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Abstract. In this paper, we establish a novel theorem pertaining to symmetric and generating
functions. Utilizing this theorem, we derive new generating functions for products of k-Fibonacci
numbers and Fibonacci polynomials with certain (p,q)-numbers, such as (p,q)-Fibonacci and
(p,q)-Jacobsthal-Lucas numbers. Furthermore, we examine the bifurcation and chaotic beha-
vior of the generating functions associated with (p,q)-Jacobsthal numbers for specific parameter
values of p and q.
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1. INTRODUCTION AND PRELIMINARIES

The Fibonacci sequence, denoted by (Fn)n⩾0, is one of the most well-known and
intriguing numerical sequences due to its numerous properties and connections to
various fields [15]. It is defined by the recurrence relation Fn+2 = Fn+1 + Fn for
every n ⩾ 2, with initial values F0 = 0 and F1 = 1. Many generalizations of this
sequence have been proposed, some by modifying the initial conditions and others
by preserving the recurrence relation.

The k-Fibonacci sequences, denoted by {Fk,n}, are defined recurrently for any
positive real number k by the relation Fk,n = kFk,n−1 +Fk,n−2, with initial conditions
Fk,0 = 0 and Fk,1 = 1 [7, 10]. Using this recurrence, it is possible to calculate the
k-Fibonacci sequence both forward and backward. Substituting n with −n yields the
relation Fk,−n = Fk,−(n−1)+Fk,−(n−2). The characteristic equation x2 − kx−1 = 0 of
this sequence has two roots, denoted by α and β. Consequently, the Binet formula
leads to

Fk,−n = (−1)n+1Fk,n, for all n ≥ 0, (see [19]), (1.1)
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demonstrating a close relationship between the positive and negative indices of the
Fibonacci numbers.

On the other hand, the generalized Fibonacci sequence {Fp,q,n}n∈N, referred to as
the (p,q)-Fibonacci sequence, is defined in [25] by

Fp,q,0 = 0, Fp,q,1 = 1, and Fp,q,n = pFp,q,n−1 +qFp,q,n−2, for n ≥ 2.

Each term of the (p,q)-Fibonacci sequence is called a (p,q)-Fibonacci number.
It is well known that the (p,q)-Lucas, (p,q)-Pell, (p,q)-Pell-Lucas, (p,q)-Ja-

cobsthal, and (p,q)-Jacobsthal-Lucas numbers, denoted respectively by {Lp,q,n}n∈N,
{Pp,q,n}n∈N, {Qp,q,n}n∈N, {Jp,q,n}n∈N, and { jp,q,n}n∈N, are defined by the following
recurrence relations for any positive real numbers p and q (see [5, 14, 22, 24, 26]):

Lp,q,0 = 2, Lp,q,1 = p, and Lp,q,n = pLp,q,n−1 +qLp,q,n−2, for n ≥ 2,
Pp,q,0 = 0, Pp,q,1 = 1, and Pp,q,n = 2pPp,q,n−1 +qPp,q,n−2, for n ≥ 2,
Qp,q,0 = 2, Qp,q,1 = 2p, and Qp,q,n = 2pQp,q,n−1 +qQp,q,n−2, for n ≥ 2,
Jp,q,0 = 0, Jp,q,1 = 1, and Jp,q,n = pJp,q,n−1 +2qJp,q,n−2, for n ≥ 2,
jp,q,0 = 2, jp,q,1 = p, and jp,q,n = p jp,q,n−1 +2q jp,q,n−2, for n ≥ 2.

The generating function for the (p,q)-Jacobsthal numbers is given by

Jp,q(z) =
z

1− pz−2qz2 . (1.2)

Large classes of polynomials can be defined by Fibonacci-like recurrence rela-
tions. One such class, known as Fibonacci polynomials, was studied in 1883 by
Catalan and Jacobsthal. These polynomials, denoted by Fn(x), are defined by the
recurrence relation {

Fn(x) = xFn−1(x)+Fn−2(x), for n ≥ 2,
F0(x) = 1, F1(x) = x.

For more details about this sequence, the reader is referred to [8].
In their seminal work [4], Berry, Lewis, and Nye pioneered the study of fractal

structures by establishing the self-similarity of the Weierstrass–Mandelbrot function.
Building upon this foundation, Benbernou et al. [3] derived regularity conditions
for the three-dimensional magnetohydrodynamic equations, while Guariglia and Sil-
vestrov [13] extended wavelet theory through the introduction of fractional wave-
lets. Subsequent research by Guariglia [11] further demonstrated the significance
of fractality in primality theory and image analysis. More recent advancements in-
clude the development of Chebyshev wavelet techniques by Guariglia and Guido [12]
and the establishment of novel integral inequalities for generalized convex functions
by Akdemir et al. [2]. Etemad et al. [9] contributed to this evolving landscape by
proving existence results for solutions to multi-order q-difference fractional boundary
value problems. Collectively, these studies underscore the growing interplay between
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fractals, wavelet theory, and analytic inequalities, highlighting their unifying role
across pure and applied mathematics.

