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Abstract. Uniform boundedness and uniform ultimate boundedness of solutions of retarded func-
tional differential equations are studied by Liapunov functions. The obtained result in this work
improves Razumikhin theorems on uniform ultimate boundedness. Some examples are given to
illustrate the advantage of the obtained result.
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1. INTRODUCTION

Retarded functional differential equations (RFDEs) are a general type of equations
and they include ordinary differential equations and differential difference equations
[4]. Significance of boundedness (BD) and ultimate boundedness (UB) of partial
solutions of RFDEs is widely known. For some problems, one may be interested
only in some variables, and it often is very difficult to solve once for all the problems
of whole variables about some complex systems. On the other hand, the BD and the
UB of whole variables can be obtained by the BD and the UB of partial variables
[4,6,7].

In fact, the BD and the UB of partial solutions were studied for ordinary differen-
tial equations (ODEs) and difference equations. For some results in the area see, for
example, [2,5-7,9—11, 13—19] and the references cited therein.

On the results of ODEs, in [5] the authors obtained two Lyapunov-like theorems
for the BD and the UB of partial solutions of nonlinear dynamical system

x1(t) = fi(x1(1), x2(1)),
X2(t) = fa(x1(1), x2(1)),

where x1 € D, D C R"! is an open set, xo € R"2, f1 : D xR" — R"!, 5 : D x
R"2 — R"2 (see Theorem 3.1 and Theorem 3.2). In [6] the author obtained four
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results (sufficient conditions) for the BD and the UB (dissipation) of partial solutions
of the nonlinear autonomous system

Z—Jt’ = col (i J1j(xj),, i fmj(xj)),
j=1 Jj=1

n n
z_f = col (Z fm-i—l ](X]), P Z fnj(xj))
J=1 Jj=1
(see Theorem 1 — Theorem 4), where y = col(x1,-+-,Xm), Z = col (Xm+1,"*, Xn);
Jij(xj) € C(—00, +00). In [7] the authors obtained four results (sufficient condi-
tions) for the uniform ultimate boundedness (uniform dissipation) of partial solutions
of the nonlinear nonautonomous system

J=1 Jj=1

% = col (i J1j.xj), i fm/(l’xj))’
4z = col (i Jma1 (€. X)), i f”j(t’xj))
Jj=1 J=1

(see Theorem 1 — Theorem 4), where f; ;(¢,x;) € C([to, +00) x R, R). In monograph
[8] the author obtained some results (sufficient and necessary conditions, and suffi-
cient conditions) for the BD of partial solutions of the nonlinear ordinary differential
equation

X(t) = f(t,x(1))
(see Theorem 8.38 and Theorem 8.39), where f € C(I x R”,R").

On the results of the BD and the UB of partial solutions of difference equations,
in [18] the authors obtained a result (sufficient conditions) for the uniform ultimate
boundedness (UUB) of partial solutions of the large-scale discrete system

xi(t+1) = filr, xi(O] + gilr, x1(7), -+, xm(7)] (G =1,2,---,m),
wheret €l ={10+k:k=0,1,2,---},x; e R", fi : [ xR" — R" ,g; : [ xR"1 x

m
R"2 x---x R"" — R™ > n; = n (see Theorem 3). In [15] the authors gave some
i=1
results (sufficient conditions) for the BD and the UB of partial solutions of discrete-
time nonlinear dynamical system

x1(k+1) = fi(x1(k), x2(k)),
x2(k +1) = fa(x1(k), x2(k)),

where k € {0,1,2,---},x1 € D, D C R™! is an open set, xp € R?2, f1 : D xR"2 —
R™1, f5 : D x R"2 — R"2 (see Theorem 3.2 and Theorem 3.3). In [9] the author
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obtained some results for the BD and the UB of partial solutions of the difference
equation

z(t+1) = f(r,2(v)
(see Theorem 1-5), where z € R, t € I ={0,1,2,---}, f : [ xR" — R".

On the BD and the UB of partial solutions of ODEs and difference equations, one
obtained quite a few results. Nonetheless, the results for uniform BD and UUB of
partial solutions of RFDEs are still very few [3,4]. In this paper, using Liapunov
function (Liapunov functions are simpler than Liapunov functionals), a result of uni-
form BD and UUB of the partial coordinates or all the coordinates of the solutions of
RFDE:s is given. Our result improves the well-known Razumikhin theorems on UUB
[4]. The result is easier to apply; its application area is widened. Moreover, some
examples are given to illustrate the application and advantage of the obtained result
at the end.

