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Abstract. The study of fractional differential equations occupies an important place in various
fields of science. In this paper, we investigate the existence result for a nonlocal integral boundary
value problems for a sequential differential equation involving a fractional mixed derivatives.
Our method consists to define an extended space on which we can apply the Monch fixed point
theorem via the noncompactness measure. In addition, the compactness of the solution set is
studied using the sequential method. Finally, an example is given to illustrate the results obtained.
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1. INTRODUCTION

The aim of this paper is to study the existence and the compactness of the solution
set for a sequential fractional differential equation with nonlocal integral boundary
value conditions. More precisely, we consider the following problem:

DR (Dry(E) () = A(E3E@)CTIE)), Ee@F, (LD

LD (ET) = L LD, (8)=0 (12)

where:

e ¥ is areal number,
o Q)gf’x denotes the y-Hilfer fractional derivative of order p and parameter ¢
such that 0 < p<land0 <o <1,

. C’Dg;x is the x-Caputo fractional derivative of order Y= p + ¢ — op,
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e E is a Banach space and hi: (§,&] x EZ — E is a function that satisfies certain
conditions (see Section 3), 7
o x € C'([,&],R) such that (&) > 0 for all € [£,&],

o DX = X,gé)d%,g, Ec R, with§ <Eand§; € (§,€),i=1,...,n such that

n

L) # Y Gu(&) —x @),

i=1 B
where I is the gamma function defined by I'(x) = [;"#* le~'dt (x> 0).

The domain of fractional differential equations becomes a very important tool for
understanding many physical phenomena. Moreover, their contributions to math-
ematical analysis help us to obtain certain appreciable results in the economic and
engineering fields. For details, we refer the reader to [3,4,6, 14,17,20,22,23].

On the other hand, fractional differential equations with nonlocal conditions are
of great importance in several branches of applied analysis. For example, in [13],
the author claimed that the nonlocal conditions can be more effective than others to
describe some physical situations. Furthermore, there is an extensive literature that
focused on the study of the existence, uniqueness and stability for nonlocal fractional
differential equations involving Riemann and Hilfer derivatives [7, 8,26]. In the ref-
erences [5, 10, 11], the authors studied the topological properties of some fractional
differential equations, especially the compactness and the stability.

Recently, in [24], the authors studied the following nonlocal boundary value prob-
lems of sequential y—Hilfer-type fractional differential equations:

(HQ)“’B"VJrkHQ)“*LB*")x(t) = f(t,x(t)), t € [a,b],

m

x(a) =0 and x(b) = Zu JACECIE N

Jj=

where 7 D%BV is the y-Hilfer fractional derivative of order o, 1 < o < 2 and para-
meter B, 0 <PB <1, keR, f:[a,b] xR — R is a continuous function, a > 0,
ui, 8; € R, ¢, &; € (a,b] and v is a positive increasing function on (a,b], which
has a continuous derivative y/(¢) on (a,b). See also the work discussed by Ragusa
[21], on the inclusion of the commutators of fractional integral operators to vanish-
ing Morrey spaces. For other interesting papers which consider fractional differential
problems, we mention [1,12,15,16,19].

The present work is organized as follows: In Section 2, we give some general
results and preliminaries. The Section 3 presents two important results concerning
the existence of solutions and compactness of (1.1)-(1.2) applying the fixed point
theorem. An example to reinforce our work in Section 4.
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2. BASIC RESULTS AND BACKGROUND

In this section, we will give some concepts and notations about the functional
spaces, fractional calculus, noncompactness measure which are used throughout this
paper. we denote by C([€,E]) (resp. by L' ([€,E]) ) the space of E-valued continuous
functions (resp. the space of E-Bochner’s integrable functions) with the following
norm

el = sup { Ju(®)ll, & € (8.} ( resp. fullp = / (88 ).