Now, we present certain essential information and outcomes concerning symmet-
ric functions.

Definition 1 ([1, Definition 2.1]). Consider A and B as two alphabets. We define
Sn(A−B) as

∏b∈B(1−bz)
∏a∈A(1−az)

=
∞

∑
n=0

Sn(A−B)zn,

with the condition Sn(A−B) = 0 for n < 0.

Definition 2 ([23, Definition 1.5]). Let k be a positive integer and A = {a1,a2} be
a set of given variables. The kth symmetric function Sk(A) = Sk(a1 + a2) is defined
by

Sk(A) = Sk(a1 +a2) =
ak+1

1 −ak+1
2

a1 −a2
,

with

S0(A) = S0(a1 +a2) = 1,

S1(A) = S1(a1 +a2) = a1 +a2,

S2(A) = S2(a1 +a2) = a2
1 +a1a2 +a2

2,

...

Now, we give some definitions from [17] that will be useful in the sequel.

Definition 3. Assume that {a1,a2, . . . ,an} is an alphabet and k and n are two pos-
itive integers. The kth elementary symmetric function, denoted as ek(a1,a2, . . . ,an),
is the sum of the products of k distinct elements selected from the set {a1,a2, . . . ,an},
i.e.,

e(n)k = ek(a1,a2, . . . ,an) = ∑
i1+i2+...+in=k

ai1
1 ai2

2 . . .ain
n (0 ≤ k ≤ n),

where i1, i2, . . . , in ∈ {0,1}.

Remark 1. By convention, e0(a1,a2, . . . ,an) = 1, and we set ek(a1,a2, . . . ,an) = 0
for k < 0 or k > n.

Definition 4. Assume that {a1,a2, . . . ,an} is an alphabet and k and n are two
positive integers. The kth complete homogeneous symmetric function, denoted as
hk(a1,a2, . . . ,an), is given by

h(n)k = hk(a1,a2, . . . ,an) = ∑
i1+i2+...+in=k

ai1
1 ai2

2 . . .ain
n (k ≥ 0), (1.3)

where i1, i2, . . . , in ≥ 0.
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Remark 2. By convention, h0(a1,a2, . . . ,an) = 1, and we set hk(a1,a2, . . . ,an) = 0
for k < 0.

For n = 2, the kth complete homogeneous symmetric function (1.3) is given by

h(2)k = hk(a1,a2) = Sk(a1 +a2) =
ak+1

1 −ak+1
2

a1 −a2
, for all k ∈ N0.

Proposition 1 ([19, Proposition 2.1]). The generating function for the elementary
symmetric function based on the alphabet A = {a1,a2, . . . ,an} is given by

∞

∑
k=0

ek(a1,a2, . . . ,an)zk = ∏
a∈A

(1+az).

Proposition 2 ([19, Proposition 2.2]). The generating function for the complete
homogeneous symmetric function based on the alphabet A = {a1,a2, . . . ,an} is given
by

∞

∑
k=0

hk(a1,a2, . . . ,an)zk =
1

∏a∈A(1−az)
.

A fundamental relationship exists between elementary symmetric functions and
complete homogeneous symmetric functions:

k

∑
j=0

(−1) je j(a1,a2, . . . ,an)hk− j(a1,a2, . . . ,an) = 0, ∀k > 0.

Definition 5 ([6, Definition 2]). Given an alphabet A = {a1,a2}, the symmetrizing
operator δk

a1a2
is defined by

δ
k
a1a2

( f ) =
ak

1 f (a1)−ak
2 f (a2)

a1 −a2
, for all k ∈ N0 := N∪{0}= {0,1,2, . . .}.

In this paper, we apply the operator δ
4−l
b1b2

to derive generating functions for cer-
tain generalized products of numbers and polynomials. Additionally, we explore
the bifurcation and chaotic behavior exhibited by the generating function for (p,q)-
Jacobsthal numbers.