2. PRELIMINARIES

Suppose r > 0 is a given real number, R = (—o0, 00), Rt = [0, c0), R" is an n-
dimensional linear vector space over the reals with norm | - | (in this paper, if x € R”

1
i=1
), C = C([-r, 0], R™) is the Banach space of continuous functions mapping the
interval [—r, 0] into R” with the topology of uniform convergence. We designate the

norm of an element ¢ = (¢1,¢2,-++,¢n)7 in C by |p| =sup_, <g<o|p(0)]. If
0€R,A>0 and xeC(jo—r,0+A],R"),

n 2
is a column vector, then |x| denotes the Euclidean length of x: |x| = (Z x.2)

then for any ¢ € [0,0 + A], we let x; € C be defined by x;(0) =x(t+06),0 € [—r, 0O].

Suppose f : Rx C — R" is continuous and consider the retarded functional dif-
ferential equation [1,4]

x(t) = f(t, x1). (2.1

We will assume that there is a unique solution x (¢, t9, @) (x(to, ¢)(¢)) of the Equa-
tion (2.1) through (79, ¢) € Rx C. Let

X = (x1$ x2’ "',xn)T e [and) = (()bl? ¢2’ "'7¢71)T e C’
Xinj = (i, Xig1, o x) T € RO (1<i<j<n),
x(t) =x(t,10,9), xi~j(t) = xi~j(t,10,9),

() =X1~m(t), 2(t) = Xm_+1~n(f);
Cinj=C([-r, 0], RT) i = ($iv i1, . 9)T € Cinj.
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If V : Rx R™ x R*~™ — R is a continuous function, then V (¢, ¢1.m (0), dm+1~n(0)).
the derivative of V' along the solutions of Equation (2.1) is defined to be

V(t.¢1~m(0). pmt1~n(0)) =
W l[I/(l +h,x1~m(t,¢)(t +h)axm+1~n(t’¢)(t +h))_
h—ot+ h
V([’¢l~m (0)’ ¢m+1~n (O))]

In this paper, suppose that if (xX1~m.Xmt1~n)L # 0, then V(t,X1m, Xmi1~n) > 0
forall € R.

Definition 1. The partial solutions X1, (¢, fo, ¢) (1 <m < n) of the Equation (2.1)
are uniformly bounded if , for any B; > 0, there is a B, = B,(B1) > 0 such that, for
alltp € R, ¢ € C, and |¢| < B;, we have

|X1~m (¢, 10, ) | < B2(B1)

forall t > 1.

Definition 2. The partial solutions X1, (¢, f9, ¢) of the Equation (2.1) are
uniformly ultimately bounded if there is a B > 0 such that, for any B3 > 0, there is a
constant 7'(B3) > 0 such that

fort > to+ T(B3) foralltp € R, ¢ € C,|¢p| < Bs.

3. MAIN RESULT

Without loss of generality, we suppose r > 0. Suppose f : Rx C — R" takes
Rx (bounded sets of C) into bounded sets of R”. Suppose u,v,w,q : Rt — RT
are continuous, nondecreasing functions, u(s),v(s), w(s) positive for s > 0, u(0) =
v(0) = w(0) = ¢(0) =0, u(s) - co as s — oo. Suppose there is a constant ¢ > 0
such that g(s) > ¢ for s > 0.

Theorem 1. Let the following conditions hold.

(1) There are positive integers m and k with 1 <m <k <n. There is a con-
tinuous function V : Rx R x R*™™ — R such that

U(|x1~m|) < V(E X1om Xmt1~n) < V(| X1~k]) (3.1

fort € R,x € R,
(2) There is a continuous, nondecreasing function p : RT™ — RT with

p(s) >q(s) fors>D0. (3.2)
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(3) Let xpy41~n € R*™™ be a vector, and let

(1) = x1an(t) = 0T (0,27 )" = (o (O 31 O)
be the solution of the Equation (2.1). If there is a constant H > 0 and if
|X1~m ()| = H forall t >ty and
q(V (s, y(5). Xm+1~n)) < p(V (. y (). Xm+1~n))

forall t>ty, s €[t—r,t], then

Vot y(®).2(0) < —w(|y®)]) (3.3)
forall t>t.
Under these conditions, the coordinates x1-.m (¢, to, ¢) of the solutions of the Equa-

tion (2.1) are uniformly bounded and uniformly ultimately bounded.

