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RANK SOLUTIONS TO A SYSTEM OF MATRIX EQUATIONS
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Abstract. Let n xn complex matrices P and Q be nontrivial generalized reflection matrices, i.e.,
P*=P=P7 12T, 0*=0=071#1I,. Acomplex matrix A with order  is said to be
a (P, Q) generalized anti-reflexive matrix, if PAQ = —A. We in this paper mainly investigate
the (P, Q) generalized anti-reflexive maximal and minimal rank solutions to the system of mat-
rix equation AX = B. We present necessary and sufficient conditions for the existence of the
maximal and minimal rank solutions, with (P, Q) generalized anti-reflexive, of the system. Exp-
ressions of such solutions to this system are also given when the solvability conditions are satis-
fied. In addition, in correspondence with the minimal rank solution set to the system, the explicit
expression of the nearest matrix to a given matrix in the Frobenius norm has been provided.
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1. INTRODUCTION

Throughout this paper, let C/**™ be the set of all n x m complex matrices with
rank r, UC™ " be the set of all n x n unitary matrices. Denote by I, the identity
matrix with order n. Let J,, = (epe5n—1...€1), where e; is the ith column of 1,,. For
amatrix A, A*, AT, || A|| and r (A) represent its conjugate transpose, Moore-Penrose
inverse, Frobenius norm and rank, respectively.

Definition 1. Let P, Q € C™*" be nontrivial generalized reflection matrices, i.e.,
P*=P=P 1 £1, 0*=0=0Q ! +#1,, then matrix A € C™*" is said to be the
(P, Q) generalized reflexive (or anti-reflexive) matrix, if PAQ = A(or PAQ = —A).

Obviously, if let P = Q = J, in Definition 1, then matrix A is the well-known
centrosymmetric (or anti-centrosymmetric) matrix, which plays an important role in
many areas (see, e.g., [0, 13, 16—19]), and has been widely and extensively studied
(see, e.g., [1,25,28]). Moreover, let P = Q, then matrix A is called generalized
centrosymmetric (or anti-centrosymmetric) matrix [12,22]. As being the extensions
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of the centrosymmetric matrices and generalized centrosymmetric matrices, the ge-
neralized reflection matrices and generalized reflexive matrices have many special
properties and practical applications, and have also been frequently investigated, see
for instance, [3,7,8,26,27].

In matrix theory and applications, many problems are closely related to the ranks
of some matrix expressions with variable entries, so it is necessary to explicitly cha-
racterize the possible ranks of the matrix expressions concerned. The study on the
possible ranks of matrix equations can be traced back to the late 1970s (see, e.g.

[2,9-11,23]. Recently, the extremal ranks, i.e. maximal and minimal ranks, of some
matrix expressions have found many applications in control theory [4, 5], statistics,
and economics (see, e.g. [14, 15,21]).

In this paper, we consider the (P, Q) generalized anti-reflexive extremal rank so-
lutions of the matrix equation

AX = B, (1.1)

where A and B are given matrices in C"*™. In 1987, Uhlig [23] gave the maximal
and minimal ranks of solutions to system (1.1). By applying the matrix rank met-
hod, recently, Tian [20] obtained the minimal rank of solutions to the matrix equation
A= BX +YC. Xiao et al. [24] in 2009 considered the symmetric minimal rank
solution to system (1.1). The (P, Q) generalized reflexive and anti-reflexive mat-
rices with respect to the generalized reflection matrix dual (P, Q) are two classes
of important matrices and have engineering and scientific applications. The (P, Q)
generalized anti-reflexive maximal and minimal rank solutions of the matrix equa-
tion (1.1), however, has not been considered yet. In this paper, we will discuss this
problem.
We also consider the matrix nearness problem

Juin | X~ Xz, (12)

where X is a given matrix in C™*" and S,, is the minimal rank solution set of Eq.
(1.1).

The matrix nearness problem (1.2) is the so-called optimal approximation prob-
lem, which has important application in practice, and has been discussed far and
wide (see, e.g., [7,8,12,25,27] and the references therein).