Let (14([§,&]) be the Banach spaces of functions from (&, £] into E which is defined
as:

Cion([8.8) = {we C(EED: ()~ (@) () € CEELE)}.

with his norm |[|u||y,, that is given by

lullyz = sup (x(&) —x (&))" lu(@)]-
te(&d

Next, we denote by Cllfy,x((é, E]) the space of functions (y,%) - continuously differ-
entiable defined as follows

Clyy (&8 = {u: (B8 = E: u() € C(EE]) and DAu(.) € Ciyy (&) }-

We note that the space C|_,,((§,€]) with the norm |
Banach space.

In the following, for all n > —1, we put Wy (r,s) = (x(r) — x(s))", for all s,r €
[€,€] with > s and ¥y, = (x(8) — x(8))".

First, we introduce the notions of x-fractional derivative according to the Riemann-
Liouville and Hilfer concept and their properties.

llyy = lluelloo + [1D%ullyy is 2

Definition 1 ([17,25]). Let £ € L'([,&]) and x € C'([§,&]) such that '(§) > 0,
forall € € [£, €],

(1) the x-Riemann- Liouville fractional integral of order p > O of the function ¢

is defined by
1 €
~P X
PHE) = prgy [, KO Fo (G )0(0)0s
(i1) the y-Riemann- Liouville fractional derivative of order p > 0 of the function
¢ is defined by

e - ot (e ) ( [ >e<s>ds),
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where n = [p] 4 1 such that [p] represents the integer part of the real number

p.
Definition 2 ([17,25]). Lety € C'([€, &],R) be a function satisfying 3/ (€) > 0, for

all € € [€, &]. The y-Hilfer fractional derivative of a function £ of order 0 < p < 1 and
type 0 < o < 1is given by

H yP-0:% _ ~o(l=p)x 1 d (1 o)(1-p)x _ ~I=YXRLyYX

where ’Y:p+6(l—p).
Lemma 1 ([17]). Letp, y €RY and & > &, then
(i) JH¥, 1 (8,8) = p+,, ‘Ppﬂ, 1€.9).
(i2) RL’DpX‘Pﬂ 1(8,6) = Wp— 1(?7 £),0<p <1, u>1,inthe case when
p =, we get " DY le,u 1(& )=

We consider the followmg auxiliary spaces

Ly ([6.8) = {u: (6.8 = E/ue Gy (1&8), "Dltue Cioyy(8.E) .
(68D = {u: (6.8 — Efue C(EE), Due ¢, (&8} and
f F;;qa g)={u: €E - Efue C(EE). Dru, "DLMDrue Gy, (188

it is clear to see that C11 (s gca p o 5 (5 E).

Lemma 2 ([18]). Let 0 < p < 1, Ogcg land y=p+oc—po. Ifo(.) €
Cl (& &), then

Syt0ita= e
and o)
Q)g}”g}w QD&( Po.

Lemma 3 ([18]). Suppose that f(.,y(.)) € Ci _y,x([ég])for ally(.) € CY,YX([QE])
Ify(.) € CIY—Y-,X(@’E])’ then, y(.) is a solution of the fractional differential problem:

HOPTEE) = ENE). 0<p<10<o<l;
~1 =X (§+) o, 'Y: p+(5—907

if and only if 'y satlsﬁes the following integral equation:

oy 1 e
Y8 = = gy o X O Fo (G (5 y(s)s
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Next we give the notion of the noncompactness measure in the sense of Kuratowski
and its properties which will be used in the next section, for this purpose, we denote
by Set,(E) the set of all bounded subsets of Banach space E.

Definition 3 ([9]). Let D € Set,(E). The Kuratowski noncompactness measure %
of the subset D is defined as follows:

B(Q) = inf{e > 0: Q admits a finite cover by sets of diameter < e}.

Lemma 4 ([9]). Let A,B € Set,(E), we have the following properties
(i1) O(A) =0 if and only if A is relatively compact,
(i) 9(A) = 9(A), where A denotes the closure of A,
(i3) B(A+B) <V(A) +9(B),
(is) A C Bimplies O(A) < 9(B),
(is) O(a.A) =l|a|.0(A) forall a € R,
(ic) O({a}UA) =0(A) foralla € E,
(i7) O(A) =9(Conv(A)), where Conv(A) is the smallest convex that contains A.

