Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 27 (2026), No. 1, pp. 97-110 DOI: 10.18514/MMN.2026.5187

SOME APPROXIMATIONS ON A SYSTEM OF
MULTI-QUADRATIC-QUARTIC FUNCTIONAL EQUATIONS

ABASALT BODAGHI AND HEMEN DUTTA
Received 01 November, 2024

Abstract. In the current work, we define multi-quadratic-quartic mappings as a system of k quad-
ratic and n — k quartic functional equations and then present them as an equation. In continuation,
we establish the (Hyers-Ulam, Rassias and Gavruta) stability and hyperstability of the mentioned
mappings, by applying the direct (Hyers) method in the setting of Banach spaces. Using a char-
acterization result, we illustrate an example for the case that a multi-quadratic-quartic mapping
in the singularity case can not be stable.
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1. INTRODUCTION

Let (G,+) be a commutative group, W be a linear space, and n > 2 be a natural
n—times

——
number. Throughout this paper, for a set X, we denote X x X X --- x X by X". A
multivariable mapping f: G" — W is called multi-quadratic [17] if f satisfies the
quadratic functional equation

O(g1+82)+0(g1 —g2) =20(g1) +20(g2) (1.1)

in each component (see also [11]). Moreover, f is defined as multi-quartic if it satis-
fies the quartic functional equation

0Q(2g1 +82)+2(281 — £2)
=49Q(g1 +g2) +4Q(g1 — g2) +24Q(g1) — 6Q(g2)- (1.2)

in each variable. For more details we refer to [1] and [16].
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Zhao et al. [21] proved that a mapping f: G" — W is multi-quadratic if and only
if the relation

Y f@iHsh)=2" Y (%1, D)
se{—1,1}n Jireine{1,2}

is valid, where ¥; = (9;1,...,9j,) € G" with j € {1,2}. Then, various versions
of multi-quadratic mappings (with unification each of them as an equation) were
studied in [5, 8, 12, 19]. Moreover, Abbasbeygi et al. [1] presented a characterization
of multi-quartic mappings. In fact, they illustrated that every multi-quartic mapping
can be described as a equation and vice versa; see also [7] for a different class.

Let us recall that the stability theory has been pioneered by Ulam [20] concerning
a question stability of of homomorphisms on groups. Hyers [15] reacted positively
to the mentioned query for more groups, assuming that Banach spaces are the groups
and homomorphisms are the linear mappings. Recall that a functional equation § is
said to be stable if any approximate solution ¢ of § is near to an exact solution. If
¢ is an exact solution of §, then § is hyperstable [9]. Next, Aoki [3] (resp. Th. M.
Rassias [18]) solved the Ulam problem for additive mappings (resp. linear mappings)
by an unbounded Cauchy difference. After that, many Hyers-Ulam stability problems
for various functional equations and mappings were introduced and investigated by
authors; see for instance [11, 13, 14] and other resources. Some stability results for
multi-quadratic and multi-quartic mappings in various spaces are available in [7, 10,

, 19].

Motivated by the discussion above, in this study, we define multi-quadratic-quartic
mappings and investigate their structure. In other words, we provide a characteriza-
tion of such mappings. In fact, we show that every multi-quadratic-quartic mapping
can be presented as an equation. we bring some Hyers-Ulam, Rassias and Gavruta
stability results for multi-quadratic-quartic mappings in Banach spaces through the
direct method. Finally, we bring an example to show that a multi-quadratic mapping
is non-stable in the case of singularity.

2. PRESENTATION OF MULTI-QUADRATIC-QUARTIC MAPPINGS

Throughout this paper, for any t € Ng = N{UJ{0},n € N, s = (s1,---,5,) € {—1,1}"
andv= (v, --,v,) € V", where V is a linear space. We write tv:= (tvy,...,tv,) and
sV = ($1V1, ..o, 8uVn).

Definition 1. Given n € N and k € {0,---,n}. Suppose that V and W are linear
spaces. A multivariable mapping f: V" — W is called k-quadratic and n — k-quartic
(briefly, multi-quadratic-quartic) if v — f]#(v) satisfies (1.1) for all j € {1,...,k} and
fulfills (1.2) for all j € {k+1,...,n}, where f*(v) = f(u1,...,uj—1,V,Ujs1,... ),
in which uy,...,u; y,uj1,...,u, are fixed and arbitrary elements in V.
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It is clear that for k = n (resp. k = 0), we arrive at the multi-quadratic (resp. the
multi-quartic) mappings. It is easily Veriﬁed that the mapping f: R" — R defined
through f(uy,- - ,u,) = H, T u 4 is multi-quadratic-quartic.

