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CHARACTERIZATION OF LIPSCHITZ FUNCTIONS VIA
COMMUTATORS OF MAXIMAL OPERATORS ON SLICE SPACES
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Abstract. Let 0 < o < n, My, be the fractional maximal operator, M* be the sharp maximal oper-
ator and b be the locally integrable function. Denote by [b, M¢] and [b,M?] be the commutators
of the fractional maximal operator My, and the sharp maximal operator M®. In this paper, we
show some necessary and sufficient conditions for the boundedness of the commutators [b, M]
and [b, M?] on slice spaces when the function b is the Lipschitz function, by which some new
characterizations of the non-negative Lipschitz function are obtained.
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1. INTRODUCTION AND MAIN RESULTS

Let T be the classical singular integral operator and b be the locally integrable
function, the commutator [b, T| is defined by

[0, T]f(x) = bT f (x) = T (bf) (x).

The well-known result of Coifman, Rochberg and Weiss[6] showed that the commut-
ator [b,T] is bounded on L”(R") for 1 < p < oo if and only if b € BMO(R"). The
bounded mean oscillation space BMO(R") was introduced by John and Nirenberg
[14], which is defined as the set of all locally integrable functions f on R” such that

1
IFllswoee) i=sup o [ 1£() foldx <=
o 101/o

where the supremum is taken over all cubes in R" and fp := ‘]@ Jof(x)dx. In 1978,

Janson[12] obtained some characterizations of the Lipschitz space AB (R") via the
commutator [b,T] and proved that [b,T] is bounded from L? (R") to L? (R") if and
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only if b € Ag(R") (0 < B < 1), where 1 < p <n/Band1/p—1/q=p/n (see also
Paluszyniski[ | 7]). Recently, the commutators have been studied intensively by many
authors, which plays an important role in harmonic analysis and partial differential
equations (see, for example, [1,5,10,11,19,21]).

As usual, a cube Q C R” always means its sides parallel to the coordinate axes.
Denote by |Q| the Lebesgue measure of Q and ) the characteristic function of Q.
For 1 < p < oo, we denote by p’ the conjugate index of p, namely, p’ = p/(p—1). We
always denote by C a positive constant which is independent of the main parameters,
but it may vary from line to line. The symbol f < g means that f < Cg . If f < g and
g < f, we then write f ~ g.

Let 0 < a < n, for a locally integrable function f, the maximal operator My, is
given by

1
Mal)0) =50 gy [ Ol

where the supremum is taken over all cubes Q C R” containing x.

When o = 0, My is the classical Hardy-Littlewood maximal operator M, and M,
is the classical fractional maximal operator when 0 < o < n.

The sharp maximal operator M* was introduced by Fefferman and Stein [9], which
is defined as

!
Ve =sup o 1700~ folay,

where the supremum is taken over all cubes Q C R" containing x.
The maximal commutator of the fractional maximal operator M with the locally
integrable function b is given by

Map )0 =500 gz [ 1660 bSO

where the supremum is taken over all cubes Q C R" containing x.
The nonlinear commutators of the fractional maximal operator M, and sharp max-
imal operator M* with the locally integrable function b are defined as

[, Mo] (f)(x) = b(x)Mo(f)(x) — Mo (bf)(x)
and
[, M)(f) (x) = b)M* () (x) = MF(BS) ().

When o = 0, we simply write by [b,M]| = [b,My] and M}, = My,. We also re-
mark that the commutators M, and [b, M| essentially differ from each other. For
example, maximal commutator My, is positive and sublinear, but nonlinear commut-
ators [b,My] and [b,M ﬁ] are neither positive nor sublinear. The study of the mapping
properties of commutators of maximal operators has been widely explored, we refer

the readers to see [8, 18,20,22,23,25] and therein references.
To state our results, we first present some definitions and notations.
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_ Definition 1. Let 0 < B < 1, we say a function b belongs to the Lipschitz space
Ag(IR") if there exists a constant C such that for all x,y € R",

|b(x) = b(y)| < Clx—y[P.

