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Abstract. In this paper, the authors introduce the generalization of Hermite-Hadamard inequality
by using (Mϕ,Mψ)-convex functions and getting some other theorems with (Mϕ,Mψ)-convex
functions. Some natural applications to special means of real numbers are also given.
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1. INTRODUCTION AND PRELIMINARIES

It is well known in mathematical analysis that a function f : I ⊆ R→ R, I ̸= Ø is
said to be convex on I if the inequality

f(λx+(1−λ)y)≤ λf(x)+(1−λ)f(y) (1.1)

holds for all x,y ∈ I and λ ∈ [0,1] [25] .

Definition 1 ([4, 12]). A function f : I → [0,∞) is said to be AG-convex or log-
convex or multiplicatively convex if log f is convex, or equivalently if for all x,y ∈ I
and λ ∈ [0,1] one has the inequality:

f(λx+(1−λ)y)≤ f(x)λf(y)1−λ. (1.2)

Definition 2 ([16]). Let I ⊆ R \ {0} be an interval. Then a real-valued function
f : I → R is said to be harmonically convex if

f

(
xy

λx+(1−λ)y

)
≤ λf(y)+(1−λ)f(x) (1.3)

holds for all x,y ∈ I= [c,d] and λ ∈ [0,1].
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Definition 3 ([4,12]). A function f : I⊆R→ J⊆R\{0} is called AH-convex on
the convex set C if the following inequality holds

f(λx+(1−λ)y)≤ f(x)f(y)
(1−λ)f(y)+λf(x)

(1.4)

for any x,y ∈C and λ ∈ [0,1].

Definition 4 ([4]). Let I ⊂ (0,∞) be an interval; a real-valued function f : I → R
is said to be GH-convex on I if

f(x1−λyλ)≤ f(x)f(y)
(1−λ)f(y)+λf(x)

(1.5)

for all x,y ∈ I and λ ∈ [0,1].

Definition 5 ([4, 12]). Let I ⊂ (0,∞) be an interval; a real-valued function f : I →
J⊆ R\{0} is said to be GA-convex on I if

f(x1−λyλ)≤ (1−λ)f(x)+λf(y) (1.6)

for all x,y ∈ I and λ ∈ [0,1].

Definition 6 ([4,12]). The function f : I ⊂ (0,∞)→ (0,∞) is called GG-convex on
the interval I of real numbers R if

f(x1−λyλ)≤ f(x)(1−λ) · f(y)λ (1.7)

for all x,y ∈ I and λ ∈ [0,1].

Definition 7 ([4, 12]). We say that the function f : I ⊂ R \ {0} → (0,∞) is HG-
convex or harmonically convex if

f

(
xy

(1−λ)y+λx

)
≤ f(x)(1−λ)f(y)λ (1.8)

for all x,y ∈ I and λ ∈ [0,1].

Definition 8 ([4, 12]). We say that the function f : I ⊂ R \ {0} → (0,∞) is HH-
convex or harmonically convex if

f

(
xy

(1−λ)y+λx

)
≤ f(x)f(y)

(1−λ)f(y)+λf(x)
(1.9)

for all x,y ∈ I and λ ∈ [0,1].

Definition 9 ([18,28]). Let I ⊂ (0,∞) be a real interval and p∈R\{0}. A function
f : I → R is said to be p-convex, if

f
(
[λxp +(1−λ)yp]

1
p

)
≤ λf(x)+(1−λ)f(y) (1.10)

for all x,y ∈ I and λ ∈ [0,1].
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Definition 10 ([27]). Let I ⊂ (0,∞) be a interval, ϕ : I → R be a continuous and
strictly monotonic function. f : I → R is said to be MϕA convex, if

f
(
ϕ
−1(λϕ(x)+(1−λ)ϕ(y))

)
≤ λf(x)+(1−λ)f(y) (1.11)

for all x,y ∈ I and λ ∈ [0,1].