Lemma 5 ([9]). If D is a equicontinuous and bounded subset of C([§, &), then

O(D(.) € C([&:8]Ry)

3 3
0c(D) = max 9(D(E)), & ({ G D}) < [ o)

where D(§) = {w(&): w € D} and O is the noncompactness measure on the space

(58D

Theorem 1 ([2]). Let E be a Banach space and D a closed and convex subset of E
such that D is bounded and contains 0, and let N: D — D be a continuous mapping.
If the following implication:

V=N({V)U{0} or V=comwN(V) = y(V)=0,
is satisfied for every subset V of D, then N has at least one fixed point.
3. MAIN RESULTS
3.1. Integral equation

In the content of Lemma below, we will illustrate the equivalence between the
problem at hand (1.1)-(1.2) and the following integral equation

e i e )]
)= Cy+1) = v, GWy-1(8.8) !

:
+ r(le) /é X/(s)wp(i,s)h(s, ¥(s). @ggcy(s))ds. (3.1)

€
(&8 +x /é ¥ (5)y(s)ds



64 B. AZZOUZ, M. BEDDANI, AND H. BEDDANI

Lemma 6. Let y=p+0c—po with0 <p <1and 0 <o <1, we assume that

the function h: (§,] x E* — E satisfies h(., (L), C@g} y(. )) € Ciyy([E,8]), for all
y(.) e CL%X([QE]). Ifye Cll"_ym([é,g]). Then, y is a solution of the problem (1.1)-
(1.2) if and only if y satisﬁes the integral equation (3.1).

Proof. Let y € C ([§ &]) be a solution of the problem (1.1)-(1.2), since
h(.,y( ), C@g} (. )) € lemx([é, &]), from Lemma 3 we have
Ié_ YaXny(éJr)
Diy(E) = =g 168 +0©) + £Fh(10©) S DINE). ()

Next, we substitute & by &; into the above equation, we get
1y,
L. Y,Xny(éJr)

Diy(&) = = o (& 8) (&) + 127 (55(6) S DI (E) ).

By utilizing the second condition (1.2), we obtain

vty e e DOED

§+ "DYy(E") = W;Ciwv—l(gh@

C , Py (€, DY 7
+ R G[0@)+ 120(50(E).C 21E) )]

this implies

T X G 08 + 12 (83(8) € DEA(E) ) |

I=vx +\
e DYE) = )~ X G 1 (5 E) 63
By substituting (3.3) to (3.2), we deduce that
Ye [Ky@w”h(a,, (&).C D& |
ny(g) = ( ) B CI‘P'Y— (&l;é) IPYfl(&vé) +Ky(§)
+ Fi / L (5)%p1 & (5,30 S Dr(s) ) . (3.4)

Next, applying Ig+ to both sides of (3.4), we obtain

I Go) + 2 (80(&) S DI (E) )|
B F(Y+ 1) 'YZ?:l CIIP“{*l (&lvé) o
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o [ O I (505 D) ).

Conversely, let y € Cl‘ﬁyx([g,é]) be a function verifies equation (3.1), it is clear that
y(0) = 0. By applying DX to both sides of (3.1), we obtain equation (3.4), using
Lemma 3, we can easily establish that the function y satisfies the second condition
(1.2). O

3.2. Existence and compactness

In this subsection, we will prove that the solution set (denoted SS) of the problem
(1.1)-(1.2) is nonempty and compact, we necessarily assume the following hypo-
theses

(Hy) Suppose that the function h: (§,&] x E* — E verifies h(.,u(.),v(.)) €

Cl yx ([& &]) for all u(.),v(.) € C([&n ])’ h(.,0,0) € C([E.: ]7E) and there
exists a, B € R, such that

(Hy-1) Forallu,vu,v € E :
178, u,v) — A(E,u,V)|| < ouffu—ul| + Bllv—V]|.