In this section, we assume that V and W are vector spaces over the field Q.
Moreover, we consider v = (v,...,v,) € V" with (v[k],v["*k}) e VEx vk where
vkl = (vi,...,v) and yin=k .= (Vk+1,---,Vn). Put vl[»k] = (vi1,...,vit) € V¥ and vl[n_k]

= (Vikt1---,Vin) € V"* where i € {1,2}. Furthermore, for v[ln},v[zn] eVv", we set

A= {Ay = (Ak1,-.,An)| Aj € {vij £ v2j,v1j,v25} }

where j € {k+1,...,n}. Let p; e Ng with0 < p; <nandi € {1,2}. Consider ,q(np kpz)

of A4 as follows:
/qn—k = {an S /'Zl‘ Card{Aj : Aj :V,'j} =pi i€c {1,2},j € {k—l—l,...,n}}.

(p1:p2)
where CardX is the cardinality of the set X.
From now on, we use the following notations:

and

¥ (ul,...,uk,ﬂ("p_]]fpz)> = Y Flue 2. 2.1)

Proposition 1. If a mapping f: V" — W is k-quadratic and n — k-quartic map-
ping, then f satisfies the equation

Z Z f( —i—sv2 ,2v[" k] [Zn_k])
se{—1,1}kte{-1,1}n*

n—k n—k—p
S YD S I N Ty CNSNE ST ICES
p1=0 p2=0 ji,....jre{1,2} 7

for all V' = (vir,..vie) € VAT = (gt via) € VIR with i € {1,2}, where
f(vjlh V]kk,le("_ ) ) is deﬁned in (2.1).

Proof. 1t is known that for k € {0,n}, our result concludes from [21, Theorem 3]
and [1, Proposition 2.2] and hence it is assumed that k € {1,...,n—1}. Let v[" ¢
VK be a fixed and arbitrary element. Define the mapping D -y VK — W through
D s (v[k}) =f (v[k],v[”_k]) for vl € V¥, By hypothesis, D -4 1s k-quadratic, and
[21, Theorem 3] necessitates that

Z D -y ( —I—sv[k])

se{—1,1}¥
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=2k Z D (Vits s Vik) s (v[lk]’v[zk] c Vk) ‘

By the definition of &, the above equality implies that
Z f (V[lk] _|_sv15’v[n—k]) = 2k Z f (lela T 7vjkk7v[n_k]) (2.3)
se{—1,1}k Jtosjk€{1,2}

for all v[lk},v[zk] € V¥ and vI" K ¢ v"*_ Similar to the above, for any vk e vk,
define the mapping h,u: V'"F — W via Wy (V' M) = f (v yln=H]) yln=k] ¢
V"=* which is n — k—quartlc and so we figure out from [ 1, Proposmon 2.2] that

Z W (2v[n k]—i—tv[n k])

re{-1,1}n*k
n—k n—k—pi . .
— Y Y 4k ey (ﬂ("pl m)) 2.4)
1=0 pr=0

for all v/ ¥yl ¢ vk 1t follows from (2.4) that

Z f( 2v1 —i—tv[zn H)

re{-1,1}n*
n—k fl—k—pl ¢ L
_ Z Z 4rk=pi=pagr(— )sz( ’ r;?l m)) 2.5)
p1=0 pr=0
for all v[ln_k],v[zn_k] e V' *and M e V¥, Plugging (2.3) and (2.5), we get
Z Z f( [k]—l-sv[z] 2v[" k]—l—tv[ H)
se{—1,1} kre{—1,1}n*
n—k n—k—p
= Z Z 4"*k*p1*[1224171(_6)172f (V[k] [k] gn—k )
1 > p1p2)
p1=0 p>=0
= k
=2 Z Z ArTREPITPAPY (—6)P2 | Z f(vj117""vjkk"q€lp717p2)>
p1=0 pr=0 lem]ke{laz}
for all vl[.k] = (vit,...,vix) € V¥ and vl[."fk] = (Vika1 .- vin) €V, O