A number of inequalities have been written for convex functions but the most
famous is the Hermite-Hadamard inequality which is stated as follows (see, e.g.,
[22]):

If f : [c,d] → R is a convex function, then the following inequality is known as
Hermite-Hadamard inequality:

f

(
c+d

2

)
≤ 1

d − c

∫ d

c
f(x)dx ≤ f(c)+ f(d)

2
. (1.12)

Note that some of classical inequalities for means can be derived from (1.12) for ap-
propriate particular selections of the mapping f. Both inequalities hold in the reversed
direction if f is concave. For some results which generalize, improve and extend the
inequality (1.12) we refer the reader to the recent papers (see [2,3,5–7,14,15,17,19–
21, 23, 24]).

A convex (or concave) function f is bounded on every compact subinterval [u,v] of
its interval of definition. If f : I ⊂ R → R is convex, then f is continuous on interior Io

of I [26].
Let A(c,d;λ) = λc+(1−λ)d, G(c,d;λ) = cλd1−λ, H(c,d;λ) = cd/(λc+(1−λ)d)
and Mp(c,d;λ) = (λcp +(1−λ)dp)1/p be the weighted arithmetic, geometric, har-
monic, power of order p means of two positive real numbers c and d with c ̸= d
for λ ∈ [0,1], respectively. The most used class of means is quasi-arithmetic mean,
which is associated to a continuous and strictly monotonic function ϕ : I → R by the
formula

Mϕ(x,y) = ϕ
−1

(
ϕ(x)+ϕ(y)

2

)
, for x,y ∈ I.

Weighted quasi-arithmetic mean is given by the formula

Mϕ(x,y;λ) = ϕ
−1 (λϕ(x)+(1−λ)ϕ(y)) , for x,y ∈ I, λ ∈ [0,1].

Here λ ∈ (0,1) and x < y always implies x < Mϕ(x,y;λ)< y. The function is called
Kolmogoroff-Naguma function of M. Of special interest are the power means Mp on
R+, defined by

ϕp(x) :=
{

xp, p ̸= 0,
lnx, p = 0.

For p = 1, we get the arithmetic mean A = M1, for p = 0, we get the geometric mean
G = M0 and for p =−1, we get the harmonic mean H = M−1.
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Definition 11 ([1]). For any two quasi-arithmetic means M,N (with Kolmogoroff-
Naguma function ϕ,ψ defined on I,J, respectively), a function f : I → J can be called
(Mϕ,Mψ)-convex if it satisfies

f(Mϕ(x,y;λ))≤ Mψ(f(x), f(y);λ) (1.13)

for all x,y ∈ I and λ ∈ [0,1]. If the inequality in (1.13) is reversed, then f said to be
(Mϕ,Mψ)-concave.

If ψ : R→ R, ψ(x) = x, (i.e., Mψ(f(x), f(y);λ) = A(c,d;λ)), then we just say that
f is MϕA-convex. Let f be MϕA-convex.

(1) If we take ϕ : I ⊂R→R, ϕ(x) = x, then MϕA-convexity deduces usual con-
vexity.

(2) If we take ϕ : I ⊂ (0,∞)→R, ϕ(x) = lnx, then MϕA-convexity deduces GA-
convexity.

(3) If we take ϕ : I ⊂ (0,∞)→R, ϕ(x) = x−1, then MϕA-convexity deduces har-
monically convexity.

(4) If we take ϕ : I ⊂ (0,∞) → R, ϕ(x) = xp, then MϕA-convexity deduces p-
convexity.

If ψ : (0,∞) → R, ψ(x) = lnx, (i.e., Mψ(f(x), f(y);λ) = G(c,d;λ)), then we just
say that f is MϕG-convex. Let f be MϕG-convex.

(1) If we take ϕ : I ⊂R→R, ϕ(x)= x, then MϕG-convexity deduces logarithmic
convexity.

(2) If we take ϕ : I ⊂ (0,∞)→R, ϕ(x) = lnx, then MϕG-convexity deduces GG-
convexity.

(3) If we take ϕ : I ⊂ (0,∞) → R, ϕ(x) = x−1, then MϕG-convexity deduces
harmonically G-convexity.

(4) If we take ϕ : I ⊂ (0,∞)→ R, ϕ(x) = xp, then MϕG-convexity deduces pG-
convexity.

If ψ : I ⊂ R\{0} → R, ψ(x) = x−1, (i.e., Mψ(f(x), f(y);λ) = H(c,d;λ)), then we
just say that f is MϕH-convex. Let f be MϕH-convex.