(H;y_2) For each nonempty, bounded set Q C C},m([;,é]), forall § € (§,E], we
have

8(n(e.2@). ‘D)) < wd(Q(E) +Bo( D)),

where

Q(E) = {3(€), y€ Al 4, (&)} and “DIFQ(E) = {DL*y(®), y€ Gy (B }-

(Hz)

(KF(p+2)+(p+1)Ao) (17|c*n(ql;+y)+xp7_y> I (A()+Kr(p+2)>q,T - F(p2+ 2)7

where

1
Cy+1) —vXi, &¥y-1(8,8)

Define the operator Z: Cf,m([g,é])} — Cll,%x([é, &])} by
d 3
=T Y6 [0E) + (8 &) D)) P& 8 x [ A (615

1
L(p+1)

and Ag = ((x + BF(V)>\|1’5.

_|_

[ X I (5205 D) ).
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and the operator DXZ: (i _yy([E, E])} — —yx([§7a)} by

DrEy(E) =17 [ 0(E) + 12 (5006 C D& [ #11 6 2) + 1000

5 [ G (5305 D) ).

In this part, we will present the result concerning the existence of solutions of the
problem (1.1)-(1.2). First, we will give some useful lemmas to demonstrate this
result.

Lemma 7. We assume the hypotheses (Hy) and (H1_1) hold. Then

(1) E is bounded and continuous. B
(2) E(B) is equicontinuous for all bounded subset B of Cllfm([é, &)).

Proof. Let us show condition (1); we begin to prove that = is a bounded operator.
Letye Cllfm([é, E]), itis clear to see that Ey € Cllfm([é, €]). Using (H;) and (Hy_1),
forally € B, = {y € C{_,,([&,&]): [IVll{_y, <} and & € (&,&], we have

IEx@) < mim [K|ry<ai>u+z”uh(@, (6.5 DI(E) ) || #4(6.8)

+1</x )y(s) +1 /x lPp(&,s)||h(s,y() fog; ())Hds,

< | TIC sy [+ hl{p‘; ot BT
n Kr

N LT+ (p+1) T(p+1)
W, s, L)Y,

L(p+2) T(p+2) T(p+2)
We also have, for each § € (g,E]

]—i—K‘P*

+

9146 ODEE) | <VT| Y6 (&) + 1240 (5,360, D48 )]
i=1

P48 (&, 7
bt /g X/(5)¥p-1(&,9)h (5.5(5).C DIy (s) ) ds

o rBF(y)‘P;}
I'lp+1) TI'(p+1) T(p+1)

+ KW 4(8,8)¥(8) +

< (T[S n+Wi_y) [xr+
So,
e
I'(p+1) T(p+1)

IS5+ 109y < (ITICny+5)+ %1, ) [+
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rBr(v)¥; P [ SR (0 SO rBF(y)‘P;; 1
C(p+1) """ T(p+2) T(p+2) TL(p+2) °

_l’_

Now we will show that E is continuous. Let {y,}nen — y in C! ., ((§,&]), from

(Hy—1) and Lemma 1 we can easily prove that Zy,(.) — Ey(.) in C([§,&]) and

DXEy,(.) = DXEy(.) in Ci—yy([§,E]), that implies Zy,(.) = Ey(.) in ¢!, (& &),
then E is continuous.

Let us show the second condition (2), it is enough to show that E(B,) (resp.
DXZ(B,)) is equicontinuous in C([§,&]) (resp. in C1_yy([§,&])). Let y € B, and

£1,6 € (é,a with & < &, from (Hj_1), we have

1Zy(&2) —Zy (&)l

= [K”r?;i;l) rzsli) rrﬁ(i)(f‘f)é] (w8 )
. F(plﬂ) / ) ¥ (Ear) ~ W B 5 (5,5(5).C DI%y(s) )ds
< e F?;fgn rﬁn rﬁ(l;fﬁlf);] (#1889 - i.9)
- +1£E§1 E)F(v)) [®p11(62.8) ~ Four (€1,8) + Bp1 (2.8
h +;E31123>F(v))%“@2@1)+Kr\p1(§2,g1).

