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Abstract. In this work, all lattices are complete modular lattices with the smallest element 0 and
the greatest element 1. Let L be a lattice. If every essential element of L has a weak supplement
in L, then L is called a weakly essential supplemented (briefly, weakly e-supplemented) lattice.
In this work, some properties of these lattices are investigated. The concept of weakly essential
supplemented lattice is a generalization of the concept of essential supplemented lattice. Let L be
a weakly e-supplemented lattice. Then 1/r (L) have no essential elements with distinct from 1.
Let L be a lattice, aj,ap,...,ap € Land 1 =a; Vap V- Vay,. If a;/0 is weakly e-supplemented
foreveryi=1,2,...,n, then Lis also weakly e-supplemented. Let L be a weakly e-supplemented
lattice and a € L. Then the quotient sublattice 1/a is weakly e-supplemented. Let L be a lattice.
Then L is weakly e-supplemented if and only if every essential element of L is B, equivalent to a
weak supplement in L.
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1. INTRODUCTION

Throughout this paper, all lattices are complete modular lattices with the smallest
element O and the greatest element 1. Let L be a lattice, a,b € L and a < b. A sub-
lattice {x € L|a < x < b} is called a quotient sublattice, denoted by b/a. An element
a’ of alattice L is called a complement of ain LifaAd =0 and aVda' = 1. In this
case we say a and a’ are direct summands of L and denoted by 1 = a®d’. A lattice
L is said to be complemented if each element of L has at least one complement in L.
An element ¢ of L is said to be compact if for every subset X of L such that ¢ < VX
there is a finite F C X such that ¢ < VF. A lattice L is said to be compact if 1 is
compact. An element a of L is said to be small or superfluous in L and denoted by
a << LifaVb # 1 holds for every b # 1, or equivalently, b = 1 for every b € L with
aVb=1. An element a of L is said to be essential if a A\ b # 0 holds for every b # 0
and denoted by a < L. This equivalent to a A b = 0 implies that b = 0. The meet of all

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.


http://dx.doi.org/10.18514/MMN.2026.5205
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

300 H. H. OKTEN, FE. ERILMAZ, AND B. KOSAR

maximal elements (# 1) of a lattice L is called the radical of L and denoted by r(L).
An element ¢ of L is called a supplement of b in L if it is minimal for bV ¢ = 1. a is
a supplement of b in a lattice L if and only if aVb =1 and a Ab < a/0. L is called a
supplemented lattice if every element of L has a supplement in L. If every element of
L has a supplement that is a direct summand of L, then L is called a &—supplemented
lattice. L is called an essential supplemented (briefly, e-supplemented) lattice if every
essential element of L has a supplement in L. We say that an element b of L lies above
an element a of Lif a < b and b < 1/a. L is said to be hollow if every element (# 1)
is superfluous in L, and L is said to be local if L has the greatest element (# 1). An
element a of L is called a weak supplement of bin LifavVb=1andaAb < L. Lis
called a weakly supplemented lattice if every element of L has a weak supplement in
L. An element a € L has ample supplements in L if for every b € L withaV b =1,
a has a supplement »’ in L with " < b. L is called an amply supplemented lattice
if every element of L has ample supplements in L. L is called an amply essential
supplemented (briefly, amply e-supplemented) lattice if every essential element of L
has ample supplements in L. It is clear that every supplemented lattice is weakly sup-
plemented and every amply supplemented lattice is supplemented. Let L be a lattice.
It is defined B relation on the elements of L by af.b with a,b € L if and only if for
eachr € L such that aVVt =1then bVt =1 and for each k € L such that bVk =1
thenaVk=1.

More information about (amply) supplemented lattices are in [5, 1 1]. More de-
tails about weakly supplemented lattices are in [1]. More information about &—
supplemented lattices are in [2]. More details about (amply) essential supplemented
lattices are in [14, 19]. More information about (amply) supplemented modules are
in [4,7-10]. More information about weakly supplemented modules are in [6]. More
details about (amply) essential supplemented modules are in [16, 17]. More details
about weakly essential supplemented modules are in [12]. The definition of B, re-
lation on lattices and some properties of this relation are in [13]. This relation is a
generalization of * relation on modules. The definition of f* relation on modules
and some properties of this relation are in [3, 1 8]. More details about lying above on
lattices are in [5, 1 1, 13]. More details about lying above on modules are in [9, 10].