Remark 1. The well-known Razumikhin theorems on UUB may be deduced from
the above Theorem 1 ( the function g(s) = s, m =k = n).

4. PROOF OF THEOREM |1

In order to prove Theorem 1 in this paper, we need three lemmas.

Although |x1,(¢)| > H is assumed in Lemma 2 and Lemma 3 below, this paper
is interested only in the issues of the uniform boundedness and the uniform ulti-
mate boundedness of the partial solutions xj-,;,(¢) (m < n ). Therefore, condi-
tion |Xj~m(¢)| = H is assumed in Theorem 1. In fact, if |x;~m(¢)| > H, then
[X1~n(@®)] = H (|X1~n(@)| = |X1~m()] = H ). Consequently, the Theorem 1 in
this paper can be proved by Lemma 3 below ( see page 11 ).

Let Rg = [t(), o). If

V(t,yi.ze)= sup V(t+6,y(t+6).2(1)) 4.1
fe[—r, 0]

for (¢, x(t +0)) € RoxC, 6 € [-r,0] (x(t +6) = (yI',zI)T € C), then there is a
Bp = 6o(¢) in [—r, 0] such that

V(t,y.20) = V(t +60(t). y(t +6o(1)). 2(t)) (4.2)
and either 6y (z) = 0 or Oy(¢) < 0 and
Vie+6,yt+0),z() <V(+00@),y(+60p(t)),z(t)) 4.3)

if Bp(r) <0 <O0.
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Lemma 1. Let (yT (¢),z7 (¢))T be the solution of Equation (2.1). If g = 0p(t) <0

for some t € Ry, then
V(t,yt,2¢) = 0. (4.4)
Proof. 1If
V(t+h+0,y(t+h+0),z(t+h) > V(E+00,y(+60),2(t))
for 6 € (6, 0], and sufficiently small z > 0, then we would have
lim Ve+h+6,yt+h+0),z¢+h)> lim V(¢ + 0y, y(t+ 60),2(t)),
h—0+ h—0t

and using the facts that V, y(t + h + 60), and z(¢ + h) are continuous, we get
V(E+0,y@+0),z(t) = V(t+ 6o, y(t +60),2(t))
for 6 € (6, 0], which contradicts the (4.3). So
Vie+h+0,yt+h+0),z(t+h) = V({E+00.y(+6),2(t))  (45)
for 6 € (6, 0], and sufficiently small 2z > 0. From this, we have

V(t+h yisn2een) =V (6 y.20) (4.6)

for sufficiently small 4 > 0 [4]. Therefore, ?(t, ¥¢,2¢) = 0. The proof of the Lemma
1 is therefore complete. O

Lemma 2. Let the following conditions hold.
(1) There is a continuous function V : Rx R x R"™™ — R such that
U([X1~m]) SV X1em, Xmt1~n) S V(| x1k]) (1 <m <k <n) (4.7)
fort € R, x € R".

(2) Let x(t) = x1en(®) = T (), 27 (DT = (], (1), %11, ()T e the
solution of the Equation (2.1). If |x1~n(t)| > H forall t >ty and
V+0,3(+0).2()) < V(. y(0),2()

forall t >ty, 0 € [—r,0], then
Vi, y(1),z(1) <0 (4.8)
forall t > ty.
Under these conditions, the coordinates x1m (¢, to, ¢) of the solutions of the Equa-
tion (2.1) are uniformly bounded .