As &, tends to &, the right-hand side of the last inequality tends to 0. Therefore

E(B,) is equicontinuous in C([§,&]).
And, we also have

I¥1-4(82,§)D*EY(82) — ¥1-4(81,§)D*EY(G1) |

< K1y B () - W1y B D)
W (60 E) o
+‘ S [0 1509 (0
LG
Ilp—1)

< K(P14(82,8) — ¥1-4(&1,8) ) IV + K% 4(81,E) Iy(E2) — (&)

/: X (5)¥p 1, S)h<s,y(s),c @g;xy(s)) ds
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¥ 4(E1,E) & |
* Fy(p) /é x(s) {‘Pp—l (&1,8) =¥pi (&275)} Hh<S,y(s),C Q)g}y(s)) |ds
Y- ’ -¥_ 5 &1
I 1 Y(&Z ﬁl)_‘(oc) 1 “{(Eal E")/é x’(S)‘Pp_l(éz,S)Hﬁ<s,y(S)7C Q%ﬁy@)) ||dS

Wi y(2,8) &
= 13((5)2 ) 61 G (560 P )) s

A S
<K(W1y(&.8) - Fil&,8) )b — (G 6

(n*+rlat+Bren]) W1 4&1.8) 2
L(p) /g x () [Tp“(él”)_q'p—l(&z,S) ds

(1 -+ rloct Br]) (¥14(82.8) ~¥14(61.8)) s
I(p) 5

(h*+r[Oc+BF(y)])‘P1,Y(E)27§) -
I'(p) ‘ X' (5)¥p—1(&2,5)ds

rK‘I‘]_Y
<K(W1y(&.8) ~ Fi(G,8))r b (G B)

(1 + rloc+ O] Wi,

Ay

_l’_

+ X/(S)‘Pp—l(gbs)ds

+

+ T(p+1) [\Pp(g%é)—Tp(élaé)—FZ‘Pp(ngl)}
(h* +rlo+ BF(Y)D\IJS
' () 91 4(62,8) — 1 4(E1,8)]

By taking &, tends to &;, the right-hand side of the last inequality tends to 0, and

hence D*Z(B,) is equicontinuous in Ci_yy([,&]), thus, Z(B,) is equicontinuous in

Clyy ([6:8))- O

We denote by ¥., 0y and 1911( the Kuratowski noncompactness measure defined

respectively on C([&,&])), Ci-yy([&.&])) and C_y, (18,E])).
Lemma 8. Let B be a bounded subset of C]1_77X([§,E])), we have
0y(B) < B(B) +Oy(D*B) < 20y(B). (3.5)

Proof. Let B be a bounded subset of CL%X([Q E])) and let € be a strictly positive
real number. So, there exists a finite partition B;, i = 1,...m, such that

Diamy(B;) <e+0y(B), i=1,...m.
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Then for all y1,y; in B; and § € (&,&], we have

ly2(8) = y1(E)| < &+0y(B) and [|DAy2(§) = D*y1(8)]| < &+0(B), i=1,...m.
So,
Diam(B;) < €+ 9y(B) and Diamy(D*B;) < e+ 0y(B), i=1,...m.
Thus,
O(B) +0y(D*B) < 2e+20,(B).
Since € is arbitrary, this means that we arrive at

O(B) + 9y(D*B) < 20y(B). (3.6)

Conversely, we want to prove that 1911( (B) < O(B) +9y(D*B), from the definition of
Kuratowski noncompactness measure, we have, for each € > 0, there are a finite
partitions {B;}i—i . m of Band {D;};—i __m, of DXB such that

.....

Diam(B;) < &+ 9(B), and Diamy(D;) < €+ 0y(D*B).
It is clear that the partition {B; ﬂIéD ;}i,j belongs to Cllfm([é,g])) and verifies the
following inequality: -

Diam(B; N Ié&D ;) + Diamy(D*(B; mg&D 1)) < 2e+9(B) + 0y(DXB).

As ¢ is arbitrary, we obtain

ﬁl

1(B) < O(B) +0,(D*B). 3.7)

From (3.6)-(3.7), we get

ﬁl

1(B) < 8(B) +0y(D*B) < 20, (B).