We organize this paper as follows. In Section 2, we first establish a representation
for the generalized reflection matrix dual (P, Q). Then we give necessary and suffici-
ent conditions for the existence of (P, Q) generalized anti-reflexive solution to (1.1).
We also give the expressions of such solutions when the solvability conditions are sa-
tisfied. In Section 3 we establish formulas of maximal and minimal ranks of (P, Q)
generalized anti-reflexive solutions to (1.1), and present the (P, Q) generalized anti-
reflexive extremal rank solutions to (1.1). In Section 4 we present the expression of
the optimal approximation solution to the set of the minimal rank solution.
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2. (P, Q) GENERALIZED ANTI-REFLEXIVE SOLUTION TO (1.1)

In this section we first introduce some structure properties of the generalized ref-
lection matrix dual (P, Q) and establish the representations of (P, Q) generalized
anti-reflexive matrix. Then we give the necessary and sufficient conditions for the
existence of and the expressions for the (P, Q) generalized anti-reflexive solution of
Eq. (1.1).

Lemma 1 ([12]). Given generalized reflection matrices P, Q € C™". Let
Iy + P I+ 0 I,—P 0 -0
T2 T2 2 T

Then r(Py) =n—r, r(Q2) = n—s, and there exist column orthogonal matrices
U1 € C"™T U,y € Cnx(n—r), Vi1 € C™*S, Vo € Cnx(n—s)’ such that

P =UnUjy, Po=UxnUy),, Q1=Vi1V]], Q2= "ValV5. 2.1

Py

GCfxn, Q1 eCsnxn’ P2:

Remark 1. Denote U = [U11,Usz], V = [V11, Vaz], it follows from Lemma 1 that
UV eUC™" and

_ Ir O * _ Is O 3
P—U[O _In_r]U,Q_V[O _In_s}v, (2.2)

where the symbols ”0” stand for null matrices with associated orders (in the sequel,
we always mark them like this).

Lemma 2 ([8]). Let A € C™*" and generalized reflection matrices P, Q with the
forms of (2.2), then A is the (P, Q) generalized anti-reflexive matrix if and only if

0O M *
A:U[N O}V, 23)

where M € CT*0=9) N ¢ C(=1)%s g1 arbitrary.

Given matrices A7 € C™*", By € C™*P, by making generalized singular value
decomposition to [41, B1], we have

A1 =M1X4, U, By =M X WV 2.4
where M is a m x m nonsingular matrix, Uy € UC™*", Vy € UCP*P,
I 0 0 rT —351 0 0 0 rT —351
_ 0 SAI 0 51 _ 0 SB1 0 A
2=l 0 0 0| kier BT 0 0 I | kier
O 0 O m—kiq 0O O 0 m—kq

k1= r[Al,Bl], s1 = r(A1)+r(B1)—r[A1,Bl], SAI =diag(oz1,...,cxsl), SB1 =
diag(B1,....Bs;), 11 =7(A41), 0 <oy, <+ <01 <1,0< By <--- < B, <1,
al.2+,3i2=1,i=1,...,s1.
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Lemma 3. Given matrices A1 € C"™*", By € C"™*?, the generalized singular va-
lue decomposition of the matrix pair [A1, B1] is given by (2.4), then matrix equation
A1 X = Bj is consistent, if and only if

r[Ar, Bi] =r(41), (2.5)
and the expression of its general solution is
0 0
X=UF| 0 S;'Sp |W, (2.6)
Yi Ya

where Y31 € C—r0X(p=s1) 'y, e C=TUXS1 gre arbitrary.
Proof. With (2.4)(2.4) we have
r(Bi—A1X)=r(M1 Xp, Vi —M 1 X4,U1 X) =r(Xp, — X4, U1XV1*).
Let Y = U X V" and Partition Y with ¥ = (¥;;)3x3, then

Y11 —Y12 —Y13 r1—s1

B | =S4, Y21 SB, —Sa, Y22 —S4,Y23 51
g, — 34, Y = ) 0 Iy bt @D

0 0 0 m—kq

Noting that Y;; (i = 1,2, j = 1,2,3) are arbitrary, then
minr(B1 —A1X) =minr(Xp, — X4, Y) =k1—r1 =r(A41,B1) —r(41).

A1 X = Bj is solvable in C™*? if and only if minr(B; — A1 X) = 0. Then matrix
equation A1 X = Bj is consistent, if and only if (2.5) holds. In this case, from (2) and

Y = U X V', its general solution can be expressed as (2.6). The proof is completed.
0

Assume the given generalized reflection matrices P, Q with the forms of (2.2).
Let

AU =[Az,As], BV =[B», B3], (2.8)
where Ay € C™X7 A3 € C"*(=1) B, e C™M*S By e C™*(=5) and the generali-

zed singular value decomposition of the matrix pair [4,, B3], [A3, B»] are, respecti-
vely,