The smallest such constant C is called the AB norm of the function b and is denoted
by [|6] 4,-
B

In 2019, Auscher and Mourgoglou [2] introduced the slice space (EY),(R") with
0 <t <eand 1 < p < oo, they studied the weak solutions of boundary value problems
with a 7-independent elliptic systems in the upper half plane. Recently, Auscher and
Prisuelos-Arribas[3] obtained the boundedness of some classical operators on the
slice space (Ef),;(R") with 0 <t <eoand 1 < p,r < oo.

For 0 < p < oo, the Lebesgue space L”(R") is defined as the set of all measurable
functions f on R” such that

I fllLr®ry == </Rn |f(x)|P dx> " < oo,

Definition 2. Let 0 <7 <o and 1 < r, p < e. The slice space (EF),(IR") is defined
as the set of all locally r-integrable functions f on R" such that

1 r ; %
1F )l 2, ey = </R <’Q(“)| /Q(m) F ) dy) dx) < oo,

If we take r = p, then the slice space (EF),(R") is the Lebesgue space L” (R"). For
a cube Q, we denote by || /|y, o) = I/ %oll &2, @)

For a fixed cube Q and 0 < o < n, the maximal operator with respect to Q of a
function f is given by

1
Muo(£)0)= sup o [ |f(v)lay,
e 02003x | Qo| 1=a/n Jo,
where the supremum is taken over all the cubes Qg with Qg C Q and Qg 2 x. Moreover,
we denote by My = My o when o0 = 0.
In 2017, Zhang [24] showed some characterizations via the boundedness of the

commutator [b, M] on Lebesgue spaces, where the function b belongs to the Lipschitz
space Ag(R") and b > 0.

Theorem 1. [24] Let 0 < B < 1 and b be a locally integrable function. If 1 < p <

n/Band 1/q=1/p—B/n, then the following statements are equivalent:

(1) b e Ag(R") and b > 0.
(2) [b,M] is bounded from LP(R") to L1(R").
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(3) there exists a constant C > 0 such that

1 1 1/q
Sup ——— 7/ 1b(x) — Mo (b) (x)|¢ dx> <c.
o QP <|Q\ 0 ¢
Next, we recall the result of [22], which showed some characterizations via the
boundedness of the commutator [b, M] on slice spaces, where the function b belongs
to the Lipschitz space Ag(R") and b > 0.

Theorem 2. [22] Let 0 < B < 1, 0 < t < oo and b be a locally integrable function.
Ifl<p<r<e, l<g<s<eandB/n=1/p—1/r=1/q—1/s, then the following
statements are equivalent:

(1) b€ Ag(R") and b > 0.
(2) [b,M] is bounded from (E});(R") to (ES),(R").
(3) There exists a constant C > 0 such that

1
SZP\Q]B/TI/‘H[?() —Mo(b)()ll £z (0) < C-

Our first result can be stated as follows.

Theorem 3. Let0<B<1,0<a<n 0<a+PB<n 0<t<ooandb bealocally
integrable function. If 1 < p <r<oo, 1 <g<s<oand (u+P)/n=1/p—1/r=
1/q— 1/s, then the following statements are equivalent:

(1) be Ag(R") and b > 0.
(2) [b,My] is bounded from (E}),(R") to (ES),(R™).
(3) There exists a constant C > 0 such that

1
sup g7z 1D0) = Mo(B) ) e < C. (1)
(4) There exists a constant C > 0 such that
1
supi/ b(x)—Mp(b)(x)|dx <C. (1.2)
0 ’Q|1+B/” Q| ( ) Q( ) )‘

Here is the second result.

Theorem 4. Let0<PB<1,0<a<n 0<a+PB<n 0<t<ooandb bealocally
integrable function. If 1 < p <r<oo, 1 <g<s<oand (u+p)/n=1/p—1/r=
1/q— 1/s, then the following statements are equivalent:

(1) b e Ag(R").
(2) My, is bounded from (EZ),(R") to (ES),(R").
(3) There exists a constant C > 0 such that

1
SZP‘Q“;/TI/SHIP(')—[?QH(E;),(Q) <C. (1.3)



CHARACTERIZATION OF LIPSCHITZ FUNCTIONS VIA COMMUTATORS... 445

(4) There exists a constant C > 0 such that
1
supi/ b(x) —bp|dx <C. (1.4)

Finally, we obtain the following result.