Definition 2. We say a mapping f: V" — W satisfies (has) the quartic condition
in the jth variable if the mapping f7: V — W defined by

f].(bl) :f(ul,...,MJ',I,M,MJ'JFI?...,M”)

that has the property f7(2u) = 24fj'(u) forall je{l1,...,n}, whereuy,...,uj_1,uji1,
., Uy are fixed and arbitrary elements in V.
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In the following result, we show that if every mapping f satisfies (2.2), then it is a
multi-quadratic-quartic under the condition which is given in Definition 2.

Proposition 2. Given a mapping f: V" — W. Suppose that f satisfies equation
(2.2) and moreover has the assumption (H1) as follows:
(H1): f has the quartic condition in the last n — k variables.
Then, f is a multi-quadratic-quartic mapping.
Proof. We first note that similar to proof of [4, Lemma 2.5], one can show that
(H2) is true, where

(H2): f (v["}) = 0 for any v/ € V" provided that at least one component of v!"!

is zero.
n—k—times

kT . . .
By putting v, ' =(0,...,0) in (2.2) and using the hypothesis, the left side of (2.2)
will be

2n—k > 24(n—k) Z f (vl +SV2 ’ [ *k])

se{—1,1}¥
—250k Y f( i "1> : (2.6)
se{—1,1}k
for all v[l}, 1K € VK and v[lnfk] € V"=k_ Moreover, under the above replacement, the

right side of (2.2) converts to

n—k
o M e T Y | COTIRUPR' el

p1=0 Jtyeik€{1,2}
S VLA LR M (TTRRRY iy
p1=0 Jiyenik€{1,2}
= 25”741{ Z f (Vj117 <oy Vicks V[]nik]> ) (27)
jlﬁ'“vjke{lvz}

for all vV v¥ € vk and 2" € vk It follows from (2.6) and (2.7) that
Z f<v1 +sv2 ) 1 }) =2k Z f(lel, ijk7v[1n k])’

se{—1,1}k Jieik€{1,2}
for all v[lk],vgd € Vkand v[lnfk} € V"% By [21, Theorem 3], we find that f is quadratic

in each of the k first components. In addition, replacing v[zk} by (0,...,0) in (2.2), we
get

2K Z f(v1 , [” k]—f-tv[z" k])

re{-1,1}n*



102 A. BODAGHI AND H. DUTTA

n—k n—k—pj

Y- —k—p1— k
=2 Z Z grk=pi=pogpi(_g)P2 f (Vl 7/qnpl pz))
p1=0 pr=0
for all v[ ] e Vkand v[" 4 [2" 4 € V"=k_Tt follows from [, Proposition 2.2] that f is
multi-quartic in the n — k last variables and now it completes the proof. U

3. STABILITY OF (2.2)

For a given mapping f: V" — W, for simplicity, we use the difference notation
qu( v, [2’1]) )y )y f("i + vy 20 ey ki)
se{—11}Fre{—1,1}m*
X n—k n—k—p] . )
-2 Z Z Z gn—k=p1=p294r1 (—6)P2f (lelw-w"jkkwq(npl p2)>
p1=0 p2=0 j; ..., jkE{l 2}

for all Vi‘ I (vit,...,vix) € VK, vlinfki = (Vikt1---,Vin) € V"% and i€ {1,2}, where
f (Vj117-~-ankk,/‘Zl("p_|{‘p2)) is defined in (2.1). From now on, we assume that all mul-

tivariable mappings f have the condition (H2).

Theorem 1. Let V and W be a linear space and a Banach space, respectively.
Let also f: V" — W be a mapping in which there exists a function y: V"' x V" —»
[—Qt, 00) s0O that

" " > 1 B-1.8: [n] AB=Ligi [n
V() = B s (27 2R ) <G
0

HBqu(vhvz)HSa(B; >+w( b [”]), 3.2)

for all v[ln],v[;] € V", where a. € [0,00) and B € {—1,1}. Then, there exists a solution
Q: V"' — W of (2.2) such that

() = ()

1 a>=3k)Bg, B+1 ] [
< 2B+1(5n 3%) [(a(5n—3k)ﬁ_]) ( > >+W<V1 V1 70> ) 3.3)

n—k—times
[l ._ n n T 0 . .
forallvi" :=v" € V", where 0 = (0,...,0). Moreover, if Q has assumption (H1),
then it is a unique multi-quadratic-quartic mapping satisfying (3.3).