This paper is structured as follows: In Section 2, we present our main theorem,
which establishes a connection between the symmetric functions defined in the pre-
ceding section and the symmetrizing operator. This theorem unifies various previ-
ously established generating function results into a single framework. It is used in
Section 3 to find the generating functions of the products of (p,q)-numbers with Pell
polynomials and k-Fibonacci numbers at positive and negative indices. This section is
divided into two parts: Part 1 focuses on calculating some ordinary generating func-
tions of the products of (p,q)-numbers with k-Fibonacci polynomials, while Part 2
focuses on calculating some ordinary generating functions of the products of (p,q)-
numbers with Fibonacci polynomials. In Section 4, we investigate the behavior of
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the family of maps (1.2) corresponding to different values of the parameters p and
q. These maps serve as generating functions for sequences of generalized Jacob-
sthal numbers. It is observed that as the parameters vary, the behavior of these maps
evolves from periodicity, through bifurcation, to chaos. Studies on bifurcation and
chaotic behavior in nonlinear dynamical systems have become increasingly signific-
ant. Numerous studies have focused on chaos in various sequences and polynomials.
In [18], the authors studied the bifurcation of Fibonacci generating functions asso-
ciated with the golden mean. A novel approach involving a chaos-based generating
function for Chebyshev polynomials has been explored in [16]. We have analytically
determined a new generating function for the Jacobsthal numbers. Furthermore, the
chaotic behavior of this generating function is verified through the examination of the
bifurcation diagram and the Lyapunov exponent.

2. MAIN RESULTS

In this section, we establish the main theorem of this paper. This result provides a
unified framework that encapsulates all previously established results, enabling them
to be interpreted as special cases, such as those found in [20].

Theorem 1. Assume that A and B are two alphabets, denoted by {a1,a2, . . . ,ak}
and {b1,b2} respectively, then we have

∞

∑
n=0

hn (a1,a2, . . . ,ak)hn−l+3 (b1,b2)zn

=
h3−l (b1,b2)− e1 (a1,a2, . . . ,ak)b1b2h2−l (b1,b2)z(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
+

e2 (a1,a2, . . . ,ak)b2
1b2

2h1−l(b1,b2)z2(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
−

−e3 (a1,a2, . . . ,ak)b3
1b3

2h−l(b1,b2)z3(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

) (2.1)

−
b4−l

1 b4−l
2 z5−l

+∞

∑
n=0

(−1)n−l+5 en−l+5 (a1,a2, . . . ,ak)hn (b1,b2)zn(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

) ,

for all n, k ∈ N0 and l ∈ {0,1,2,3,4} .
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Proof. By applying the operator δ
4−l
b1b2

to the series

f (b1z) =
∞

∑
n=0

hn (a1,a2, . . . ,ak)bn
1zn,

we have

δ
4−l
b1b2

f (b1z) =
b4−l

1

∞

∑
n=0

hn(a1,a2, . . . ,ak)bn
1zn −b4−l

2

∞

∑
n=0

hn(a1,a2, . . . ,ak)bn
2zn

b1 −b2

=
∞

∑
n=0

hn(a1,a2, . . . ,ak)

(
bn−l+4

1 −bn−l+4
2

b1 −b2

)
zn

=
∞

∑
n=0

hn(a1,a2, . . . ,ak)hn−l+3(b1,b2)zn.

On the other hand, by applying the operator δ
4−l
b1b2

to the series

f (b1z) =
1

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

,

we obtain

δ
4−l
b1b2

f (b1z) = δ
4−l
b1b2

 1
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn



=

b4−l
1

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

−
b4−l

2
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

b1 −b2

=

b4−l
1

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn −b4−l

2

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

(b1 −b2)

(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

=

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1bn

2
b4−l−n

1 −b4−l−n
2

b1−b2
zn(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
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=

+∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1bn

2h3−n−l (b1,b2)zn(
+∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

=

3−l
∑

n=0
(−1)n en (a1,a2, . . . ,ak)bn

1bn
2h3−n−l (b1,b2)zn(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

+

∞

∑
n=5−l

(−1)n en (a1,a2, . . . ,ak)bn
1bn

2h3−n−l (b1,b2)zn(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

=

3−l
∑

n=0
(−1)n en (a1,a2, . . . ,ak)bn

1bn
2h3−n−l (b1,b2)zn(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

−

∞

∑
n=5−l

(−1)n en (a1,a2, . . . ,ak)b4−l
1 b4−l

2

(
bn+l−4

1 −bn+l−4
2

b1−b2

)
zn(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,an)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,an)bn
2zn

) ,

accordingly,

δ
4−l
b1b2

f (b1z)

=
h3−l (b1,b2)− e1 (a1,a2, . . . ,ak)b1b2h2−l (b1,b2)z(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
+

e2 (a1,a2, . . . ,ak)b2
1b2

2h1−l(b1,b2)z2(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
−

−e3 (a1,a2, . . . ,ak)b3
1b3

2h−l(b1,b2)z3(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

−
b4−l

1 b4−l
2

∞

∑
n=5−l

(−1)n en (a1,a2, . . . ,ak)hn+l−5 (b1,b2)zn(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
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=
h3−l (b1,b2)− e1 (a1,a2, . . . ,ak)b1b2h2−l (b1,b2)z(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
+

e2 (a1,a2, . . . ,ak)b2
1b2

2h1−l(b1,b2)z2(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
−

e3 (a1,a2, . . . ,ak)b3
1b3

2h−l(b1,b2)z3(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

−
b4−l

1 b4−l
2 z5−l

∞

∑
n=0

(−1)n−l+5 en−l+5 (a1,a2, . . . ,ak)hn (b1,b2)zn(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

) .

