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Abstract. This work relates to bivariate Meyer-König and Zeller operators, Mn; n 2 N which
are not a tensor product setting. We show the monotonicity of the sequence of operators for n
under convexity, moreover we study the property of monotonicity in the sense of Li [9]. Finally,
we provide an rth order generalization M Œr�

n of Mn and also study approximation of M Œr�
n .

2010 Mathematics Subject Classification: 41A25; 41A36

Keywords: multivariate Meyer-König and Zeller operator, convexity, monotonicity, modulus of
continuity

1. INTRODUCTION

The Cheney and Sharma modification of the well-known univariate Meyer-König
and Zeller operators (MKZ) are defined as

M �n .f;x/D

1X
kD0

mn;k .x/f

�
k

nCk

�
; n 2N (1.1)

for f 2 C Œ0;1/ and x 2 Œ0;1/; n 2N; where mn;k .x/D .1�x/
nC1

 
nCk

k

!
xk [3].

The monotonic convergence of fM �n .f Ix/g
1

nD1 under convexity was investigated
in [2] by Cheney and Sharma by means of analytical approach, also studied in [8]
by Khan, by means of probabilistic approach. Monotonic convergence of several
approximation operators are studied deeply in [6] by Khan, Della-Vecchia and Fassih
with probabilistic point of view. Some works related to MKZ operators can be viewed
in [1–8, 13] and [10, 11].

We shall use the following standard notation. Let xD .x1;x2/, tD .t1; t2/ 2 R2;

kD .k1;k2/2N2
0, N0DN[f0g : xkD x

k1

1 :x
k2

2 ; kŠD k1Š:k2Š; jkj D k1Ck2; jxj D

c
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x1C x2; ei denotes the unit vector in R2: Furthermore

 
n

k

!
D

nŠ

kŠ .n�jkj/Š
, and

1P
kD0
D

1P
k1D0

1P
k2D0

.

Let S2 � R2 be the open simplex defined by

S2 D
˚
x 2 R2I xi � 0; i D 1;2; jxj< 1

	
:

For a function f 2 C .S2/, bivariate MKZ operators are defined as

Mn .f;x/D .1�jxj/nC1
1X

kD0

f

�
k

nCjkj

� 
nCjkj

k

!
xk; n 2N; (1.2)

where C .S2/ denotes the space of continuous real valued functions defined on S2: It
is obvious that Mn; n 2N; are not a tensor product extension of the univariate MKZ
operators M �n given by (1.2).

Now we give the following definitions which we shall use.

Definition 1. A continuous function f is said to be convex in D � Rm; if

f

 
rX
iD1

˛ixi

!
�

rX
iD1

˛if .xi /

for every x1;x2; :::;xr 2 D and for every non-negative numbers ˛1;˛2; :::;˛r such
that ˛1C˛2C :::C˛r D 1.

Definition 2. A continuous function f fromD � R2 into R is said to be Lipschitz
continuous of order �; � 2 .0;1�; if there exists a constant A > 0 such that for every
.x1;x2/ ; .y1;y2/ 2D; f satisfies

jf .x1;x2/�f .y1;y2/j � A

2X
iD1

jxi �yi j
� ;

the set of Lipschitz continuous functions is denoted by LipA .�;D/:

In this work, we firstly show the monotonicity of the sequence of bivariate MKZ
operators defined by (1.2) under convexity. Secondly we give a kind of monotonnicity
similar to the property given by Li in [9]. Namely, we show that if f .x/ is a non-
negative function and x�1i f .x/ .i D 1;2/ is non-increasing for xi on .0;1/ ; then
for each n � 1; x�1i Mn .f Ix/ is also non-increasing for xi on .0;1/. Moreover we
build an r � th order generalization M Œr�

n of Mn analogues to Kirov and Popova’s
construction in [8] and investigate its approximation property.
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2. MONOTONICITY FOR THE SEQUENCE OF BIVARIATE MEYER-KÖNIG AND
ZELLER OPERATORS

In this section, we study the monotonic convergence of the sequence of bivariate
MKZ operator under convexity. Note that monotonic convergence of univariate MKZ
operator when f is convex, was first obtained by Cheney and Sharma in [3]. We note
here that monotonic convergence of the multivariate Baskakov operator is studied in
[2].

Theorem 1. If f is convex, thenMn .f Ix/ is strictly monotonically non-decreasing
in n; unless f is the linear function (in which case Mn .f Ix/DMnC1 .f Ix/ for all
n 2N/.