Proof. Putting v[ - v[zk] and v[zn_k] =0in (3.2), we have

|7 (21") =7 () | < (BH) +y (o vf0). (34)
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for all vl € V" in which

—k

S — 22]( nz ( n ) 2n—k—p14n—k—p124p1f (v[]l’l}> .
p1=0 p1

It is not hard to show that § = 2>~ For the rest of proof, we set v[ln} by vl unless

otherwise stated explicitly. It concludes from relation (3.4) that

b o)) () ()

and so the equation above can be rewritten as

< B“(i v [a(6;1>—|—¢<2B21v[’l]’2ﬁzlv[k]’0):|,
AV

f(aﬁv[n]) iy (v["}>

2 (5n—3k)p
(3.5)
for all vl € V7. Replacing v by 2Py in (3.5), one can obtain
P 7 <v[n]>
2(5n—3k)mp
) 1 B+1m  « m—1\f (2%“%[’4,2%“%["],0) e
= e | 2 JEO 2Gn—308; T ng 2Gn30; » (3.6)
for all vl € V. On the other hand, we can use induction to find
f (zﬁmv[n}) f (zﬁlv[n])
2 (5n—3k)mp 2 (5n—3k)IB
1 [prie o« +W4w(f?+mw¢z%wmw&o) .
= 2B (5n-3k) 2 ]Z:l 2(5n—3k)B JZ:z 2(5n—3k)B » 37
for all v/ € v, and m > 1 > 0. By applying (3.1) and (3.7), we deduce that the
prm, [n]
sequence 2(52”7% is Cauchy. The completeness of W necessitates that there

exists a mapping Q: V"' — W so that

S (2[5mv[n]) [n] (] n
fim S = (), (Mev?). 69
By letting m — o in (3.6) and using (3.8), the validity of inequality (3.3) is now

shown. By switching v[ln],v[zn] into 2’"v[1"] , va[Z"], respectively in (3.2) and dividing to
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20n=30mB e get
<2Bm ] ,2Pmy, H)H

o 1y (2Pl o))
— 2(5n=3k)mP 2 + 2(5n—3k)mp ’

2(5n— 3k>mB Hg‘ff

Taking the limit as m — oo in the last relation, and applying (3.1) and (3.8) we obtain
QqQ(v[ln},v[zn}) =0, (v[ln],v[zn] € V”)
and so Q is a solution of (2.2). Assume now that Q has (H1), then it is a multi-

quadratic-quartic mapping by Proposition 2. Let now Q’: V" — W be another
multi-quartic-quadratic mapping with (3.3). Then, we find

() = ()]
- ﬁ e (@) - @ (e
< e ([ () 1 (@) |+ [ (2) - @ () )

2 5n 3k B(X B+1
Bm_ [n] »Bm
Sz(sn—3k)mﬁl (5n— 3k[3_1< >+\u 2 v 2 []0>
B ) A(5n-3k)B B+1
~0n- 3k)mB 7(5n—3k B ]
+ Z T ( B (m)Byla] o Bt +(j+m)B i 0”

B 2 2(5n—3k)B (X B+1
~ (5n=3k)mp [2(5:173/{);3 1 )

L (5n-3k)mp i - _13]()31_\', (z%ﬂ'ﬁv[n]?z%ﬂﬁv[k] ’ 0) } ’

for all vi"l € V. Taking m — oo in the above inequality, we have Q = Q' and hence
it is shown the uniqueness of solution. [l

In the next results, it is assumed that V is a normed space and W is a Banach space.
The upcoming (Rassias) corollary is a consequence of Theorem 1, which investigates
the Hyers-Ulam stability of (2.2).
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Corollary 1. Given o, 8,r € Rwithr# 5n—3k and 8,0.€ [0,%0). Moreover, rij >0
with Y2, Yi_1rij # 5n—3k. Let a mapping f: V" — W satisfies

H@JQq»ﬂM<a+szzmwu+rUIWAw
i=1j i=1j

for all v[ln],v[zn] € V. Then, there exists a mapping Q: V" — W as a solution of
(2.2) such that

() =)

5
< zsn%,l + 59— (L= ’I\{Vlj||r+21}:1 vijll”) e (0,5n—3k),
ssew (Lot vl + X viill”) r € (Sn—3k,e),

(3.9)

for all VI = v[ln] € V. Furthermore, if Q has (H1), then it is a unique multi-
quadratic-quartic mapping fulfilling (3.9).