Theorem 5. Let 0 < B < 1, 0 <t < o and b be a locally integrable function. If
l<p<r<e, l<g<s<oandB/n=1/p—1/r=1/q—1/s, then the following
statements are equivalent:

(1) b € Ag(R") and b > 0.

(2) [b,M*] is bounded from (E});(R") to (E5),(R").

(3) There exists a constant C > 0 such that

N —opmh .
o IQ\B/nH/s 16¢) =207 (%0) ()l 5, () < - (1.5)
(4) There exists a constant C > 0 such that
4
sup |Q|1+B/n / |b(x) — 2M* (byp) (x)|dx < C. (1.6)

2. PRELIMINARIES

To prove our results, we give some necessary lemmas in this section. It is well-
known that the Lipschitz space AB (R™) coincides with some Morrey-Companato
spaces (see [13] for example) and can be characterized by mean oscillation as the
following lemma, which is due to DeVore and Sharpley [7] and Paluszynski [17].

Lemma 1. Let 0 < B < 1 and 1 < g < . The space /.\Bﬂ (R™) is defined as the set
of all locally integrable functions f such that

i1 (L [ solras)

fllA —sup(/fx—f dx) < oo,

b0 =5 o o] Jo 1 o

Then, for all0 < B <1and 1 < q < oo, Ag(R") = Ag , (R") with equivalent norms.

Lemma 2. [26] Let 0 < o0 < n, Q be a cube in R" and f be locally integrable.
Then

My (fxo) (x) = Mo o(f)(x), forallx € Q.

The following lemma is given by Lu, Wang and Zhou[15], they obtained that the
boundedness of the fractional maximal operator M, on slice spaces.

Lemma3. Ler0 <t <oo, | <p<r<oandl <g<s<oowitho/n=1/p—
1/r=1/q—1/sforO0<o<n. If f € (EL)(R"), then

Mo f [l (&), () < CllSf N £9), (mr)»

where the positive constant C is independent of f and t.
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Lemmad. [/6] Let O <t < oo, 1 < p,r <ooand Q be a cube in R". Then
%ol &), rny ~ 1017

Lemma 5. [4] For any fixed cube Q, let E = {x € Q:b(x) <bp} and F = {x €
Q :b(x) > bg}. Then the following equality is true:

/E!b(x>—bg\dx:/F\b(x)—bedx.

3. PROOFS OF THEOREMS 3-5

Proof of Theorem 3. (1) = (2): Assume b € AB(R") and b > 0. For any locally
integral function f, we have

I Ml = Ml )0~ Mol
<sup o [, 100 B0y

< C||b]| 4, su 7/ d
H ”ABQQEIQ‘]_(OH_B)/H Q’f(y)| y
< Cbll5, Mo () ().

By Lemma 3, we obtain that [b, M, is bounded from (E}),(R") to (ES),(R™).
(2) = (3): We divide the proof into two cases based on the scope of c.
Case 1. Assume 0 < o < n. For any fixed cube Q,

1
W||b() —Mo(D)()ll(es) (0)

1
L | VRPN ,
S!QIB/”“/S b)-le M“’Q(b)()Hw;'),(Q)
|Q|B/n+1/s o a"M“Q(b>(')‘MQ(Z’)(')H(E»,(Q)
=1+11.

For I. By the definition of My o, we can see
Mo () (x) = |Q|%/", for all x € Q. 3.1)

Using Lemma 2, for any x € Q, we have

Mo (X0) (x) = Ma.o (o) () = [Q|*/", Mo (b0) (x) = Moo () (x)-
Thus, for any x € Q,

b(x) — |01/ Mo 0(b)(x) = 1™ (B(x)|QI*" — Mec0(B) (x) )
= 101" (b(x)Ma (x) (x) — Ma (bxg) (x))
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= 107" [b.Ma] (xo) (x)-

Since [b, Mg] is bounded from (E}),(R") to (EZ);(R"), then by Lemma 4 and noting
that (. +P)/n=1/q—1/s, we have

b() — 101" Ma o (b))

— OB b, Mo] (120) () 01
< 1O P gl o, e
<C.