Proof. We have

Mn .f Ix/�MnC1 .f Ix/D .1�jxj/nC1�

�

8<:
1X
k2D1

"
f

�
0;

k2

nCk2

� 
nCk2

k2

!
�f

�
0;

k2

nC1Ck2

� 
nC1Ck2

k2

!#
xk

C

1X
k1D1

"
f

�
k1

nCk1
;0

� 
nCk1

k1

!
�f

�
k1

nC1Ck1
;0

� 
nC1Ck1

k1

!#
xk

C

1X
k1D0

1X
k2D0

f

�
k

nC1Cjkj

� 
nC1Cjkj

k

!
x
k1C1
1 x

k2

2

C

1X
k1D0

1X
k2D0

f

�
k

nC1Cjkj

� 
nC1Cjkj

k

!
x
k1

1 x
k2C1
2

9=; :
Therefore the last equation reduces to the following:

Mn .f Ix/�MnC1 .f Ix/D .1�jxj/nC1�

�

8<:
1X
k2D1

"
f

�
0;

k2

nCk2

� 
nCk2

k2

!
�f

�
0;

k2

nC1Ck2

� 
nC1Ck2

k2

!

Cf

�
0;
k2�1

nCk2

� 
nCk2

k2�1

!#
x
k2

2 C

1X
k1D1

"
f

�
k1

nCk1
;0

� 
nCk1

k1

!

�f

�
k1

nC1Ck1
;0

� 
nC1Ck1

k1

!
Cf

�
k1�1

nCk1
;0

� 
nCk1

k1�1

!#
x
k1

1

C

1X
k1D1

1X
k2D1

"
f

�
k1�1

nCjkj
;
k2

nCjkj

� 
nCjkj
k�e1

!
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Cf

�
k1

nCjkj
;
k2�1

nCjkj

� 
nCjkj
k�e2

!

Cf

�
k

nCjkj

� 
nCjkj

k

!
�f

�
k

nC1Cjkj

� 
nC1Cjkj

k

!#
xk

)
:

Let I1, I2 and I3 denote the followings

I1 D f

�
k

nCjkj

� 
nCjkj

k

!
�f

�
k

nC1Cjkj

� 
nC1Cjkj

k

!

Cf

�
k� e1
nCjkj

� 
nCjkj
k� e1

!
Cf

�
k� e2
nCjkj

� 
nCjkj
k� e2

!
;

I2 D f

�
0;

k2

nCk2

� 
nCk2

k2

!
�f

�
0;

k2

nC1Ck2

� 
nC1Ck2

k2

!

Cf

�
0;
k2�1

nCk2

� 
nCk2

k2�1

!
;

I3f

�
k1

nCk1
;0

� 
nCk1

k1

!
�f

�
k1

nC1Ck1
;0

� 
nC1Ck1

k1

!

Cf

�
k1�1

nCk1
;0

� 
nCk1

k1�1

!
:

For I1, we take

˛1 D

 
nCjkj

k

!
 
nC1Cjkj

k

! , ˛2 D

 
nCjkj
k� e1

!
 
nC1Cjkj

k

! , ˛3 D

 
nCjkj
k� e2

!
 
nC1Cjkj

k

! .

Clearly ˛1; ˛2 and ˛3 are non-negative numbers, and ˛1C˛2C˛3D 1: On the other
hand if we set

x1 D
k

nCjkj
; x2 D

k� e1
nCjkj

; x3 D
k� e2
nCjkj

;

then it follows that

˛1x1C˛2x2C˛3x3 D
k

nC1Cjkj
:
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Hence, from the convexity of f we obtain that I1 � 0: For I2; we set

˛1 D

 
nCk2

k2

!
 
nC1Ck2

k2

! ; ˛2 D
 
nCk2

k2�1

!
 
nC1Ck2

k2

!
and

y1 D
�
0;

k2

nCk2

�
; y2 D

�
0;
k2�1

nCk2

�
;

then, clearly, ˛1; ˛2 � 0; and ˛1C˛2 D 1: Morever we have

˛1y1C˛2y2 D
�
0;

k2

nCk2

�
:

Thus, from the convexity of f we obtain that I2 � 0: Similarly we deduce that I3 �
0: So we have proved Mn .f Ix/ � MnC1 .f Ix/ for all n 2 N: Using the similar
arguments given in [2], the last part of the proof is given as follows: The equality
of Mn .f Ix/ and MnC1 .f Ix/ can be satisfied only if I1 D 0 for all k1;k2 2N and
I2 D I3 D 0 for all k1;k2 2 N0: But, if f is convex, then I1 D 0 implies that its
graph is a plane in triangle. �

In the following, we show that the bivariate MKZ operators can retain a certain
monotony, that is

Theorem 2. Let f be defined on S2: If f .x/ is a non-negative function such that
f .x/
xi

.i D 1;2/ is non-increasing for xi on .0;1/ ; then for each n � 1; Mn.f Ix/
xi

; is
also non-increasing for xi on .0;1/ :