From Lemma 5 and Lemma 8, we easily show the following inequality

0y(D) < sup B(D(E))+ sup B(¥)4(§,E)D*D(E)) <20y(D),  (3.8)
35143 Eel8.8]

where D is a bounded and equicontinuous subset of Cll_yvx( €.€)),

D(E)={y(&):yeD} and D'D(E)={D*(&): ye D}.
Let
Br = {y € Gy ([8,ED): I¥llyy < R}.

We are about to present our main result which is as follows.
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Theorem 2. Assume that the hypotheses (Hy) — (Ha) are satisfied and that R
verifies the following inequality

1_Tl+2)- (KT(p+2)+ (p+1)40 ) (1716 n(W; +9) + %7,
(p+ 1) (ITICn (%) +7) + Wi, ) ¥ahe + %5 7

3.9)

(Ao +xI(p +2)>‘P“{
(p+ 1) (ITIC (%) +1) + W1, ) ¥ahe + W5 0

Then, the problem (1.1)-(1.2) has at least one solution in Cl’_m([é, E]) In addition,
the solution set SS of the problem (1.1)-(1.2) is compact in Cllfyﬁx([é,g]).

Proof. From the definition of = and Lemma 6, it is clear that the solutions of (1.1)-
(1.2) is equivalent to the fixed point of Z. For this reason, we want to verify that &
satisfies the assumptions of Monch fixed point theorem. First, we will prove that &
is well defined from Bg to Bg, indeed, let y € Bg. By using the condition (Hy_;) and
after some calculations, for each & € (§,&] and y € Bg, we get

IZ5@)ll + 1214(8. 8D 2y @)
<|fr|z|cl [ly& ||+1”||h(a, (&), @”y@))u]w

wx [AOOls hs / X (5)%p(6.) 1 (5,3(5). DEAy(s) ) s

+TIY G+ fmn(ai,y(& ) Coli >)} FRE ()

Wit
Fop . X601 (& 9)A(s5.(5).  TIEy(s)) s

< (p+1) (\cr|§*n(w;+y) +‘P’{_y>‘Pgh* W B

- C(p+2)
(kTP +2)+ (p+ 1)) (ITICn(¥5 +9) +%,)  (A0+KT(p+2)) ¥
* T(p+2) K Te+2)

From (H3) and the inequality (3.9), we obtain

Vy € Bg: HEy]H(X <R.
Note that Bg is bounded, convex and closed subset of Cll_m( [£,€])) and Z is continu-
ous on Bg. Next, it is enough to show the following implication:

V Cconv{N(V)U{0}} = ﬁ;(V) =0, forany V C Bg.



NIVB FOR SEQUENTIAL DIFFERENTIAL EQUATION 71

Let V be a subset of Bg such that V C conv{N(V)U{0}}. By using Lemmas 4 and 5,
we obtain

ﬁ(EV(&))+ﬁ(wlfy<a,§>mz<v<&>>)
<imye [m( &») + o (n(v @) V) )y

+x / X(s ))ds + (pl+ 3 /g ix/(S)‘Pp(i,s)ﬁ@(s,V(S),CQ)g;XV(S)»ds

+v|¢\;c*[m(v<a,->) 249 (h(8.V(E).CDIV(E)) ) |+ ¥ 0(VE)

T 0016000 (s V1612V (9) ).

From Lemmas 5, 7 and 8 and the hypotheses (H;_») — (Hz) and inequality (3.8), we
arrive at

9)(2V) < sup B(EV(E))+ sup B (w1,egDE(V(E)))
Sel&gl gele g
2(0(p+2)+ (p+ Do) (ITIC (%5 +) + %7 ,) |
- C(p+2) By(EV)
2(A0 +xT(p +2))‘P’1‘ o
rpT2) 9y (EV).
By the condition (Hy), we get ﬂ;(EV) = 0, that means ﬁ;(V) = 0. From Theorem 1,

the operator = has at least one fixed point y € Bg. By using Lemma 6, we conclude
that the problem (1.1)-(1.2) has at least one solution. Let us prove that solution

set SS of (1.1)-(1.2) is included in Cffm( §.E)), Letwe {ue ., ([58): Zu=

u and D*Eu = D*u}, we need to show that DXw € C;{,%X([é, €]), so, forall € € (€,&],
we have

Dhw(E yrrzcl[ (&) + 127 (8 w(€).C DEw(E) ) | Wy-1 (6.8) + (€

Fp)/g X'(s)‘Pp—l(ﬁ,s)h( w(s), Q)g; w(s ))ds.