I = |Q’7[3/n71/s

(E?)(Q)

Next, we estimate //. Similar to (3.1), by Lemma 2.3 and noting that

Mo (%) (x) = %o (x), forall x € O,
it is easy to see
M (%0) (x) = %o(x) and M (by,p) (x) = Mp(b)(x),for any x € Q. (3.2)
Then, by (3.1) and (3.2), for any x € Q, we obtain
101~ Ma,0(b) (x) — Mo(b) (x)
<1017 (Mo (bxo) (x) — [b(x)| Mo (Xo) (x)
+1017 " 1b(x) [Ma (1) (¥) — M (Xo) ()M (bxg) (¥)]
= 017" |Ma(blxo) (x)—|b(x) Mo (Xo) (¥)]
+1017%" Mo (Xo) (0)]1b(x) [M (x0) (x) — M (bxo) (x)]
= [/ |[1b], Mo (x0) ()| +[1b],M] (x0) (x)] .

Since [b, M) is bounded from (E}),(R") to (Ef);(R") and we can see that b € Ag (R")
implies [b| € Ag (R"). By the definitions of [b, M) and M, we have, for any x € Q,

|[16], Mo (x0) (X)] <'s SUP T [b(x) =b(y)lxe()ldy

1
|Q/’1 o/n 0

1
< bllaye) 9P e [ ol dy
Aﬁ(R)Q19x|Ql|17(a+B)/'I o 0

< |16l zgMap (Xo) (x)
= [Bll4, 101 P o (v).
Similarly, we can see

1151, M](x0) (x)| < [1b1l4,101” %o (x), for any x € Q.
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Thus, for any x € Q,
10~ Ma,0(b) (x) = Mo(b)(x)| < Cb] 4, 101" "xo ().
B
Then, by Lemma 4, we have

Il = ‘nyﬁ/nfl/s

101" Ma o (b)(-) —MQ(”)(')H
<clol' ||XQ||(E§);(Q) <C.
This gives the desired estimate
O P=121b() = Mo(b) (| g3, 0) < €

which leads us to (1.1) since Q is arbitrary and the constant C is dependent of Q.
Case 2. Assume o. = 0. For any fixed cube Q and any x € Q, by (3.2), we can see

b(x) = Mq(b)(x) = b(x)M (%0) (x) — M (bxo) (x) = [b,M] (X0) (¥)-

Assume that [b,M] is bounded from (E}),(R") to (E¥),(R") and B/n = 1/g— 1/s,
then by Lemma 4, we have

0115 () Mo(B) (N e 0y = 191717 16.M] () Ol
< C|Q|_B/n_l/s HXQH(E;),(R") <G,

(E3):(Q)

which implies (1.1).
(3) = (4): Assume (1.1) holds, then for any fixed cube Q, by Holder’s inequality
and (1.1), we can see

W/Q’b(x)_MQ(b)(x)|dx
C

< i 160 =Mo®) Ol g 0 2l g )

C
< g 120~ Mo®)O)l, 0 < C.

where the constant C is independent of Q. Thus we have (1.2).
(4) = (1): To prove b € Ag(R"), by Lemma 1, it suffices to show that there is a
constant C > 0 such that for any fixed cube Q,

1

For any fixed cube Q, let E = {x € Q:b(x) <bp} and F = {x € Q : b(x) > bp}.
Since for any x € E, we have b(x) < bg < My(b)(x), then

|b(x) = bo| < |b(x) — Mg (b)(x)|- (3.3)
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By Lemma 5 and (3.3), we obtain

1 2
W/Q\b(x)—bddx:W/E\b(x)—bg|dx
2
< g J, P~ Malb)()ds

< g [, )~ Mob) ] dr < €

Thus we obtain b € Ag (R"). Next, we will prove b > 0, it suffices to show b~ =0,
where b~ = —min{b,0}. Let b™ = |b| —b~, then b = b" — b~. For any fixed cube Q
and x € Q, we observe that

0< b7 (x) <[b(x)] < Mg(b)(x),
then it is easy to see
0< b~ (x) < Mo(b)(x) — b+ (x) +b™ (x) = Mo(b) (x) — b(x).

Combining with the above estimates and (1.2), we obtain

1 B 1
|Q4bmmgméy@wm—mm

1
<10 (it 0~ Mo(b)olax) < CloP ™.