Proof. Let By > H be given, ty € R, ¢ € C, and |¢| < B;. Choose B, > B such
that u(B2) > v(B,). Consider any solution x(¢) of (2.1). Using (4.2), (4.7) and our
choice of u(B>), we get

V(to, Yty 21) = V(to + 60,y (to + 60), 2(t0)) <
v(| (0T (to+00).x] 1 ()T ) < v(I9]) < v(B1) < u(By). 4.9)
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We claim that

V(t,ys,2:) <u(By) forall t > tg. (4.10)
If this were not so, then there would exist a t*, t* > 7o, such that
V(t*, yex,ze¢) > u(By). (4.11)

Since (4.9), (4.11) and V (¢, y;,z;) is continuous in t, there exists t; € [fg,?*] such
that

V(t1,Y1,,28) = u(B2) < V(t*, ype,24%). (4.12)

Therefore the mean value theorem yields there exists 7 € [f1, *] such that
V(,y7.27) > 0. (4.13)

If B9 < 0, then using Lemma 1, we have ?(Z_ , 7.27) = 0, which contradicts the (4.13).
If 6y = 0, then using (4.2), (4.7), (4.12), and our choice of u(B,), we have

v(By) <u(B2) <V (I, y5.27) = V(I,y(),2(1) < v(|x1~x (D)) < v(Ix(@)]).
Using the fact that v is nondecreasing, we get By < |x(t)| (|x()|> By > H). If
fp = 0, then using (4.1) and (4.2), we have

V(IE+0,y(f+0),z(0))< sup V(E+0,y(+0),z(0)) =
oe[—r, 0]

V(t,y7.27) = V(I + 00,y + 60),2(D) = V(7,y(1),2(D)) (4.14)
for 6 € [-7,0], 7 > to. From (4.8), (4.14) and |x(7)| > H, we have ?(t_, Vi Zf) =
V(t,y;,z7) <0, which contradicts the (4.13). So V (¢, y¢,z¢) <u(Bp) forall ¢ >t,.

From (4.1), (4.7) and (4.10), we obtain
u(ly@ =V, y(@).z@)) =

V(E+0,y(t+0),z0)< sup V(E+0,y(t+0),z20)) =
oe[—r, 0]

V(t.yt.21) <u(Ba)
for all # > ty. Using the fact that u is nondecreasing, we get |y (¢)| < B, forall t > 1.
The proof of the Lemma 2 is therefore complete. 0

Lemma 3. Let the following conditions hold.

(1) There are positive integers m and k with 1 <m <k <n. There is a con-
tinuous function V : Rx R™ x R*™™ — R such that

U(|X1~ml) < V(E X1~ms Xm+1~n) S V(| X1~k ]) 4.15)
fort € R,x € R,
(2) There is a continuous, nondecreasing function p : R™ — R™ with

p(s) >q(s) fors>D0. (4.16)
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(3) Let x()) = x1en(®) = G727 )T = Ty (0. xT ()T be the
solution of the Equation (2.1). If |x1~n(t)| > H forall t >ty and
q(V(t+0,y(t+0),2(1) < p(V(t, y(1),z(1)))
forall t > ty, 6 € [—r,0], then

Ven(t.y(@).2() = —w(H) (4.17)
forall t > 1.
Under these conditions, the coordinates x1m (t, to, ¢) of the solutions of the Equa-

tion (2.1) are uniformly bounded and uniformly ultimately bounded.

Proof. First, we show the uniform boundedness.
If|x(#)|>Hand V(t+0,y(t+0),2(t)) < V(¢ y(t),z(t)) for 8 € [-r,0], t > 1o,
then using (4.16) and the fact that ¢ is nondecreasing, we have
gVt +0.y(1+0).2(1) =q(V(t.y().2(1))) < p(V(t.y().2(2)))  (4.18)

for 6 € [—r,0], ¢ = 19; this follows since V(z, y(¢),z(1)) >0 (|x(¢)|= H >0). Hy-
pothesis (4.17) implies V (¢, y(¢),z(¢)) < —w(H) < 0. Lemma 2 implies the coordin-
ates X1~m (¢, to, ¢) of the solutions of the Equation (2.1) are uniformly bounded.