Proof. Setting
2 n
\p(vl ,v2 ) ZZ [[vijllI” +HH||VUH
i=1j=1 i=1 j=

in Theorem 1, we reach to the desired results. O

Remark 1. Considering = 1 and putting ¥ := 0 in Theorem 1, we conclude that
there exists a mapping Q : V" — W as a solution of (2.2) such that

I () = (M) < smmmey

for all vl € V. In addition, if Q has (H1), then it is a unique multi-quadrati-quartic
mapping satisfies the last inequality. In the case that n = k, with the above assump-
tions, there exists a multi-quadratic mapping Q : V" — W such that

()= ()] < =y

for all vl € V. Furthermore, in the case that k = 0 and Q has the quartic condition
in each component, there exists a multi-quartic mapping Q: V" — W such that

() =) < 5

for all vl € V", Furthermore, if o = & = 0 in Theorem 1, then f satisfies (2.2).
Furthermore, if it has assumption (H 1), then it is a multi-quadratic-quartic mapping.

The next merged proposition was proved in [2] and [6]. We use it to constract a
counterexample.
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Proposition 3. Given a function p: R" — R. If it is continuous n-quadratic
(resp. n-quartic), then p has the form

n
p(riy...,r —cHr (resp p(ry,.. ,n):cHr;!),
=1

where c is a constant in R.
Applying the above proposition, we have the following characterization.

Theorem 2. Let p: R" — R be a continuous k-quadratic and n — k-quartic func-
tion. Then, it has the form

prl, T :CHHI"TI,

J=1I=k+1
forallry,...,r, € R, where c € R is a constant.
Proof. We firstly identify r = (rq,...,r,) € R" with (/¥ r=H) ¢ Rk x Rk,
where ¥ := (r,..., 1) and "M := (ri41,..., 7). For any r" ¥ € R"* consider

the mapping 7, : R¥ — R defined by
’T[n k(l’l, ) p(rl,...,rk,r[”_k]).

By assumption, 7, y is k-quadratic. It follows from Proposition 3 that there exists a
constant ¢; € R such that

k
{Z;[”*k](rlv"wrk) = p (rlv-"’rkar[nik]) =1 Hrf (310)
Jj=1
Note that ¢; depends on rI"=* In fact,
=T (r["—"J) . G.11)
Putting r; = --- =, = 1 in (3.10) and applying (3.11), we get
p :T(r[”_k]):p(l,...,l,r[”_k]). (3.12)
Once again, for any rX € R¥, define the mapping iy : R" % — R through
Sr[k](rk+1,...,rn) = p(l,...,l,rk+1,...,rn).
Since S, is n — k-quartic, by Proposition 3 there exists a constant ¢, € R such that
n
St (st sT) =P (1,...,1,#”*"1) —o ] #- (3.13)
I=k+1

It is obvious that ¢, depends on ¥ and hence

=S (r[k]> . (3.14)
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Letting o] = --- =r, = 1 in (3.13) and using (3.14), we get
k—times n—k—times
—N —
ca=p(,...,1,1,...,1). (3.15)
The result now follows from (3.10), (3.12), (3.13) and (3.15). ]

In the following, we show the assumption r # 5n — 3k is necessary and can not
be eliminated in Corollary 1 when o0 = 0. This means that a multi-quadratic-quartic
mapping can be non-stable example; see [0, Example 1] and [13]). In view of the

proof of Theorem 2, we observe that by removing the continuity condition of p, the
n—times

. . . . ,HR
result remains valid when the domain of p is replaced by Q", where ¢ = p(1,...,1).