Proof. Straightforward computation gives that for n � 1 we have, for example
with respect to x1,
@

@x1

�
Mn .f Ix/

x1

�
D

D
@

@x1

8<:
1X
k1D0

1X
k2D0

.1�x1�x2/
nC1

x1
f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
x
k1

1 x
k2

2

9=;
D

@

@x1

8<:
1X
k2D0

.1�x1�x2/
nC1

x1
f

�
0;

k2

nCk2

� 
nCk2

k2

!
x
k2

2 C

1X
k1D1

1X
k2D0

�.1�x1�x2/
nC1f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
x
k1�1
1 x

k2

2

)

D

1X
k2D0

@

@x1

 
.1�x1�x2/

nC1

x1

!
f

�
0;

k2

nCk2

� 
nCk2

k2

!
x
k2

2 C

1X
k1D1

1X
k2D0
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�f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
@

@x1

h
.1�x1�x2/

nC1x
k1�1
1 x

k2

2

i
D

1X
k2D0

 
�.nC1/.1�x1�x2/

nx1� .1�x1�x2/
nC1

x21

!
f

�
0;

k2

nCk2

� 
nCk2

k2

!
x
k2

2

C

1X
k1D1

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
x
k2

2

�

h
�.nC1/.1�x1�x2/

nx
k1�1
1 C .1�x1�x2/

nC1 .k1�1/x
k1�2
1

i
D

1X
k2D0

.1�x1�x2/
nC1

x21

�
�.nC1/x1

1�x1�x2
�1

�
f

�
0;

k2

nCk2

� 
nCk2

k2

!
x
k2

2

C

1X
k1D1

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
.1�x1�x2/

nx
k2

2

�

h
�nx

k1�1
1 �x

k1�1
1 C .k1�1/x

k1�2
1 � .k1�1/x

k1�1
1 � .k1�1/x

k1�2
1 x2

i
�x

k1�2
1 .1�x2/.1�x1�x2/

nx
k2

2

D

1X
k2D0

.1�x1�x2/
nC1

x21

�
�
.1Cnx1�x2/

1�x1�x2

�
f

�
0;

k2

nCk2

� 
nCk2

k2

!
x
k2

2

C

1X
k1D1

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
.1�x1�x2/

nx
k2

2

�

h
�.nCk1/x

k1�1
1 C .k1�1/.1�x2/x

k1�2
1

i
D

1X
k2D0

.1�x1�x2/
n

x21
.�.1Cnx1�x2//f

�
0;

k2

nCk2

� 
nCk2

k2

!
x
k2

2

C

1X
k1D1

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
x
k1�1
1 .�n�k1/x

k2

2

� .1�x1�x2/
n
C

1X
k1D2

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!

D

1X
k2D0

�.1Cnx1�x2/

x21
f

�
0;

k2

nCk2

� 
nCk2

k2

!
.1�x1�x2/

nx
k2

2

�

1X
k1D1

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!
x
k1�1
1 .nCk1/x

k2

2
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� .1�x1�x2/
n
C

1X
k1D1

1X
k2D0

f

�
k1C1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1C1Ck2

k1C1Ck2

!
� .1�x2/x

k1�1
1 k1 .1�x1�x2/

nx
k2

2

� �

1X
k2D0

.1Cnx1�x2/

x21
f

�
0;

k2

nCk2

� 
nCk2

k2

!
.1�x1�x2/

nx
k2

2

C

1X
k1D1

1X
k2D0

f

�
k1C1

nCk1Ck2C1
;

k2

nCk1Ck2C1

� 
nCk1Ck2

k1Ck2

!
nCk1Ck2C1

k1Ck2C1

k1

x1

� .1�x2/.1�x1�x2/
nx

k1

1 x
k2

2 �

1X
k1D1

1X
k2D0

f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

� 
nCk1Ck2

k1Ck2

!

�
.nCk1/

k1

k1

x1
.1�x1�x2/

nx
k1

1 x
k2

2

Since for k1;k2 � 0

nCk1Ck2C1

k1Ck2C1
<
nCk1Ck2C1

k1C1
; �

nCk1Ck2

k1
< �

nCk1

k1

and

1Cnx1�x2 � 0; 1�x2 � 1; for x1;x2 2 S2; n 2N;

so we have for n� 1

@

@x1

�
Mn .f Ix/

x1

�
�

� �

1X
k2D0

.1Cnx1�x2/

x21
f

�
0;

k2

nCk2

� 
nCk2

k2

!
.1�x1�x2/

nx
k2

2

C

1X
k1D1

1X
k2D0

�
f

�
k1C1

nCk1Ck2C1
;

k2

nCk1Ck2C1

�
nCk1Ck2C1

k1Ck2C1

�f

�
k1

nCk1Ck2
;

k2

nCk1Ck2

�
.nCk1Ck2/

k1

�
�

 
nCk1Ck2

k1Ck2

!
k1

x1
.1�x1�x2/

nx
k1

1 x
k2

2 ;

is non-positive, since f is a non-negative function, such that f .x/
xi

.i D 1;2/ is non-
increasing for xi on .0;1/ : Similar calculations can be obtained for x2: �
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3. A GENERALIZATION

This section provides an r�th order generalization of the bivariate MKZ operators
in the sense of Kirov and Popova’s construction [8].