(1) If we take ϕ : I ⊂ R → R, ϕ(x) = x, then MϕH-convexity deduces AH-
convexity.

(2) If we take ϕ : I ⊂ (0,∞)→R, ϕ(x) = lnx, then MϕH-convexity deduces GH-
convexity.

(3) If we take ϕ : I ⊂ (0,∞) → R, ϕ(x) = x−1, then MϕH-convexity deduces
HH-convexity.

(4) If we take ϕ : I ⊂ (0,∞)→ R, ϕ(x) = xp, then MϕH-convexity deduces pH-
convexity.

If ψ : (0,∞) → R, ψ(x) = xp, then we just say that f is Mϕ p-convex. Let f be
Mϕ p-convex.

(1) If we take ϕ : I ⊂R→R, ϕ(x)= x, then Mϕ p-convexity deduces p-convexity.
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(2) If we take ϕ : I ⊂ (0,∞)→ R, ϕ(x) = lnx, then Mϕ p-convexity deduces Gp-
convexity.

(3) If we take ϕ : I ⊂ (0,∞)→R, ϕ(x) = x−1, then Mϕ p-convexity deduces har-
monically p-convexity.

(4) If we take ϕ : I ⊂ (0,∞)→ R, ϕ(x) = xp, then Mϕ p-convexity deduces pp-
convexity.

Lemma 1 ([1]). Let ϕ and ψ be two continuous and strictly monotonic functions
on intervals I and J respectively and let f : I → J is a function.

If ψ is strictly increasing , then f is (Mϕ,Mψ)-convex (concave) if and only if
ψ◦ f◦ϕ−1 is convex (concave) on ϕ(I) in the usual sense.

If ψ is strictly decreasing , then f is (Mϕ,Mψ)-convex (concave) if and only if
ψ◦ f◦ϕ−1 is concave (convex) on ϕ(I) in the usual sense.

The main purpose of this paper is to introduce the generalization of Hermite-
Hadamard inequality by using (Mϕ,Mψ)-convex functions and getting some other
theorems with (Mϕ,Mψ)-convex functions.

2. MAIN RESULTS

Theorem 1. Let ϕ and ψ are two continuous and strictly monotonic functions
on intervals I and J respectively and let f,g : I → J are two functions. If f and g
(Mϕ,Mψ)-convex functions, then f ⊕ψ g is a (Mϕ,Mψ)-convex function, where
(f⊕ψ g)(x) := f (x)⊕ψ g(x) := ψ−1(ψ(f(x))+ψ(g(x))), x ∈ I.

Proof. Firstly, let ψ be strictly increasing, then ψ−1 is also strictly increasing.
Since f and g are (Mϕ,Mψ)-convex functions, we have

f(Mϕ(x,y;λ))≤ Mψ(f(x), f(y);λ) (2.1)

and
g(Mϕ(x,y;λ))≤ Mψ(g(x),g(y);λ), (2.2)

for all x,y ∈ I and λ ∈ [0,1]. Then, since ψ and ψ−1 are strictly increasing, with (2.1)
and (2.2), we have

(f⊕ψ g)(Mϕ(x,y;λ)) = ψ
−1(ψ(f(Mϕ(x,y;λ)))+ψ(g(Mϕ(x,y;λ))))

≤ ψ
−1(ψ(Mψ(f(x), f(y);λ))+ψ(Mψ(g(x),g(y);λ)))

= ψ
−1(λ(ψ(f(x))+ψ(g(x)))+(1−λ)(ψ(f(y))+ψ(g(y))))

= ψ
−1(λψ((f⊕ψ g)(x))+(1−λ)ψ((f⊕ψ g)(y)))

= Mψ((f⊕ψ g)(x),(f⊕ψ g)(y);λ),

which completes the proof. □

Remark 1. In the above theorem, it reduces to geometric and arithmetic inequalit-
ies when special choices are made.
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Theorem 2. Let ϕ and ψ be two continuous and strictly monotonic functions on
intervals I and J respectively. If f (Mϕ,Mψ)-convex function on [u,v] ⊂ I, then f is
bounded on [u,v].