RL Q)'Y

By using e

on both sides the last inequality, from Lemmas 1, 2 we obtain

(1= )" Dhy(r) =R @él};ﬂxh(s w(s).C DL ())
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-
= DV h (& w(®).CDLEw(E)).

So, from (Hy), we have RLQ)g+DXw( )€ cffy([g,é]), that means w € lem([é,i]).
Finally, the solution set SS of problem (1.1)-(1.2) is included in Cll‘jm([é, E)).

We show now that the solution set SS of the problem (1.1)-(1.2) is compact subset
0 Cllfm([é, E]). Let {y,}nen be a sequence of the solution set, as Cllfm([é, g]) is
compact space, there exists a subsequence of {y, },en (still denoted {y, },en ) con-

verges to y*, it is enough to demonstrate that y* is a solution of (1.1)-(1.2), for each
€ € (€], we have

:Tégi[m( szh(a,yn@) §+y,1<al>)}wy<a,§>

[ Ao+ (5,30(5).€ D2, (5)) b
and )
D) =17 1 [ (&) z“h(&z,yn@z) D3, (8)) | #y-1(6.8) + 100 E)
FL [ (8.5)1 (5.3 (). DLy (s) ) ds.

From (Hy), we have A(.,y,(.), C@g} 2(.)) converges to A(.,y*(.), @gx *(1)) as

n— +oo, let & € (§,&], form (Hy_1), for all n € N, we have
X/ (52 (&) 1 (s.30(5). DI, (s) ) | < (h*+<a+ﬁr<v>>M)x'<s>‘Pp<a,s> and
X/ (5)¥p-1 (&)1 (5.3 ().C DLy () )| < (" + (- BUC)M ) (5) ¥

3

Using Lebesgue’s dominated convergence theorem, for each & € ( E] we obtain

3 :fr;ci [0 () + B2 n (v (8).C DY (&) | #4(8.)

é !/ * 1 !/ * *
Tk /é K6 )5+ gy /é /(5 (&) (5.5" (). DIy () ds
and

) =1 Y60 &)+ 124(5 (@) 2 @) [ £ D)+ )
1
Lol

$)%p-1(&,9)h (5,37 (5).C DI (5) ) ds.
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So, the solution set of Problem (1.1)-(1.2) is a compact subset of | w88 O

4. EXAMPLE
We take W(r) = 43eans £ — 0§ =05, E=1, 6=p =025 k=5 E the
Banach space defined by

E= {(yl,yz,--.,yn,---)i sup [y < °°},
with the norm ||y|| = sup,, |[y.|, we define the function /: (0,1] x E? — E by
n(&5(©). D) = (m (E31@. DN E)) oo (E30(8)C DI (B)) o)

where

Q)Y:}yn(&)
(O L) = g+ e

We easily see that i: (0,1] x E? — E is continuous and

Ee(0,1].

1
1A(&,u,v) — (&, )| < 40Hu—u|\+40|! — V|, forall§ € (0,1] and u,v,u,V € E.

Next, for all Q a bounded subset of ;| _%X([O, 1]), we have

o(n(za@cnra®)) < 5 (v(@E) +o(1a®) ). e 0.1
So, (Hy), (Hy-1) and (H;_) are satisfied. A quick calculation gives us

(KT(p+2)+ (p+ Ao ) (715" n(%5 +1)+ Wi ) + (Ao +KT(p+2) ) ¥ < F(F’;z)_

So, (Hy) holds. Therefore, Theorem 2 ensures that the solution set of Problem (1.1)-
(1.2) is nonempty and compact.
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