Thus, b~ = 0 follows from Lebesgue’s differentiation theorem.
This completes the proof of Theorem 3. U

Proof of Theorem 4. (1) = (2): Assume b € AB(R”). For any fixed cube Q C R”,
we have

Mes(£)0) =580 oz [ 1609 bSOy

< Cl1blL ey Mors . ().

By Lemma 3, we obtain that M, is bounded from (E}),(R") to (E$),(R").
(2) = (3): For any fixed cube Q C R" and all x € Q, we have

—-b b(x )|d
p0)~bol < - [ 66) = b0) Iy

QWHQ“W/| () ov)dy
< 101" Mas (o) ().
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Since My, is bounded from (E}),(R") to (E¥);(R"), then by Lemma 4 and noting

that (ot +B)/n=1/q—1/s, we obtain

1 - n— s
Wub(')_bQHEg),(Q) < |o DI Mg, (xe) Ol s, c0)

< C\Q!f(“m)/"*l/s ”XQH(E;Z),(R") <C,

which implies (1.3) since the cube Q C R" is arbitrary.
(3) = (4): Assume (1.3) holds, we will prove (1.4). For any fixed cube Q, by
Holder’s inequality and Lemma 4, it is easy to see

1 c
Q1B /Q 1bl) = boldx < 15 16C) = boll iy, o) %ol i), )

C
= JoPFir 15() = boll gy, (0) < €

(4) = (1): It follows from Lemma 1 directly, thus we omit the details.
The proof of Theorem 4 is finished. g

Proof of Theorem 5. (1) = (2): Assume b € AB (R") and b > 0. For any locally
integral function f, the following estimate was given in [25]:

|[b,M*] £ (x)| < ClIbl|3,Mp () ()-

Then, by Lemma 3, we obtain that [b, M*] is bounded from (E}),(R") to (E}) (R").
(2) = (3): Assume [b, M*] is bounded from (E}}),(R") to (E?),(R"), we will prove
(1.5). For any fixed cube Q, we have (see [4] for details)

M* (%) (x) = 1/2, forall x € Q.
Then, for all x € Q,
b(x) —201% (bxg) (x) = 2 (BLOME (10) (x) — M? (btg) (v))
— 20, M (x) (x)-

Since [b,M?] is bounded from (E}}),(R") to (E$),(R"), then applying Lemma 4 and
noting that /n =1/ — 1/s, we obtain

Q1P o) =202 (bt) ()| gy, 0) = 2101~ |16 M7] ()| 5,0
< 10" x| gy, ey < €

where the constant C is independent of Q. Then we achieve (1.5).
(3) = (4): Assume (1.5) holds, we will prove (1.6). For any fixed cube Q, it
follows from Holder’s inequality and (1.5) that

|Qp1+w1 /Q 1b(x) — 2M% () (x)| dx
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< Clof B/ o) — 2 (bo) (-

Nigp, 0 <€

which implies (1.6) since the constant C is independent of Q.
(4)=(1): We ﬁrst prove b € Ag (R"). For any fixed cube Q, the following estim-
ate was given in [

|Q/yb —bgldx < ’Q|/}b —2M* (byp) (x)| dx.

Then by (1.6), we have

1 2
W/Q“’@‘) —boldx < W/Q\b@c)—zw (bxo) ()] dx < C,

which leads to b € Ag (R") by Lemma 1.
Now, let us prove b > 0. It suffices to show b~ = 0, where b~ = —min{b,0} and
let b* = |b| — b~ . For any fixed cube Q, we have (see [4] for details)

lbo| < 2M* (byp) (x), for any x € Q.
Then, for all x € Q,

2M* (bxg) (x) = b(x) > |bo| — b(x) = bo| — b™ (x) + b7 (x).
By (1.6), we obtain

b b (x)dx+— | b~ (x)dx < C|Q|P/", 3.4
| Q’ |Q/ x+|Q‘/ (X) X > ’Q| (3.4)

where the constant C is independent of Q.

Let the side length of Q tends to O (then |Q| — 0 ) with x € Q. By Lebesgue’s
differentiation theorem, we obtain that the limit of the left-hand side of (3.4) equals
to

|b(x)| —bT(x)+b (x) =2b" 2}19 ‘
Moreover, the right-hand side of (3.4) tends to 0. Thus, we have b~
The proof of Theorem 5 is completed. O
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