Lemma 1. Let L be a lattice. The following assertions hold.

(1) Ifa,b€ Land a < b, then a < L ifand only ifa <b/0 and b < L.

(2) Leta,b€ Landa <b. Ifb<1/a, then b < L.

(3) Let a,b,c,d €L, a<cand b<d. Ifa<c/0and b <1d/0, then aNb <
(cAd) /0.

(4) Ifa<Landb <L, thenaNb < L.

(5) Ifa< L, thenaNb<b/0 forevery b € L.

(6) Ifa< L, thenaVb<Ljforeveryb € L.

Proof. See [5]. O
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2. WEAKLY ESSENTIAL SUPPLEMENTED LATTICES

Definition 1. Let L be a lattice. If every essential element of L has a weak supple-
ment in L, then L is called a weakly essential supplemented (briefly, weakly e-supple-
mented) lattice. (See also [15]).

Clearly we can see that every essential supplemented lattice is weakly essential
supplemented, but the converse of this statement is not true in general. (See Example
2). The concept of weakly essential supplemented lattice is a generalization of the
concept of essential supplemented lattice.

Definition 2. Let L be a lattice and x € L. If x is a weak supplement of an essential
element of L, then x is called a weak e-supplement element in L.

Proposition 1. Let L be a weakly e-supplemented lattice. If every element of L
with distinct from 0 is essential in L, then L is weakly supplemented.

Proof. Clear from definitions. O

Lemma 2. Let L be a weakly e-supplemented lattice. Then 1/r (L) have no essen-
tial elements with distinct from 1.

Proof. Let k be any essential element of 1/r(L). Since k < 1/r (L), by Lemma
1, kK < L and since L is weakly e-supplemented, k has a weak supplement ¢ in L.
Then 1 =kVrand kAt < L. Since 1 =kVe, 1 =kV (tVr(L)). Since kAt <L,
by [5, Lemma 7.6], kAt < r(L). Then kA (tVr(L)) = (kAt)Vr(L)=r(L) and
l=k&(tvr(L))in 1/r(L). Since | =k& (rVr(L)) in 1/r(L) and k < 1/r(L),
k= 1. Hence 1/r(L) have no essential elements with distinct from 1. O

Corollary 1. Let L be a weakly e-supplemented lattice. If r (L) = 0, then L have
no essential elements with distinct from 1.

Proof. Since r(L) =0,L=1/0=1/r(L). Then by Lemma 2, L have no essential
elements with distinct from 1. O

Corollary 2. Let L be a weakly e-supplemented lattice, k < L and kV r (L) # 1.
Then k\ r (L) is not essential in 1/r(L).

Proof. Clear from Lemma 2. ]

Corollary 3. Let L be a weakly e-supplemented lattice, k < L and r (L) < k. Then
k is not essential in 1/r (L).

Proof. Clear from Corollary 2. O

Corollary 4. Let L be an essential supplemented lattice, k I L and r (L) < k. Then
k is not essential in 1/r (L).

Proof. Clear from Corollary 3, since every essential supplemented lattice is weakly
essential supplemented. O
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Example 1. Consider the lattice L = {0,a,b,c, 1} given by the following diagram:

Here r(L) =a,b dLbutb #1/r(L). Here also ¢ I Lbutc A 1/r(L).

Lemma 3. Let L be a lattice and r (L) < L. If aV r(L) is a direct summand of
1/r (L) for every essential element a of L, then L is weakly e-supplemented.

Proof. Let a < L. By hypothesis, aV r(L) is a direct summand of 1/r(L) and
there exists x € 1/r(L) such that aV r(L)Vx=1 and (aVr(L)) Ax=r(L). Here
l=aVr(L)Vx=aVxandaAx<(aVr(L))Ax=r(L). Since r (L) < L,aAx < L.
Hence x is a weak supplement of a in L and L is weakly e-supplemented. n

Corollary 5. Let L be a compact lattice. Ifa\ r (L) is a direct summand of 1/r (L)
for every essential element a of L, then L is weakly e-supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], (L) < L. Then by Lemma 3,
L is weakly e-supplemented, as desired. U

Corollary 6. Let L be a lattice and r (L) < L. If a is a direct summand of 1/r (L)
for every essential element a of L with r (L) < a, then L is weakly e-supplemented.