Therefore,
∞

∑
n=0

hn (a1,a2, . . . ,ak)hn−l+3 (b1,b2)zn

=
h3−l (b1,b2)− e1 (a1,a2, . . . ,ak)b1b2h2−l (b1,b2)z(

∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
+

e2 (a1,a2, . . . ,ak)b2
1b2

2h1−l(b1,b2)z2(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)
−

e3 (a1,a2, . . . ,ak)b3
1b3

2h−l(b1,b2)z3(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

)

−
b4−l

1 b4−l
2 z5−l

∞

∑
n=0

(−1)n−l+5 en−l+5 (a1,a2, . . . ,ak)hn (b1,b2)zn(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn
2zn

) .

Thus, this completes the proof. □

For A = {a1,a2} , B = {b1,b2} , l = 3 and l = 4 in Theorem 1, we deduce the
following lemmas.

Lemma 1. Given two alphabets A = {a1,a2} and B = {b1,b2} , then we have

∞

∑
n=0

hn(a1,a2)hn(b1,b2)zn
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=
1−a1a2b1b2z2(

∞

∑
n=0

(−1)n en (a1,a2)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2)bn
2zn

) . (2.2)

Based on relationship (2.2), we get

∞

∑
n=0

hn−1(a1,a2)hn−1(b1,b2)zn

=
z−a1a2b1b2z3(

∞

∑
n=0

(−1)n en (a1,a2)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2)bn
2zn

) . (2.3)

Lemma 2. Given two alphabets B = {b1,b2} and A = {a1,a2} , then we have

∞

∑
n=0

hn(a1,a2)hn−1(b1,b2)zn

=
(a1 +a2)z−a1a2(b1 +b2)z2(

∞

∑
n=0

(−1)n en (a1,a2)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2)bn
2zn

) . (2.4)

From (2.4), we get

∞

∑
n=0

hn−1(a1,a2)hn(b1,b2)zn

=
(b1 +b2)z−b1b2(a1 +a2)z2(

∞

∑
n=0

(−1)n en (a1,a2)bn
1zn

)(
∞

∑
n=0

(−1)n en (a1,a2)bn
2zn

) . (2.5)

3. GENERATING FUNCTIONS FOR PRODUCTS OF (p,q)-NUMBERS WITH
FIBONACCI POLYNOMIALS AND k-FIBONACCI NUMBERS AT POSITIVE AND

NEGATIVE INDICES

In this section, we derive new generating functions for products of (p,q)-Fibonacci
numbers, (p,q)-Lucas numbers, (p,q)-Pell numbers, (p,q)-Pell–Lucas numbers,
(p,q)-Jacobsthal numbers, and (p,q)-Jacobsthal–Lucas numbers with k-Fibonacci
numbers and Fibonacci polynomials.

For the case where A = {a1,−a2} and B = {b1,−b2}, substituting a2 with (−a2)
and b2 with (−b2) into Eqs. (2.2), (2.3), (2.4), and (2.5) yields

∞

∑
n=0

hn(a1, [−a2])hn(b1, [−b2])zn =
1−a1a2b1b2z2

(1−a1b1z)(1+a2b1z)(1+a1b2z)(1−a2b2z)
.
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∞

∑
n=0

hn−1(a1, [−a2])hn−1(b1, [−b2])zn

=
z−a1a2b1b2z3

(1−a1b1z)(1+a2b1z)(1+a1b2z)(1−a2b2z)
. (3.1)

∞

∑
n=0

hn(a1, [−a2])hn−1(b1, [−b2])zn

=
(a1 −a2)z+a1a2(b1 −b2)z2

(1−a1b1z)(1+a2b1z)(1+a1b2z)(1−a2b2z)
. (3.2)

∞

∑
n=0

hn−1(a1, [−a2])hn(b1, [−b2])zn =
(b1 −b2)z+b1b2(a1 −a2)z2

(1−a1b1z)(1+a2b1z)(1+a1b2z)(1−a2b2z)
.

3.1. Ordinary generating functions of the products of (p,q)-numbers with k-Fibo-
nacci numbers

This case consists of three related parts.
First: By making the substitutions{

a1 −a2 = p
a1a2 = q and

{
b1 −b2 = k
b1b2 = 1 ,

in Eqs. (3.1) and (3.2), we obtain

∞

∑
n=0

hn−1(a1, [−a2])hn−1(b1, [−b2])zn

=
z−qz3

1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4 , (3.3)

∞

∑
n=0

hn(a1, [−a2])hn−1(b1, [−b2])zn

=
pz+qkz2

1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4 , (3.4)

respectively, and we have the following results.