We now show the uniform ultimate boundedness. Choose B > H such thatu(B) >
v(H). Let B3 > H be given. The same argument as in the proof of Lemma 2 shows
there is a B4 > B such that for any ¢y € R,z > 19, and ¢p € C with |¢| < B3, the By
and u(By) satisfy

M(B) < M(B4), V(t’yt’zt) = M(B4) and
|y(t)| < By forall t >ty (see (4.10)). (4.19)
If ¥ = (B4,0,---,0)7 € R”, then using (4.15) and (4.19), we have
0 <u(B) <u(Bs) = u(|F1m|) <

V(t,X1~m, Xm+1~n) < V(|X1~k|) = v(Ba). (4.20)
From the properties of the functions p(s) and ¢(s), there is a number @ > 0 such that
p(s)—q(s) >a for u(B) <s <v(Ba). 4.21)

Let N be the first nonnegative integer such that
qu(B))+ Na = q(v(Ba4)), (4.22)

and let
_lqwBa)
T = cw(H) (l=0,1,2,---,N). (4.23)

First, we show that
g(V(t,y(t).z(t) <qu(B))+ (N —1)a (4.24)
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forallt >to+Ir+1T;,1 =0,1,2,---,N. From (4.19)and (4.20), we have
V(t,y(1).2(1)) < V(t.y1.21) <u(Bs) <v(By) for 1 > 1g. (4.25)

If [ = 0, then using (4.22) and (4.25), we have

qV(t,y(@),2())) < q(V(t,y:,21)) < q(v(Bg)) <
q(u(B))+Na =qu(B))+ (N —0)a

forall t > tg = t9 +0-r + Tp. That is, the inequality (4.24) is true for the [ = 0.

We now show that inequality (4.24) is true for [ = 1. If
q(B)) + (N —a < q(V(i. y(fo).z(f0))) (4.26)

for to > 1o, then, since ¢(u(B)) < qu(B))+ (N —1)a < q(V(io, y(f0).z(1))), it
follows that

u(B) < V(to,y(to), z(f0)). (4.27)
From (4.25) and (4.27), we obtain
u(B) < V(io, y(to),z(fo)) < v(Bys). (4.28)
Using (4.15), (4.27), and our choice of v(H ), we have
v(H) <u(B) < V(to,y(f0),2(f0)) < v(|x1~k (f0)]) < v(|x (%)), (4.29)

and using the fact that v is nondecreasing, we get H < |x(fp)|. Using (4.21), (4.22),
(4.25), (4.26) and (4.28), we get

p(V(to, y(to),z(10))) > q(V(fo. y(f0).2(10))) +a >
qu(B))+ (N —Da+a=qu(B))+ Na=>q(v(Bs)) >

q(V (0, y5,-25,) = q(V(to + 6, y(fo + 0), 2(f0))) (4.30)
for 6 in [—r, 0]. Hypothesis (4.17) implies
V(0. y(f).z(f0)) < —w(H) <0 (4.31)

for 7y > to. Therefore, if there is a tg‘ € [to, %0 + T1) such that
q(V(t5. y(15).2(t5))) < q(u(B)) 4+ (N —1)a,
then using (4.26) and (4.31), we have
q(V(t,y(t),z(¢))) <qm(B)) + (N —1Da (4.32)
fort >to+r+7T7. 1If
qu(B))+ (N —Da <q(V(t,y(),z()))
for all t € [tg,t9 + T1), then using (4.23) and (4.31), we have
qV(to+T1,y(to+T1),2(to +T1))) =
q(V(10.y(10).2(10))) + G(V (€. y(€). 2 V(E. y(§).2(6) Ty =
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1V 0,310, 20) + AV OOV €.y 6).20) Do) <
q(V(to, y(to0),2(t0))) —q(V(£,y(§),2(£))) % _
00By) _

q(V(20.y(t0).2(10))) —q(V(§.(§).2(§))) ————

g(V(to. y(to). 2(t0))) — ¢ ‘I((C—B“)) _

q(V(t0,y(10),2(10))) —q(v(Bs)) = q(v(B4)) —¢q(v(Bs)) =0 =

qu(B))+ (N —1)a.
Therefore, we have

qV(t,y(@),z(t)) <qu(B))+ (N —1)a forall t >toy+r+1Ti. (4.33)
Thus, the inequality (4.24) is true for the [ = 1.