Proof. Letx <L. By Lemma 1, xVr (L) < L and by hypothesis, x\V r (L) is a direct
summand of 1/r(L). Then by Lemma 3, L is weakly e-supplemented, as desired. [

Corollary 7. Let L be a compact lattice. If a is a direct summand of 1/r (L) for
every essential element a of L with r (L) < a, then L is weakly e-supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], 7 (L) < L. Then by Corollary
6, L is weakly e-supplemented, as desired. U

Lemma 4. Let L be a lattice and r (L) < L. If aV r(L) is a direct summand of
1/r (L) for every a € L, then L is weakly supplemented.

Proof. Similar to proof of Lemma 3. O

Corollary 8. Let L be a compact lattice. If a\V/ r (L) is a direct summand of 1/r (L)
for every a € L, then L is weakly supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], (L) < L. Then by Lemma 4,
L is weakly supplemented, as desired. O
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Corollary 9. Let L be a lattice and r(L) < L. If every element of 1/r(L) is a
direct summand of 1/r (L), then L is weakly supplemented.

Proof. Letx € L. By hypothesis, x\V r (L) is a direct summand of 1/r(L). Then by
Lemma 4, L is weakly supplemented, as desired. g

Corollary 10. Let L be a compact lattice. If every element of 1/r (L) is a direct
summand of 1/r (L), then L is weakly supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], r (L) < L. Then by Corollary
9, L is weakly supplemented, as desired. g

Lemma 5. Let L be a lattice, x be an essential element of L and m € L. If m/0
is weakly e-supplemented and x\ m has a weak supplement in L, then x has a weak
supplement in L.

Proof. Lety be a weak supplement of x\Vm in L. Then 1 =xVmVyand (xVm) A
y < L. Since x <L, by Lemma 1, (xVy) <L and (xVy) Am <m/0. Since m/0
is weakly e-supplemented, (xVy) Am has a weak supplement z in m/0. This case
m=((xVy)Am)Vzand (xVy)Az= (xVy)AmAz < m/0. Then 1 =xVmV
y=xV((xVy)Am)VzVy=xVyVzandxA(yVz) < ((xVy)Az) V((xVz)Ay) <
((xVy)Az)V((xVm)Ay) < L. Hence yV z is a weak supplement of x in L. O

Corollary 11. Let L be a lattice, x < L and my,mp,...,m, € L. If x\NVm; VmyV
---V my has a weak supplement in L and m;/0 is weakly e-supplemented for every
i=1,2,...,n, then x has a weak supplement in L.

Proof. Clear from Lemma 5. O

Lemma 6. Let L be a lattice, aj,a, € L and 1 = a;V ap. If a1/0 and a,/0 are
weakly e-supplemented, then L is also weakly e-supplemented.

Proof. Let x < L. Then 0 is a weak supplement of x\ a; V a; in L. Since a3 /0 is
weakly e-supplemented and xV a; < L, by Lemma 5, xV a; has a weak supplement
in L. Since a;/0 is weakly e-supplemented and x < L, by Lemma 5, x has a weak
supplement in L. Hence L is weakly e-supplemented. g

Corollary 12. Let L be a lattice, a,as,...,ap € Land 1 =a;VayV---V ay,.
If a;/0 is weakly e-supplemented for every i = 1,2,...,n, then L is also weakly e-
supplemented.

Proof. Clear from Lemma 6. ]

Lemma 7. Let L be a weakly e-supplemented lattice and a € L. Then the quotient
sublattice 1/a is weakly e-supplemented.

Proof. Letx <1/a. Then by Lemma 1, x < L and since L is weakly e-supplemented,
x has a weak supplement y in L. Since a < x, we can easily see that aVy is a weak
supplement of x in 1/a. Hence 1/a is weakly e-supplemented. U
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Corollary 13. Ler L be a weakly e-supplemented lattice. Then a/0 is weakly e-
supplemented for every direct summand a of L.