Example 1. Let § > 0 and n € N. Consider the function 1: Q" — R whose range

. Sn—3k .
is the constant 1. Put u = ﬁﬁ, where S is grater than or equal to

Z Z 1( [k]—i-sv” 2v[" k]+tv[” k])

se{—1,1}kte{-1,1}n*

n—k n—k—pi
D D M R OIS, SR
p1=0 p>=0 ji,....jrc{1,2}

see the definition of D, f (v[ln] , v[2 ]> Consider the function y: Q" — R defined via

k .
_ S T ity with ] < 1,
Y(ri,...,m) = .
u otherwise.

According the function above, consider the function p: Q" — R defined by

W rlv 27‘)
p(r1,- Z 2 (5n—3k)l G (HER).

It is clear that p is a non-negative and even function in all components. Moreover, Y
is bounded by y, and so p is bounded by %y, and additionally

‘@qp <v1 ],v[{’])‘ < Zsfz,zlys, (3.16)

where vl[-"] = (Vity...,vin) € Q" fori € {1,2}. We show that

2 n
1Dgp (v1,12)] <Y Y i, (3.17)

i=1 j=1
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n—times
[n] n [l _ Il _ o ._ N : :
for all v, ,v2 € Q". Clearly, forv" = v, =0:=(0,...,0), inequality (3.17) is true.
Let v[]"]7 nl ¢ Q" with

n e 1
ZV,JP < e (3.18)

HM[\J

It concludes from (3.18) that there is M € N such that

1 1

5 3k
SE T < 212 viil™ ™ < SEmsor (3.19)
i=1j

and hence |v;;|7" 3% < Y2 1 X |vij| 3k < w. Now, the last relation neces-

sitates that 2¥|v;;| < 1 forall i = 1,2 and j = 1,...,n. Hence, 2~ 1y;;| < 1. Let
ur,up € {vijli=1,2, j=1,...,n}. Then

{2M*11u1 —ua |, 2Y Muy 4 2un|} € (—1,1)

foralll € {0,1, — 1}. Since y is multi-quadratic-quartic function on (—1,1)",
we find D,y (21\/[1 ],2’ n ]> =0foralll € {0,1,2,...,M —1}. It follows from the last
equality and (3.19) that

D0 (22| e gy (2 20))

Zi:]Zj:1|VU|5" 3k _[ZMZs" 31‘122 IZ 1|vl.j‘5n73k
us

o (n =30 (1) Y2 LET [y

1 S n5n—3k 22(5n—3k)
n— — —
< '“SZ Gioami <2 s TS = O

<

for all v[ln],v[zn] € Q". Hence, (3.17) holds for the case (3.18). Assume that
Y2, Yoy vi R ﬁ A direct consequence of (3.16) shows that

‘Zqu (ZIv[I"], Ll ]>’ L, 253k
<2 o
Y 1 X vij |33k 2k 1

uS =29.

Thus, p satisfies in (3.17) for all v[ln],v[zn] € Q". Now, suppose the assertion is false,
that there exist a multi-quadratic-quartic mapping Q: Q" — R and 1 > 0 such that

n k
‘p(rlw'-;rn)_Q,(r],...7rn)’ Sn (Z |Vj‘5n3k+2|r1\5"3k> .
=1

j=1
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Since 5n — 3k is a fixed number, one can find a number A € [0,00) as large enough

such that
ZFSn 3k+2r5n 3k <7‘HHF”I’
j=1li1=k+1
and so
Ip(riy...,rm) — Q(ry,.. \<7\,H H rrl
j=11=k+1
On the other hand, Theorem 2 and the paragraph before this example imply that there
is a constant o € R such that Q(ry,...,r,) = ocl'[’]‘.:1 || G- rfr? and hence
51 2.4
p(riy-.om) < (laf+M T [T 37 (3.20)
j=li=k+1

holds. In addition, take M € N such that Mu > |0 + A. Take r = (r1,...,r,) in Q" in
which rj € (0, 35r) forall j € {1,...,n}, then2'r; € (0,1) forall [ =0,1,...,M—1.
Therefore

w 1 ~(5n—3k) Tk 2 4
v (2, 20m) Mo 2GSRI T

P(rise-rm) = Z 2 (5n—3k)1 ZH 2 (5n—3k)1
1=0 1=0
k n k n
=mu[] I1 " rl (I +M) T r rl
J=1i=k+1 J=1i=k+1

The relation above contradicts inequality (3.20).
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