Proposition 3. For n ∈ N, the new generating function of the product of
(p,q)-Fibonacci numbers with k-Fibonacci numbers is given by

∞

∑
n=0

Fp,q,nFk,nzn =
z−qz3

1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4 , (3.5)

with Fp,q,nFk,n = hn−1(a1, [−a2])hn−1(b1, [−b2]).
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Theorem 2. For n ∈ N, the new generating function of the product of
(p,q)-Lucas numbers with k-Fibonacci numbers is given by

∞

∑
n=0

Lp,q,nFk,nzn =
pz+2qkz2 + pqz3

1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4 . (3.6)

Proof. By [21], we have Lp,q,n = 2hn(a1, [−a2])− phn−1(a1, [−a2]). Then,
we can see that:

∞

∑
n=0

Lp,q,nFk,nzn =
∞

∑
n=0

(2hn(a1, [−a2])− phn−1(a1, [−a2]))hn−1(b1, [−b2])zn

= 2
∞

∑
n=0

hn(a1, [−a2])hn−1(b1, [−b2])zn

− p
∞

∑
n=0

hn−1(a1, [−a2])hn−1(b1, [−b2])zn,

by using the relationships (3.3) and (3.4), we obtain
∞

∑
n=0

Lp,q,nFk,nzn =
2
(

pz+qkz2
)

1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4

−
p
(
z−qz3

)
1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4

=
pz+2qkz2 + pqz3

1− pkz− (qk2 +2q+ p2)z2 − pqkz3 +q2z4 .

This completes the proof. □

Proposition 4. By using the change of variable z = −z in Eqs. (3.5) and
(3.6) and according to relation (1.1), we give the following new generating
functions

∞

∑
n=0

Fp,q,nFk,−nzn =
z−qz3

1+ pkz− (qk2 + p2 +2q)z2 + pqkz3 +q2z4 . (3.7)

∞

∑
n=0

Lp,q,nFk,−nzn =
pz−2qkz2 + pqz3

1+ pkz− (qk2 + p2 +2q)z2 + pqkz3 +q2z4 . (3.8)

By putting k = 1 in relationships (3.5), (3.6), (3.7) and (3.8), we obtain the
following new generating functions. The calculation results are indicated in
Tab.1.

Second: By making the substitutions{
a1 −a2 = p
a1a2 = 2q and

{
b1 −b2 = k
b1b2 = 1 ,

in Eqs. (3.1) and (3.2), we obtain
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TABLE 1. New generating functions for the products of some sequences.

Coefficient of zn Generating function
Fp,q,nFn

z−qz3

1−pz−(3q+p2)z2−pqz3+q2z4

Lp,q,nFn
pz+2qz2+pqz3

1−pz−(3q+p2)z2−pqz3+q2z4

Fp,q,nF−n
z−qz3

1+pz−(3q+p2)z2+pqz3+q2z4

Lp,q,nF−n
pz−2qz2+pqz3

1+pz−(3q+p2)z2+pqz3+q2z4

∞

∑
n=0

hn−1 (a1, [−a2])hn−1 (b1, [−b2])zn

=
z−2qz3

1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4 ,

∞

∑
n=0

hn (a1, [−a2])hn−1 (b1, [−b2])zn

=
pz+2qkz2

1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4 ,

respectively, and we have the following results.

Proposition 5. For n ∈ N, the new generating function of the product of
(p,q)-Jacobsthal numbers with k-Fibonacci numbers is given by
∞

∑
n=0

Jp,q,nFk,nzn =
z−2qz3

1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4 , (3.9)

with Jp,q,nFk,n = hn−1 (a1, [−a2])hn−1 (b1, [−b2]) .

Theorem 3. For n ∈ N, the new generating function of the product of
(p,q)-Jacobsthal Lucas numbers with k-Fibonacci numbers is given by

∞

∑
n=0

jp,q,nFk,nzn =
pz+4qkz2 +2pqz3

1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4 . (3.10)

Proof. We know that

jp,q,n = 2hn (a1, [−a2])− phn−1 (a1, [−a2]) , (see [21]).

So
∞

∑
n=0

jp,q,nFk,nzn =
∞

∑
n=0

(2hn (a1, [−a2])− phn−1 (a1, [−a2]))hn−1(b1, [−b2])zn

= 2
∞

∑
n=0

hn (a1, [−a2])hn−1(b1, [−b2])zn
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− p
∞

∑
n=0

hn−1 (a1, [−a2])hn−1(b1, [−b2])zn

=
2
(

pz+2qkz2
)

1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4

−
p
(
z−2qz3

)
1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4

=
pz+4qkz2 +2pqz3

1− pkz− (2qk2 + p2 +4q)z2 −2pqkz3 +4q2z4 .