Proof. Let a be a direct summand of L. Then there exists b € L such that a &
b=1. By Lemma 7, 1/b is weakly e-supplemented. Then by 1/b = (aV D) /b =
a/(aAb)=a/0,a/0is weakly e-supplemented. O

Lemma 8. Let L be a lattice and a,b,c € L. IfaVb =1 and (a AD)V ¢ = 1, then
aV(bANc)=1landbV (aNc)=1.

Proof. See [13, Lemma 2]. O

Lemma 9. Let L be a lattice. Then L is weakly e-supplemented if and only if every
essential element of L is B, equivalent to a weak supplement in L.

Proof. (=) Let L be a weakly e-supplemented lattice and a be any essential
element of L. Since L is weakly e-supplemented, a has a weak supplement b in L.
Then a is also a weak supplement of b in L. Since af.a in L, a is B, equivalent to a
weak supplement in L.

(<=) Let every essential element of L is .. equivalent to a weak supplement in L.
Let a be any essential element of L. By hypothesis, there exists a weak supplement
element b in L with aP,b. Let b be a weak supplement of ¢ in L. Then c is a weak
supplement of b in L and since aP.b, by [13, Theorem 4], ¢ is a weak supplement of
ain L. Hence L is weakly e-supplemented. O

Corollary 14. Let L be a lattice. Then L is weakly e-supplemented if and only if
every essential element of L lies above a weak supplement in L.

Proof. (=) Let L be a weakly e-supplemented lattice and a be any essential
element of L. Since L is weakly e-supplemented, a has a weak supplement b in L.
Then a is also a weak supplement of b in L. Since a lies above a in L, a lies above a
weak supplement in L.

(<=) Clear from Lemma 9. But we prove this part as follows:

Let every essential element of L lies above a weak supplement in L. Let a be any
essential element of L. By hypothesis, a lies above a weak supplement b in L. Let b
be a weak supplement of ¢ in L. Since b is a weak supplement of cin L, bVc =1
and b\ ¢ < L. Since a lies above b in L, b < a and a < 1/b. Since b < a and
bVe=1,aVec=1.Let (aAc)Vt=1fort € L. By Lemma 8, aV (cAt) = 1. Then
aV(cAt)Vb=1andsincea < 1/b, (cNt)Vb=1.ByalsoLemma3g, (bAc)Vt=1.
Since (bAc)Vt=1and bAc < L,t = 1. Hence c is a weak supplement of a in L.
Thus L is weakly e-supplemented. O

Corollary 15. Let L be a lattice. Then L is weakly e-supplemented if and only if
every essential element of L is a weak supplement in L.

Proof. Clear from Lemma 9. ]
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Corollary 16. Let L be a lattice. If every essential element of L is B, equivalent to
a weak e-supplement element in L, then L is weakly e-supplemented.

Proof. Clear from Lemma 9. O

Corollary 17. Let L be a lattice. If every essential element of L lies above a weak
e-supplement element in L, then L is weakly e-supplemented.

Proof. Clear from Corollary 16. 0

Lemma 10. Let L be a lattice. If every element of L has a weak supplement that
is a supplement element in L, then L is supplemented.

Proof. Let a € L. By hypothesis, a has weak supplement b that is a supplement
element in L. Here aVb=1and a Ab < L. Since aAb < L and b is a supplement
elementin L, by [1 |, Lemma 10],a Ab < b/0 and b is a supplement of a in L. Hence
L is supplemented, as desired. O

Corollary 18. Let L be a lattice. If every element of L has a weak supplement that
is a direct summand of L, then L is &—supplemented. (See also [2, Proposition 2]).

Proof. Clear from Lemma 10. ]

Lemma 11. Let L be a lattice. If every essential element of L has a weak supple-
ment that is a supplement element in L, then L is essential supplemented.

Proof. Similar to proof of Lemma 10. g

Corollary 19. Let L be a lattice. If every essential element of L has a weak sup-
plement that is a direct summand of L, then L is essential supplemented.

Proof. Clear from Lemma 11. ]

Example 2. Let I be a family all submodules of the Z—module 7Q. It is clear that
I" is a lattice by the operation C. Here for A, BcI',AVB=A+BandAANB=ANB.
By [4, Example 20.12], zQ is weakly supplemented but not supplemented. Hence
the lattice I" is weakly supplemented but not supplemented. Since every nonzero
element of I" is essential in I, I' is weakly essential supplemented but not essential
supplemented.
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