )
x(mam) ksz;of n+ky+ky n4ky+ko kit kz

(1+YZX1 Xz) k2 I’l+k2 n k
- Z—f 0.2 "

k>=0 1

ki ko n+ki+ka\ g1
B + kq
k;lk;()f(n-i-kl‘i‘kz n+k1+k2)( ky + ko ) (n )x2
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o o0 ki +1 ko n+ki+1+k;
x(1—x1—x2)" + ( : )
(1—x1—x2) klz=:1k22=:()f n+ki+ky n+ky+ksy ki+1+4+k;

x (1 —xz)xlfl_lkl (I—x1—x2)" )612€2

00
(14+nx1—x3) ko n+kjp n k>
S—ZT]‘(O,”_HQ ks (1—x1 —x2)" x,

k>=0 1
+i if( ki+1 ko ) ntkit+k\n+ki+ka+1ki
— = n+ki+ka+1 n+ki+ky+1 ki+ko ki+ka+1 x;

ko n+ki+ky
1—x2) (1 —x1 —x2)" x5
x (1 =x2) (1= —x2)" g - Z Z (n+k1+k2 n+k1+k2)( ki+ko )

k1=1k2=0
’l+k k
( K1 1) Xl (1 z)n {Cl L]'_;z

Since for kq,kp >0

n+k1+k2+1<n+k1+k2+1 _n+k1—|—k2<_n+k1
ki+ky+1 ki+1 ’ k1 k1

and
l4+nx1—x2>0,1=x2 <1, for x1,x2€ 83, neN,

so we have forn > 1

i(Mn (f;x)) <
8x1 X1 -

1+I’lX1—X2) ko n+ko k
0 1 —x1—x2)" x52
Z 2 f( ’n+k2) ks (1-x1—x2)"x

k2=0 1
+i i{ ( ki+1 ko )n+k1—|—k2+1
Pyt Poprt n+ky+ky+1 n+ky+ky+1 ki+ka+1
f( kz )(n+k1+k2)}
n+k1+k2 n+ki+ks k1

n+ki+ka\k k
X( ki+ko )x_(l_xl xz)"xl %

is non-positive, since f is a non-negative function, such that fx—fx) (i =1,2) is non-
increasing for x; on (0, 1). Similar calculations can be obtained for x;. U
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3. A GENERALIZATION

This section provides an r—th order generalization of the bivariate MKZ operators
in the sense of Kirov and Popova’s construction [8].

Let C" (S2), r € Ny, denote the space of all functions f defined on S, and having
all continuous partial derivatives up to order r. By M,Er], we denote the following
generalization of M. For x,t € S5,

[r] . _
MY (fix) = My (P, _y (A%, )), 3.1)
where
k k1 ko
Ax = (Axy,Axp) = X———— = — Xy — ,
x:= (A, Ax) =x—mmp (xl TR n—i—lkl)
9 9
V=(—,—
(8X1’8X2),
r r i j "
(Ax.V)" = Z | (Ax) (Ax2)) ——, (3.2)
i+j=r J 8x18x2

(;) are binomial coefficients, and

Kk k
P @ax.fy=r (n + |k|) A/ (n + |k|)

(Ax.V)? k (Ax.V)" k
+ 2! f(n+|k|)+"'+ r! f(n+|k|)’ (3.3)

€ S2.

the Taylor polynomial for f at
ylor poly S " K|

Now we state the following pointwise estimate for M,Er]

Theorem 3. If f € C" (S2) and S Lipa(y), i+ J =r, then we have

i9)
0x]0x;

A
M= f W] = B Mue G

forx € Sy, where g (s) = |x—s|" 17, B (y.r) is the familiar beta function, r, n € Ny,
O<y<land A>0.

Proof. From (3.1) and (3.3) we have

SO-MIP(fx=D"R, (Ax,f>(”*;{'k')xk<1—|x|)"“, (3.5)
k=0

n—+[k|
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where

” TEar

h
(Ax.f) 1= f () Z Ay (n +"|k|) (” 1""))&((1 )

(3.6)
(3.6) can be given by

k
ETEa

1
1 r
( X,f):m/(AX.V)
0

k k r—1
X [f (n+ K| +tAx)—f (n+|k|)] (1—-0)"""dt. (3.7

Using (3.2),(3.7) results in

ar
k j .
Rr’W(A 1)'/ z+JZr( )(AXI) (4x2) dx! dx
k k r—1
X |:f (n K| +IAX) - f (n n |k|)] (1—-t)"""dt. (3.8
o f

Substituting (3.8) into (3.5) and taking into account that € Lipy (y) we arrive

za J
at the following.

Q=M 0] = o S (An | +|Axa)” (1An P + 1 4xP)
" k=0

1
% (l’l 1|k|)xk(1_|x|)n+1/ty (1—Z)r_1dl

24
< = Z(|Ax1|+|Ax2|)r+y ( ) —x)" ' By +1.r)

24 " (0 + K| et
<(r_1),y+ (%)Z ( . ) (1= [xp"*t,

which proves (3.4). O

X—

n+ Ikl

For the uniform convergence of M,Er] (f), let us consider the above mentioned
function g (s) = [x—s|" 7. Obviously g (x) = 0 and g is continuous on S, From
multivariate extension of the Bohman-Korovkin theorem (see [12]) we have

[Mn (&)l c(s,) — 0asn— oo.
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Therefore by means of Theorem 3 we arrive at the following result

“M,E’](f)—fHC(SZ)—>Oasn—>oo.
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