Ay = M X4,U, Bz = MyXp, V>, (2.9
A3 =M3X4,Uz, By =M3Xg,V3, (2.10)

where Uy € UC™*T |V, € UC=9)x(=5) 7, e yC (1—1)*(0=7) 72 ¢ UCS*5, nonsin-
gular matrices My, M3 € C"™™ ko =r[Aa, B3], r2 =r(Az), s2 =r(Az)+r(B3)—
r[A2, B3], and k3 = r[A3, B3], r3 = r(A3), s3 = r(A3) +r(B2) —r[A3, B2],
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7 0 07 ra—s2 0 0 07 rn—s2
. 0 SA2 0 52 _ 0 SB3 0 52
2= 0 0 0 | ky—rp EBs=1 0 0 I | ky—ery
| 0 0 0 ] m—ko | 0 0 0 m—ko
1 0 0| rz—s;3 [0 0 0] r3—ss3
_ 0 SA3 0 53 _ 0 S32 0 53
245=1 0 0 0 | ks—rs " XB=| 0 0 I | ks—rs
| 0 0 0 | m—ks | 0 0 0 m—ks
Then we can establish the existence theorems as follows.

Theorem 1. Let A, B € C™*" and generalized reflection matrices P, Q of size
n be known. Suppose generalized reflection matrices P, Q with the forms of (2.2),
AU, BU have the partition forms of (2.8), and the generalized singular value decom-
positions of the matrix pair A2, B3] and [A3, B2] are given by (2.9) and (2.10). Then
the equation (1.1) has a (P, Q) generalized anti-reflexive solution X if and only if

r[Az, B3] = r(Az), r[Asz, B2] =r(A43), (2.11)

and its general solution can be expressed as

0 0
0 Uy| 0 Sg'Sp, | V2
_ Z31  Z3z *
X=U 0 0 Vo (2.12)
Uyl 0 Sg'Ss |Vs 0
W31 W3z |

where Z31 € C(r—rz)x(n—s—sz)’ Z3y € C(r—rz)st’ W31 € C(n—r—r3)x(s—s3)’ W3, €
C(=r=13)Xs3 10 arbitrary.

Proof. Suppose the matrix equation (1.1) has a solution X that is (P, Q) genera-
lized anti-reflexive, then it follows from Lemma 2 that there exist M € C"*#—s)
N € C#=1)%S satisfying

X=U|:](\)] A(;I]V* and AX =B (2.13)
By (2.8), that is
4 sl gy | =182 B 2.14)
ie.
A, M = B3, A3N = B». (2.15)
Therefore by Lemma 3, (2.11) holds, and
0 0 0 0

M=Uf| 0 SglSp, |Vo. N=Us| 0 Sg'Sp [V5. — (216)
Z31 Z32 W31 W3z
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where Z3; € C(r—rz)X(n—s—sz), L3y € C(r_rZ)st, W3, € C(n—r—r3)x(s—S3)’ Wi, €
C (n=T=T3)%83 are arbitrary. Substituting (2.16) into (2.13) yields that the (P, Q)
generalized anti-reflexive solution X of the matrix equation (1.1) can be represented
by (2.12). The proof is completed. O

3. (P, Q) GENERALIZED ANTI-REFLEXIVE EXTREMAL RANK SOLUTIONS TO
(1.1)

In this section, we first derive the formulas of the maximal and minimal ranks of
(P, Q) generalized anti-reflexive solutions of (1.1), then present the expressions of
(P, Q) generalized anti-reflexive maximal and minimal rank solutions to (1.1).

Theorem 2. Suppose that the matrix equation (1.1) has a (P, Q) generalized anti-
reflexive solution X and §2 is the set of all (P, Q) generalized anti-reflexive solutions
of (1.1). Then the extreme ranks of X are as follows:

(1) The maximal rank of X is

min{n —s,r —r(Az) +r(B3)} + min{s,n —r —r(A3) +r(B2)}. 3.D
The general expression of X satisfying (3.1) is

0 0
0 Uyl 0 Si'Se, [Va
_ Z31 Z32 *
X=U 0 0 V*, (3.2
ur| 0 S;iSs |va 0
W31 W32 _

where Z31 € C—r2)*x(n=s=s2) 'y, e € n=r=r3)X(5=53) qre chosen such that r(Z31) =
min(r —rp,n—s—s3), r(Wz1) =min(n—r —r3,s —s3), Z33 € C(r—r2)xs2, W3s €
C (1=T=T3)%S3 qre arbitrary.