Let C r .S2/ ; r 2N0, denote the space of all functions f defined on S2 and having
all continuous partial derivatives up to order r . By M Œr�

n ; we denote the following
generalization of Mn. For x; t 2 S2;

M Œr�
n .f Ix/DMn

�
Pr; k

nCjkj
.�x;f /

�
; (3.1)

where

�x WD.�x1;�x2/D x�
k

nCjkj
D

�
x1�

k1

nCjkj
;x2�

k2

nCjkj

�
;

r D

�
@

@x1
;
@

@x2

�
;

.�x:r/r WD
X
iCjDr

 
r

j

!
.�x1/

i .�x2/
j @r

@xi1@x
j
2

; (3.2)

�
r
j

�
are binomial coefficients, and

Pr; k
nCjkj

.�x;f /D f
�

k
nCjkj

�
C .�x:r/f

�
k

nCjkj

�
C
.�x:r/2

2Š
f

�
k

nCjkj

�
C :::C

.�x:r/r

rŠ
f

�
k

nCjkj

�
; (3.3)

the Taylor polynomial for f at
k

nCjkj
2 S2:

Now we state the following pointwise estimate for M Œr�
n

Theorem 3. If f 2 C r .S2/ and @rf

@xi
1@x

j
2

2 LipA .
/ ; iCj D r; then we have

ˇ̌̌
M Œr�
n .f Ix/�f .x/

ˇ̌̌
�

2A

.r �1/Š





C r
B .
;r/Mn .gIx/ (3.4)

for x 2 S2; where g .s/D jx� sjrC
 ; B .
;r/ is the familiar beta function, r; n2N0;

0 < 
 � 1 and A > 0:

Proof. From (3.1) and (3.3) we have

f .x/�M Œr�
n .f Ix/D

1X
kD0

Rr; k
nCjkj

.�x;f /

 
nCjkj

k

!
xk .1�jxj/nC1 ; (3.5)
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where

Rr; k
nCjkj

.�x;f / WD f .x/�
rX
hD0

.�x:r/h

hŠ
f

�
k

nCjkj

� 
nCjkj

k

!
xk .1�jxj/nC1 :

(3.6)
(3.6) can be given by

Rr; k
nCjkj

.�x;f /D
1

.r �1/Š

1Z
0

.�x:r/r

�

�
f

�
k

nCjkj
C t�x

�
�f

�
k

nCjkj

��
.1� t /r�1dt: (3.7)

Using (3.2),(3.7) results in

Rr; k
nCjkj

.�x;f /D
1

.r �1/Š

1Z
0

X
iCjDr

 
r

j

!
.�x1/

i .�x2/
j @r

@xi1@x
j
2

�

�
f

�
k

nCjkj
C t�x

�
�f

�
k

nCjkj

��
.1� t /r�1dt: (3.8)

Substituting (3.8) into (3.5) and taking into account that @rf

@xi
1@x

j
2

2LipA .
/ we arrive

at the following.ˇ̌̌
f .x/�M Œr�

n .f Ix/
ˇ̌̌
�

A

.r �1/Š

1X
kD0

.j�x1jC j�x2j/
r
�
j�x1j



Cj�x2j



�

�

 
nCjkj

k

!
xk .1�jxj/nC1

1Z
0

t
 .1� t /r�1dt

�
2A

.r �1/Š

1X
kD0

.j�x1jC j�x2j/
rC


 
nCjkj

k

!
xk .1�jxj/nC1B .
C1;r/

�
2A

.r �1/Š





C r
B .
;r/

1X
kD0

ˇ̌̌̌
x�

k
nCjkj

ˇ̌̌̌rC
  
nCjkj

k

!
xk .1�jxj/nC1 ;

which proves (3.4). �

For the uniform convergence of M Œr�
n .f / ; let us consider the above mentioned

function g .s/ D jx� sjrC
 . Obviously g .x/ D 0 and g is continuous on S2: From
multivariate extension of the Bohman-Korovkin theorem (see [12]) we have

kMn .g/kC.S2/
! 0 as n!1:
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Therefore by means of Theorem 3 we arrive at the following result


M Œr�
n .f /�f





C.S2/

! 0 as n!1:
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