The arguments are essentially the same as before, we are able to show that
q(V(t,y(1).2(1))) =q(B))+ (N — K)a
forallt >tg+ Kr +Tkg,K =2,3,---,N [4, 12]. Therefore, we have
q(V(t,y(1).2(2)) =qu(B))+ (N —Da
forallt >tg+Ir+171;,/ =0,1,2,---,N.Forl = N, we have
q(V(t,y().z2(1))) = qu(B)) + (N —N)a = q(u(B))
for all ¢t > t9 + Nr + Tx . Hypothesis (4.15) implies
qu(ly®) =qV (. y(1),z(1))) < q(u(B))
forall t >ty + Nr + Ty and hence
|(x1(t.10.9), X2(t.10,4), -+ xm(t.00.9) | < B

for all t > to+ Nr+Ty. Let T = Nr + Ty. Thus, this completes the proof of
uniform ultimate boundedness. The proof of the Lemma 3 is therefore complete. [J

Now we are in the position to prove our Theorem 1.

Proof of Theorem 1. If
|X1~m ()| = H (4.34)
forall t > ¢y and
gV (s, y(8). Xm+1~n)) < p(V({E, y(1), Xm+1~n)) (4.35)
forallt > tg,s €[t —r,t], Xm+1~n € R*™™, then using (c), we have
Van(.y(@),z(1) < —w(ly@®)]) (4.36)
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for all t > t¢. From (4.34) and (4.35), we obtain
[X1~n (D] = [X1~m ()| = H (4.37)
for all ¢ > ¢y and

q(V(t+6.yt+0).2) < p(V(t.y(@).2(1)))  (4.38)

for all t > tg, 6 € [—r,0]. Using (4.36), (4.37), and the fact that w is nondecreasing,
we get

Ve, y(t),2(1) < —w(ly(0)]) = —w(|x1~m(1)]) < —w(H) (4.39)

for all ¢ > to. Lemma 3 implies the coordinates xi~», (¢, to, ¢) of the solutions of
the Equation (2.1) are uniformly bounded and uniformly ultimately bounded (see the
(4.37), the (4.38), and the (4.39)). The proof of Theorem 1 is therefore complete. [

5. EXAMPLES

We give the following examples in order to illustrate the application and advantage

of the Theorem 1 in this paper [4,20,21]. It is easy to see that the well-known Ra-
zumikhin theorems on uniform ultimate boundedness cannot apply to the following
examples.

Example 1. Consider the scalar equation

(0) = = Y by (0)x* (1) ocarctan B> (1 — (1)) + yx ™ (1 — 1 (1))
j=1

—a(t)x?*71(¢) [ arctan Bx2" (1) + yx>" ()] + p(2), (5.1)

where p(t), a(t), bj(t), and 7;(¢) are bounded continuous functions on R, &, 8,y =
const,af >0,y >0, k=1,2,--- . K, m=1,2,--- M.

We make the following assumptions on Equation (5.1): there is a gg € (0, 1) such
that

n
a(t)=8>0, Y |bj()] <8g0. 0<7;(1) <r (j =1.2,.n)
Jj=1
forallz € R, go,8,r = const.

Under the above hypotheses, we will show that the solutions of the Equation (5.1)
are uniformly bounded and uniformly ultimately bounded.
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In fact, since g € (0, 1), there is a ¢; > 1 such that gog; < 1. If

p(s) = q14(5), q(s) = aarctan s +ys, V(x) = x>",
|x(¢)| > H = const. >0, and
p(V(x(@)) > q(V(x(s))), s € [t —r, t] (= q1(cvarctan Bx>™(¢)+

yx2M(t)) > acarctan Bx2M (¢t — 7 (¢)) + yx2"(t — 7 (2)), j = 1,2, ,n),
then
Vis.1)(x (1)) = 2mx2®Fm=D (1) _a(1)[warctan B2 (1) + yx>™ (1))

=Y bj(n)aarctan fx>" (1 — 1; (1)) + yx>" (1 — 7 (1))]}
j=1

+2mp()x>™ (1)
< 2mx2(k+m—1)(t){ —a(t)|o arctanﬂxzm 1)+ J/xzm(l)]

+ Z |b; (t)|- g1 [@arctan Bx 2™ (1) + yx>™ ()]} + 2mp() x> (1)
j=1

= 2mx2*+m=D (1) [o arctan Bx 2™ (1) + yx 2" (1)]

[—a(t)+q1 ) 1bj (O] +2mp()x>" (1)
j=1
< 2mx2®*Fm=D () [a arctan Bx 2" (1) + yx 2" (1)]x
[—8 +q0q18] +2mp(1)x*>" 1 (¢)
< —=2m8(1 —qoq1)x>* "=V (1) o arctan Bx 2" (1) + yx 2" (1)]
+2mp()x>"L(1).