(2) The minimal rank of X is

inr(X)=r(B B3). 33
min r(X) = r(B2) +7(B) (33)
The general expression of X satisfying (3.3) is
_ 0 0 -
0 Uy | 0 Si'Spy |Va
_ 0 Zxn *
X=U 0 0 V=, (3.4)
Uyl 0 Sg'Ss, |Va 0
| 0 W3 _

where Zzy € CTT2%52 o, ¢ C(=r=r3)Xs3 g0 arbitrary.
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Proof. (1) By (2.12),

0 0 0 0
_ -1 -1
)r(nélér(X) = %gf;r 0 SA2 SB; +rg}2i¢r 0 SA3 S, |, 3.5
Z31 Z3 W31 W32
0 0
maxr 0 5;1533 =Sy +min{r —rp,n—s—s3} (3.6)
Zs | 7 7
31 32

=min{n —s,r —rp +s2} = min{n —s,r —r(A4z) +r(B3)},

and
0 0
maxr 0 S,Z;SBz =s3+min{n —r —r3,5 — 853} 3.7
e W31 W3z

=min{s,n—r —r3+s3} = min{s,n—r —r(A3) +r(B2)}.
Taking (3.6) and (3.7) into (3.5) yields (3.1).
According to the general expression of the solution in Theorem 1, it is easy to
verify the rest of part in (1).
(2) By (2.12),

0 0 0 0
minr(X) =minr | 0 S;'Sp, |+minr| 0 S;'Sp, |, (38)
Xea za Z31 é32 War W31 I/31732
0 0
minr 0 S;zl Sy | =s2=r(B3) 3.9
31 Z31  Z3n
and
0 0
minr | 0 Sg'Sp, | =s3=r(Ba). (3.10)
War W31 Wi

Taking (3.9) and (3.10) into (3.8) yields (3.3).
According to the general expression of the solution in Theorem 1, it is easy to
verify the rest of part in (2). The proof is completed. O

4. THE EXPRESSION OF THE OPTIMAL APPROXIMATION SOLUTION TO THE SET
OF THE MINIMAL RANK SOLUTION

Let 2 ={X :AX = B,PXQ = —X} be the solution set and S;, = {X € 2 :
r(X)=min{r(X): X" € 2}} the set of minimal rank solutions. From (3.4), When
the solution set Sy, is nonempty, it is easy to verify that S, is a closed convex set,
therefore there exists a unique solution X to the matrix nearness Problem (1.2).
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Theorem 3. Given matrix X , and the other given notations and conditions are the
same as in Theorem 1. Let

)gll )512

U*XV = [
X1 X2

], X12 € CTX0=9) X, e cO7XS, 4.1

and we denote

3 211 212 ) I’?ll Vi’lz
Ux X1V, = Zn Zpn |, UsX21 V5 = War W (4.2)
Z31 Z3 Wi1 Wz

If Sy, is nonempty, then Problem (1.2) has a unique X which can be represented as

_ 0 0 -
0 Us| 0 Sg/Se |Va
5 0 Zs *
X=U 0 0 vV, (4.3)
Us| 0 Si/Ss, |Va 0
i 0 W i

where Z 32, W32 are the same as in (4.2).

Proof. When Sy, is nonempty, it is easy to verify from (3.4) that S}, is a closed
convex set. Since C™*" is a uniformly convex Banach space under Frobenius norm,
there exists a unique solution for Problem (1.2). By Theorem 2, for any X € S,,, X
can be expressed as

i 0 0
0 Uy | 0 S 'Sey |12
_ 0 Zs *
X=U o 0 Vo (44
Uy| 0 Sg'Sp, |Va 0
| 0 W3, _

where Z35 € CU72)%82 oy e C(=7=713)%53 gpe arbitrary.
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Using the invariance of the Frobenius norm under unitary transformations, we have

I 0 0 7 2
0 Uy | 0 Sg'Sey | V2
512 0 Zx * v
X —X|° = 0 0 -U*XV
uy| O SA_31532 V3 0
L 0 W3 i
= | Z32=Zaa|” + | Waz = Waz | + | Sz S5y = Za2
+ |Sa) S5, = Waa |+ | Xua |+ | Xz |* + | 201 |* + | Z12 |
~ 2 S 020 12 ~ 2 ~ 2 ~ 2
2"+ [ Zaa [T [Wan |7+ Wi |7+ [ [+ [ W |7
Therefore, | X — X || reaches its minimum if and only if
Z3s =23, Wap =W, (4.5)
Substituting (4.5) into (4.4) yields (4.3). The proof is completed. O
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