This completes the proof. □

Proposition 6. By using the change of variable z = −z in Eqs. (3.9) and
(3.10) and according to relation (1.1), we derive the following new generat-
ing functions

∞

∑
n=0

Jp,q,nFk,−nzn =
z−2qz3

1+ pkz− (2qk2 + p2 +4q)z2 +2pqkz3 +4q2z4 . (3.11)

∞

∑
n=0

jp,q,nFk,−nzn =
pz−4qkz2 +2pqz3

1+ pkz− (2qk2 + p2 +4q)z2 +2pqkz3 +4q2z4 . (3.12)

By setting k = 1 in relationships (3.9), (3.10), (3.11) and (3.12), we obtain
the following new generating functions. The calculation results are indicated
in Tab. 2.

TABLE 2. New generating functions for the products of some sequences.

Coefficient of zn Generating function
Jp,q,nFn

z−2qz3

1−pz−(6q+p2)z2−2pqz3+4q2z4

jp,q,nFn
pz+4qz2+2pqz3

1−pz−(6q+p2)z2−2pqz3+4q2z4

Jp,q,nF−n
z−2qz3

1+pz−(6q+p2)z2+2pqz3+4q2z4

jp,q,nF−n
pz−4qz2+2pqz3

1+pz−(6q+p2)z2+2pqz3+4q2z4

Third: the substitutions of{
a1 −a2 = 2p

a1a2 = q and
{

b1 −b2 = k
b1b2 = 1 ,

in Eqs. (3.1) and (3.2) we obtain

∞

∑
n=0

hn−1 (a1, [−a2])hn−1 (b1, [−b2])zn
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=
z−qz3

1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4 , (3.13)

∞

∑
n=0

hn (a1, [−a2])hn−1 (b1, [−b2])zn

=
2pz+qkz2

1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4 , (3.14)

respectively, and we have the following results.

Proposition 7. For n ∈ N, the new generating function of the product of
(p,q)-Pell numbers with k-Fibonacci numbers is given by

∞

∑
n=0

Pp,q,nFk,nzn =
z−qz3

1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4 , (3.15)

with Pp,q,nFk,n = hn−1 (a1, [−a2])hn−1 (b1, [−b2]) .

We have the following theorem.

Theorem 4. For n ∈ N, the new generating function of the product of
(p,q)-Pell Lucas numbers with k-Fibonacci numbers is given by

∞

∑
n=0

Qp,q,nFk,nzn =
2pz+2qkz2 +2pqz3

1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4 . (3.16)

Proof. By referred to [21], we have

Qp,q,n = 2hn (a1, [−a2])−2phn−1 (a1, [−a2]) .

We see that
∞

∑
n=0

Qp,q,nFk,nzn =
∞

∑
n=0

(2hn (a1, [−a2])−2phn−1 (a1, [−a2]))hn−1(b1, [−b2])zn

= 2
∞

∑
n=0

hn (a1, [−a2])hn−1(b1, [−b2])zn

−2p
∞

∑
n=0

hn−1 (a1, [−a2])hn−1(b1, [−b2])zn.

Using relationships (3.13) and (3.14), we obtain
∞

∑
n=0

Qp,q,nFk,nzn =
2
(
2pz+qkz2

)
1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4

−
2p
(
z−qz3

)
1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4
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=
2pz+2qkz2 +2pqz3

1−2pkz− (qk2 +4p2 +2q)z2 −2pqkz3 +q2z4 .

This completes the proof. □

Proposition 8. By using the change of variable z =−z in Eqs. (3.15) and
(3.16) and according to relation (1.1), we give the following new generating
functions:

∞

∑
n=0

Pp,q,nFk,−nzn =
z−qz3

1+2pkz− (qk2 +4p2 +2q)z2 +2pqkz3 +q2z4 . (3.17)

∞

∑
n=0

Qp,q,nFk,−nzn =
2pz−2qkz2 +2pqz3

1+2pkz− (qk2 +4p2 +2q)z2 +2pqkz3 +q2z4 . (3.18)

By taking k = 1 in relationships (3.15), (3.16), (3.17) and (3.18), we obtain
the following new generating functions. The calculation results are indicated
in Tab.3

TABLE 3. New generating functions for the products of some sequences.

Coefficient of zn Generating function
Pp,q,nFn

z−qz3

1−2pz−(3q+4p2)z2−2pqz3+q2z4

Qp,q,nFn
2pz+2qz2+2pqz3

1−2pz−(3q+4p2)z2−2pqz3+q2z4

Pp,q,nF−n
z−qz3

1+2pz−(3q+4p2)z2+2pqz3+q2z4

Qp,q,nF−n
2pz−2qz2+2pqz3

1+2pz−(3q+4p2)z2+2pqz3+q2z4

3.2. Ordinary generating functions of the products of (p,q)-numbers with Fibon-
acci polynomials

This part consists of three cases.