Proof. Since f is (Mϕ,Mψ)-convex function on [u,v], if ϕ is strictly increasing (ϕ is
strictly decreasing), then ψ◦ f◦ϕ−1 is convex (concave) on ϕ([u,v]). Thus ψ◦ f◦ϕ−1

is bounded on ϕ([u,v]). Therefore , with the continuity of ψ−1, f ◦ ϕ−1 becomes
bounded on ϕ([u,v]) which gives us that f is bounded on [u,v]. This completes the
proof. □

Theorem 3. Let ϕ and ψ be two continuous and strictly monotonic functions on
intervals I and J respectively. If f (Mϕ,Mψ)-convex function on I, then f is a continu-
ous function on Io.

Proof. Since f is (Mϕ,Mψ)-convex function, if ψ is strictly increasing (ψ is strictly
decreasing), then ψ◦ f◦ϕ−1 is convex(concave) on ϕ(I). Thus ψ◦ f◦ϕ−1 is continu-
ous on ϕ(Io) = (ϕ(I))o (this equality is satisfied because ϕ is a homeomorphism).
Therefore, with continuity of ψ−1, f◦ϕ−1 becomes continuous on ϕ(Io) which gives
us that f is continuous on Io. This completes the proof. □

Theorem 4. Let ϕ and ψ be two continuous and strictly monotonic functions on
(0,∞) and let f : (0,∞)→R is a function. If c,d ∈ (0,∞) with c< d and f is (Mϕ,Mψ)-
convex then the following inequalities hold:

f

(
ϕ
−1

(
ϕ(c)+ϕ(d)

2

))
≤ ψ

−1
[

1
ϕ(d)−ϕ(c)

∫
ϕ(d)

ϕ(c)
(ψ◦ f◦ϕ

−1)(x)dx
]

≤ ψ
−1

(
ψ(f(c))+ψ(f(d))

2

)
. (2.3)

The above inequalities are sharp.

Proof. Firstly, let ψ be strictly increasing. Since f : (0,∞) → R is a (Mϕ,Mψ)-
convex function, ψ◦ f◦ϕ−1 is convex on ϕ((0,∞)). So, by the inequalities (1.12) we
have

(ψ◦ f◦ϕ
−1)

(
ϕ(c)+ϕ(d)

2

)
≤ 1

ϕ(d)−ϕ(c)

∫
ϕ(d)

ϕ(c)
(ψ◦ f◦ϕ

−1)(x)dx

≤ (ψ◦ f◦ϕ−1)(ϕ(c))+(ψ◦ f◦ϕ−1)(ϕ(d))
2

,

i.e.

(ψ◦ f◦ϕ
−1)

(
ϕ(c)+ϕ(d)

2

)
≤ 1

ϕ(d)−ϕ(c)

∫
ϕ(d)

ϕ(c)
(ψ◦ f◦ϕ

−1)(x)dx

≤ (ψ◦ f)(c)+(ψ◦ f)(d)
2

.
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Since ψ−1 is strictly increasing, we have (2.3).
Secondly, let ψ be strictly decreasing. Since f : (0,∞)→ R is a (Mϕ,Mψ)-convex

function, ψ◦ f◦ϕ−1 is concave on ϕ((0,∞)). So, by the inequalities (1.12) we have

(ψ◦ f◦ϕ
−1)

(
ϕ(c)+ϕ(d)

2

)
≥ 1

ϕ(d)−ϕ(c)

∫
ϕ(d)

ϕ(c)
(ψ◦ f◦ϕ

−1)(x)dx

≥ (ψ◦ f◦ϕ−1)(ϕ(c))+(ψ◦ f◦ϕ−1)(ϕ(d))
2

,

i.e.

(ψ◦ f◦ϕ
−1)

(
ϕ(c)+ϕ(d)

2

)
≥ 1

ϕ(d)−ϕ(c)

∫
ϕ(d)

ϕ(c)
(ψ◦ f◦ϕ

−1)(x)dx

≥ (ψ◦ f)(c)+(ψ◦ f)(d)
2

.

Since ψ−1 is strictly decreasing, we have (2.3). □

Remark 2. (1) If we choose ϕ(x) = x and ψ(x) = x in Theorem 4, our result
deduces to (1.12).

(2) If we choose ϕ(x) = lnx and ψ(x) = x in Theorem 4, our result deduces to
Hermite-Hadamard inequality for GA-convex functions in [9].