By choosing H; > H = const > 0 appropriately ( p(¢) is bounded continuous func-
tion on R, constant §(1 —goq1) > 0, «f > 0,y > 0 ), we obtain a positive constant j
such that

p()
x2k=1(p) [a arctan Bx2™ (1) + yx2m (t)]
for |x(¢)| = Hy and p(V(x(2))) > q(V(¢(0))), 8 € [—r, 0]. From this, we have
Vs (x(1) < =2m8(1 —qog)x*>* =D (1) [warctan fx>™ (1) + yx*™ (1)]
+2mp()x>" (1)

2m 8(1 —qoq1) — > W
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p(t)

x2k=1(t) [ arctan Bx2™ () + yx2™(1)]

x x2&+m=1 ) [ arctan Bx 2™ (1) + yx 2" (1)]

< —p x2&k+m=D ) [ arctan Bx 2" (1) + yx 2" (1)]

=—-2m {8(1 —qoq1) —

for [x(¢)| = Hy and p(V(x(2))) > q(V(¢(9))), 8 € [—r, 0]. Therefore, the Theorem
1 implies the solutions of the Equation (5.1) are uniformly bounded and uniformly
ultimately bounded.

Example 2. Consider the second-order system

X(1) =2y().

J(0) = —f(x (1) — D2, y(1))a>”® (5.2)

0
+ 5O +y0) | g +6)a D as,

—r

where a = constant > 1.
We make the following assumptions on System (5.2):

(a) @ : R? — R is continuous, @ takes Rx (bounded sets of R) into
bounded sets and there are constants ag > 0, H > 0, such that

o(t,y)

>ag>0 for t €R, |y| = H.

(b) f: R — Ris continuous and f(x)sgnx — oo as |x| — oco.
(¢) p:R — Risbounded and continuous.
(d) g : R — R is continuous and there is a constant L > 0, such that

lg(x)| <L forall x € R.

(e) Lr <ay.

It is always assumed that a uniqueness result holds for the solutions of System
(5.2). Under the above hypotheses, we will show that the second coordinate of
the solutions of the System (5.2) is uniformly bounded and uniformly ultimately
bounded.
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In fact, since Lr < ag, there is a g; > 1 suchthat g, Lr < ag . If
q(s) =a*—1, p(s) =q1q(s), V(x.y) = F(x)+y2, F(x) = [y f(s)ds,

ly(t)| > H, and

q(V(x.y(s) < p(V(x.y(@)). s €t —r 1] (¢(V(x.y( +0))) <

p(V(x.y())). 6 €[-r. 0])

( = aFOFY2E+0) 1 < g (aFO+720 _ 1)

= qF+y20+0) L GFO+y20+0) 4 (4 — 1) < g1aF@O+7®)

: ayz(t+9) < qlayz(t))’

then
Vis.2)(x (1), y(1))

A

=

2y (OB, y(@)a” O + pt) +

0
y@©) | gx(t+6)a> D ag]

- 2 0 2
202 () [—a0a”® + / g(x(t + 0))[a?*T+D 4p)]

+2ly ()] 15(0))]
—2(ao —qiLr)y*()a" @ + 2y ()| |5(1)],

By choosing H; > H appropriately ( p(¢) is bounded continuous function, constant
(ap—q1Lr) > 0), we obtain a positive constant y such that

2[(a0—q1Lr)—

5()] ] y
y@lar® |~

for |y(¢t)|> Hyand g(V(x,y(s))) < p(V(x,y(t))), s € [t —r, t]. From this, we have

I}'(5.2) (x(@),y())

< =2ao—qiLr)y*0)a”” O +2)y(0)| |5(0)|

_ 1p(1)] 2(p)
= 2 |:(a0 —q1Lr)— W} y2(t)a”

< —uy?(n)a”’®

for|y(t)| > Hy and g(V(x,y(s))) < p(V(x,y(t))), s € [t —r, t]. Therefore, the The-
orem 1 implies the second coordinate of the solutions of the System (5.2) is uniformly
bounded and uniformly ultimately bounded.
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