Case 1: The substitutions of
{

a1 −a2 = p
a1a2 = q and

{
b1 −b2 = x
b1b2 = 1 in Eqs. (2.1)

and (2.4), gives
∞

∑
n=0

hn (a1, [−a2])hn (b1, [−b2])zn =
1−qz2

1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4 ,

∞

∑
n=0

hn−1 (a1, [−a2])hn (b1, [−b2])zn =
xz+ pz2

1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4 ,

respectively, and we deduce the following results.
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Proposition 9. For n ∈ N, the new generating function of the product of
(p,q)-Fibonacci numbers with Fibonacci polynomials is given by:

∞

∑
n=0

Fp,q,nFn (x)zn =
xz+ pz2

1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4 ,

with Fp,q,nFn (x) = hn−1 (a1, [−a2])hn (b1, [−b2]) .

Theorem 5. Let n be a natural number. Then we have the following new
generating function for the product of (p,q)-Lucas numbers with Fibonacci
polynomials

∞

∑
n=0

Lp,q,nFn (x)zn =
2− pxz−

(
2q+ p2

)
z2

1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4 .

Proof. By [21], we have Lp,q,n = 2hn (a1, [−a2])− phn−1 (a1, [−a2]). Then,
we can see that

∞

∑
n=0

Lp,q,nFn (x)zn =
∞

∑
n=0

(2hn(a1, [−a2])− phn−1(a1, [−a2]))hn(b1, [−b2])zn

= 2
∞

∑
n=0

hn(a1, [−a2])hn(b1, [−b2])zn

− p
∞

∑
n=0

hn−1(a1, [−a2])hn(b1, [−b2])zn

=
2
(
1−qz2

)
1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4

−
p
(
xz+ pz2

)
1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4 ,

after simple calculations, we obtain
∞

∑
n=0

Lp,q,nFn (x)zn =
2− pxz−

(
2q+ p2

)
z2

1− pxz− (qx2 +2q+ p2)z2 − pqxz3 +q2z4 .

So, the desired result is achieved. □

Case 2: The substitutions of
{

a1 −a2 = p
a1a2 = 2q and

{
b1 −b2 = x
b1b2 = 1 in Eqs. (2.1)

and (2.4), gives:
∞

∑
n=0

hn (a1, [−a2])hn (b1, [−b2])zn

=
1−2qz2

1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4 ,
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∞

∑
n=0

hn−1 (a1, [−a2])hn (b1, [−b2])zn

=
xz+ pz2

1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4 ,

respectively, and we deduce the following results.

Proposition 10. For n ∈ N, the new generating function of the product of
(p,q)-Jacobsthal numbers with Fibonacci polynomials is given by

∞

∑
n=0

Jp,q,nFn (x)zn =
xz+ pz2

1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4 ,

with Jp,q,nFn (x) = hn−1 (a1, [−a2])hn (b1, [−b2]) .

Theorem 6. Let n be a natural number. Then, we have the following new
generating function for the product of (p,q)-Jacobsthal Lucas numbers with
Fibonacci polynomials

∞

∑
n=0

jp,q,nFn (x)zn =
2− pxz−

(
4q+ p2

)
z2

1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4 .

Proof. By [21], we have jp,q,n = 2hn (a1, [−a2])− phn−1 (a1, [−a2]). Then,
we can see that

∞

∑
n=0

jp,q,nFn (x)zn =
∞

∑
n=0

(2hn (a1, [−a2])− phn−1 (a1, [−a2]))hn(b1, [−b2])zn

= 2
∞

∑
n=0

hn (a1, [−a2])hn(b1, [−b2])zn

− p
∞

∑
n=0

hn−1 (a1, [−a2])hn(b1, [−b2])zn

=
2
(
1−2qz2

)
1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4

−
p
(
xz+ pz2

)
1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4 ,

after simple calculations, we obtain
∞

∑
n=0

jp,q,nFn (x)zn =
2− pxz−

(
4q+ p2

)
z2

1− pxz− (2qx2 +4q+ p2)z2 −2pqxz3 +4q2z4 .

As required. □

Case 3: The substitutions of
{

a1 −a2 = 2p
a1a2 = q and

{
b1 −b2 = x
b1b2 = 1 in Eqs. (2.1)

and (2.4), gives
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∞

∑
n=0

hn (a1, [−a2])hn (b1, [−b2])zn

=
1−qz2

1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4 ,

∞

∑
n=0

hn−1 (a1, [−a2])hn (b1, [−b2])zn

=
xz+2pz2

1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4 ,

respectively, and we deduce the following results.