(3) If we choose ϕ(x) = x−1 and ψ(x) = x in Theorem 4, our result deduces to
Hermite-Hadamard inequality for Harmonic functions in [16].

(4) If we choose ϕ(x) = xp and ψ(x) = x in Theorem 4, our result deduces to
Hermite-Hadamard inequality for p-convex functions in [13, 18].

(5) If we choose ϕ(x) = x and ψ(x) = lnx in Theorem 4, our result deduces to
Hermite-Hadamard inequality for Logaritmic convex functions in [12].

(6) If we choose ϕ(x) = lnx and ψ(x) = lnx in Theorem 4, our result deduces to
Hermite-Hadamard inequality for GG-convex functions in [10].

(7) If we choose ϕ(x) = x−1 and ψ(x) = lnx in Theorem 4, our result deduces to
Hermite-Hadamard inequality for HG-convex functions in [8].

(8) If we choose ϕ(x) = lnx and ψ(x) = x−1 in Theorem 4, our result deduces to
Hermite-Hadamard inequality for GH-convex functions in [11].

3. CONCLUSION

The aim of this study is to make a generalized proof with this function that can
reach more specific results for the algebraic properties of many convexities in the
literature or for the Hermite-Hadamard inequality. This function will give us more
general results and its special cases will be reduced to the literature.
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[2] A. O. Akdemir, M. E. Özdemir, and F. Sevinç, “Some inequalities for GG-convex functions,”
Turkish J. Ineq,, vol. 2, no. 2, pp. 78–86, 2018.

[3] A. O. Akdemir, E. Set, M. E. Ozdemir, and A. Yalcin, “New generalizations for functions whose
second derivatives are GG-convex,” Uzbek Mathematical Journal, vol. 2018, no. 4, pp. 22–34,
Nov. 2018, doi: 10.29229/uzmj.2018-4-3.

[4] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen, “Generalized convexity and inequalit-
ies,” Journal of Mathematical Analysis and Applications, vol. 335, no. 2, pp. 1294–1308, 2007,
doi: 10.1016/j.jmaa.2007.02.016.

[5] M. Andric, “Fejér type inequalities for (h, g; m)-convex functions,” TWMS Journal of Pure and
Applied Mathematics, vol. 14, no. 2, pp. 185–194, 2023.

[6] M. A. Ardic, A. O. Akdemir, and E. Set, “New Ostrowski like inequalities for GG-convex and
GA-convex functions,” Mathematical Inequalities And Applications, vol. 19, no. 4, pp. 1159–
1168, 2016, doi: 10.7153/mia-19-85.

[7] S. Butt, H. Inam, and M. Dokuyucu, “New fractal Simpson estimates for twice local differentiable
generalized convex mappings,” Applied and Computational Mathematics, vol. 23, no. 4, pp. 474–
503, 2024, doi: 10.30546/1683-6154.23.4.2024.474.

[8] S. S. Dragomir, “Inequalities of Hermite-Hadamard type for HG-convex functions.” Probl.
Anal.Issues Anal., vol. 6, no. 24, pp. 25–41, 2017, doi: 10.15393/j3.art.2017.3790.

[9] S. S. Dragomir, “Some new inequalities of Hermite-Hadamard type for GA-convex functions,”
Annales Universitatis Mariae Curie-Sklodowska, sectio A – Mathematica, vol. 72, no. 1, p. 55,
Jun. 2018, doi: 10.17951/a.2018.72.1.55-68.

[10] S. S. Dragomir, “Inequalities of Hermite-Hadamard type for GG-convex functions,” Analele Uni-
versitatii de Vest, Timisoara Seria Matematica Informatică, vol. 57, no. 2, pp. 34–52, 2019.
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Giresun University, Department of Mathematics, Faculty of Arts and Sciences, Giresun, Turkey
E-mail address: imdati@yahoo.com

Erhan Set
(Corresponding author) Ordu University, Department of Mathematics, Faculty of Science and

Arts, Ordu, Turkey
E-mail address: erhanset@yahoo.com

http://dx.doi.org/10.7153/mia-03-19
http://dx.doi.org/10.7153/mia-06-53

	1. Introduction and preliminaries
	2. Main results
	3. Conclusion
	References