Proposition 11. For n ∈ N, the new generating function of the product of
(p,q)-Pell numbers with Fibonacci polynomials is given by:

∞

∑
n=0

Pp,q,nFn (x)zn =
xz+2pz2

1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4 ,

with Pp,q,nFn (x) = hn−1 (a1, [−a2])hn (b1, [−b2]) .

Theorem 7. For n ∈ N, the new generating function of the product of
(p,q)-Pell Lucas numbers with Fibonacci polynomials is given by

∞

∑
n=0

Qp,q,nFn (x)zn =
2−2pxz−

(
2q+4p2

)
z2

1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4 .

Proof. By referred to [21], we have

Qp,q,n = 2hn (a1, [−a2])−2phn−1 (a1, [−a2]) .

Then, we see that
∞

∑
n=0

Qp,q,nFn (x)zn =
∞

∑
n=0

(2hn (a1, [−a2])−2phn−1 (a1, [−a2]))hn(b1, [−b2])zn

= 2
∞

∑
n=0

hn (a1, [−a2])hn(b1, [−b2])zn

−2p
∞

∑
n=0

hn−1 (a1, [−a2])hn(b1, [−b2])zn

=
2
(
1−qz2

)
1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4

−
2p
(
xz+2pz2

)
1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4

=
2−2pxz−

(
2q+4p2

)
z2

1−2pxz− (qx2 +2q+4p2)z2 −2pqxz3 +q2z4 .
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This completes the proof. □

4. CHAOTIC BEHAVIOR AND BIFURCATION ANALYSIS OF GENERALIZED
JACOBSTHAL NUMBERS

In this section, we examine the dynamical behavior of the proposed generating
function and investigate the chaotic nature of the recurrent form of the generalized
(p,q)-Jacobsthal numbers (1.2)

xn =
xn−1

1− pxn−1 −2qx2
n−1

. (4.1)

The suggested generating function (4.1) is a discrete-time dynamical system that
exhibits sensitive dependence on initial conditions and non-periodic behavior. Through
numerical simulations and analysis of the map’s iterates, we explore the parameter
space where chaos emerges and examine key properties such as bifurcations and
period-doubling cascades. These two parameters, p and q, make the study import-
ant and unusual. When giving some values to this two parameters, the sequence of
iterates generating from the function change the behavior and give transition from
periodic to chaotic behavior of the parameter.

4.1. Bifurcation diagram

Our study identifies regions of stability and observes the emergence of bifurca-
tion points. The numerical bifurcation diagram provides valuable insights into the
transition from stable periodic orbits to chaotic behavior, as shown in Figure.1. For
p = 2.7 and −2 ≤ q ≤−1, the bifurcation diagram shows that the system undergoes
a series of bifurcation.

FIGURE 1.

For q between −2 and approximately −1.8, the system exhibits a stable fixed
point, which corresponds to a single vertical line in the diagram. At q = −1.8, this
fixed point undergoes a period-doubling bifurcation, splitting into two stable fixed
points see Figure.2. As q increased further, the system exposes additional period-
doubling bifurcation, producing periodic orbits of periods 4,8,16 and so on.

Finally, for −1.3 ≤ q ≤−1, the system enters a region of chaotic behavior where
the attractor is a strange attractor with a fractal structure, as depicted in Figure.3.
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FIGURE 2.

FIGURE 3.

4.2. Lyapunov Exponent

To verify the presence of chaos in the proposed generating function, we analyze
the Lyapunov exponent. This quantity measures the rate of exponential divergence or
convergence of nearby trajectories in a dynamical system. A positive Lyapunov expo-
nent indicates exponential divergence of trajectories, which is a hallmark of chaotic
behavior.
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The Lyapunov exponent is computed using the formula:

λ = lim
N→∞

1
N

N

∑
n=1

ln
(∣∣∣∣dxn+1

dxn

∣∣∣∣) , (4.2)

which represents the limit, as N approaches infinity, of the average logarithmic de-
rivative of the map over a trajectory of N points.

To evaluate (4.2), we first generate a trajectory of N points using the generating
function (4.1). The expression then becomes:

λ = lim
n−→∞

1
N

N

∑
n=1

ln

(∣∣∣∣∣ 1+2qx2
n

(1− pxn −2qx2
n)

2

∣∣∣∣∣
)
.

To demonstrate that the Lyapunov exponent is positive in certain parameter re-
gions, we compute its values numerically. We used MATLAB to compute both the
bifurcation diagram and the Lyapunov exponent; the results are presented in Figure
.4.

FIGURE 4.

So, the corresponding plot of the Lyapunov exponent provide clear visual evid-
ence of chaotic behavior in the proposed generating map and the chaotic regimes
corresponding to the regimes of the bifurcation diagram.
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