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IMPULSIVE BASSET FRACTIONAL DIFFERENTIAL EQUATION
WITH NONLINEAR BOUNDARY CONDITION
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Abstract. In this paper, we consider the existence of solutions for a class of impulsive Basset
fractional differential equation with nonlinear boundary condition. Using the comparison prin-
ciple established and Schauder’s fixed point theorem, we show that the problem has at least a
solution between the upper and lower solution under appropriate conditions. Meanwhile, the
existence of extreme solutions is obtained by means of quasilinearization technique. Finally, two
examples are presented to illustrate the applicability of our main results.
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1. INTRODUCTION

In the paper, we consider the following nonlinear Basset fractional differential
equation with impulses

X (1) +MD*x(t) = f(t,x(r)), t€(0,1], t#t,
Ax(t) = I(x(1)), k=1,2,....p, (1.1)
g(x(0),  x(1))=0,

where 0< o< LM ER, 0=19 <t <tr <+ <tp <tpp1=1,Ax(tx) =x(t;}) —x(t;)
denotes the jump of x(¢) at # = t, x(t;) and x(r,) represent the right and left limits
of x(r) at t = 1 respectively, and D%x = D{x is the Caputo fractional derivative.

Fractional integrals and derivatives are vital for modeling phenomena across en-
gineering, physics, and biology [8,11,18,20]. As such, the widespread application of
fractional differential equations has led to significant and growing research interest,
as seenin [5,9,13,15,25,26] and related works.
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Significant attention has been directed towards fractional differential equations
that blend classical and fractional derivatives for modeling specialized physical phe-
nomena. A foundational example is the Basset fractional differential equation, which
originated from Basset’s study of a sphere under gravity [4]. He introduced a special
hydraulic force, now known as the ”"Basset force,” which Mainardi [16] later inter-
preted as being proportional to the fractional derivative of order 1/2 of the particle’s
relative velocity. Consequently, this model incorporates both a first-order derivat-
ive and a fractional derivative. Stanék [22] considered the general Basset fractional
equation

{u’(l) = ADu(t) + f(t,u(t)), (1.2)

u(0) = u(T),

where 0 < o < 1. Under appropriate conditions, the author showed the existence of
solution for (1.2) by using the Leray-Schauder degree method.

In modelling the motion of a rigid body immersed in Newtonian fluid, Torvik and
Bagley [23] introduced the following fractional differential equation

Au(t) +BD?u(t) + Cu(t) = £(t),

where A,B,C are real numbers, f is the known function, which is referred to as
Bagley-Torvik equation by later literature.

Fazli, Sun, Aghchi and Nieto [6] studied the following fractional differential equa-
tion with the nonlinear conditions

u™ (1) + MD%u(t) = f(t,u(r)), 0<t<T,
g (@® (1), u® (1)),...,u® (1)) =0,

where m—1<0<mO0=f<n<--<t,=T,k=0,1,...,m— 1. The authors
obtained the existence of extremal solutions by establishing one comparison theorem
and applying the monotone iterative method. The other results about those equations,
we refer the reader to [1-3, 14, 17, 19] and the references therein.

Impulsive perturbation originates from external disturbances in the process of time
evolution and is commonly present in practical problems in modern technology. Im-
pulsive fractional differential equation has also attracted the interest of many re-
searchers, see [7,12,21]. In [10], Guo and Jiang studied the fractional impulsive
problem

un(t> :f(t7u(t))7 re [OvT]/{t17t27"'atm}a 0< q< 17
Au(t) = I(u(t),  k=1.2,....m, (1.3)
au(0) +bu(T) =c,

where 0 =) <t < -+ <ty <tpy1 =T, and f: J xR — R is continuous. They

obtained some existence results by using fixed point method and generalized singu-
lar Gronwall's inequality. In [24], Yang and Chen studied the following impulsive
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fractional differential equation

D%u(t) = f(t,u(t)), t€0,1)/{t, 12, ... tm},
Au(tk)—lk( (l‘k)) ADBM(tk):Jk(u(l‘k)), k=1,2,....m (14)
u(0) + K1 DPu(1) = 0y, '

DPu(0) + Kou(1) = 65,

where f: [0,1] xR — R, € (1,2],B € (0,1], K1,K>,01,0, are constants. By ap-
plying Krasnoselskii’s fixed point theorem and contraction mapping principle, the
authors showed the existence of solution of (1.4) under appropriate conditions.

The model (1.1) investigated in this work possesses several distinctive features
when compared to existing formulations. Unlike (1.2), it incorporates impulsive per-
turbations and a nonlinear boundary condition. Furthermore, it differs from (1.3) by
including a first-order derivative term and a more complex boundary structure. To
the best of our knowledge, the solvability of impulsive Basset equations remains an
unexplored area. Therefore, this paper aims to establish the existence of solutions to
(1.1) employing the method of lower and upper solutions.

The paper is organized as follows. In section 2, we establish a comparison prin-
ciple related to the problem (1.1). In section 3, the concept of lower and upper
solution of (1.1) is introduced. By using fixed point theorem and the approach of
quasilinearization, we obtain the existence results of (extreme) solution for (1.1).

2. PRELIMINARIES
Let Jy = [0,t1),Jl = (t1,02),. ., Jpo1 = (tp—1,1p),Jp = (tp, 1], = [0.1],
PC(J)={x:J=R|xeC(L), k=0,1,....p, x(t;"),x(t;
x(t7)=x(t), i = 1,2,...,p},

then PC(J) is Banach spaces with the norm ||x|| = sup,; |x(¢)|. A function x € A :=
{u e PC(J)yNC'(J*): u' € L'(0,1)} is called a solution of (1.1) if it satisfies (1.1),
where J* =J/{t1,t2,...,1p}.

)exist,,

Definition 1 ([11, (3.1) of Chapter 3 ]). Two-parameter Mittag-Leffler function

E &)=Y —> R, a>0, beR.
»(&) ;0 i i D) EeR,a>0,b€

Definition 2 ([I |, Definition 2.1]). Let x € L'(a,b), its Riemann-Liouville frac-
tional integral ,I)x of order y > 0 is defined as

1 ! _
A1x(0) = /0 (1 — )" 'x(s)ds.
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Definition 3 ([ 11, Definition 2.3]). Let x € L!(a,b), its Caputo fractional derivat-
ive ,D}x of order n — 1 <y < n is defined by
_ 1 !
DY 1) = In Y (”) 1) = / r— n—1-y (”) d
Dix(t) = (aly ™) (1) e (=) (s)ds,
provided that the right-hand side integral exists and is finite.
The Caputo fractional derivative ,D;x of x can also be defined by

n=1 (k)
DIx(t) =D (1) (x(t) - Z : kf )tk) , n—1<y<n,

k=0
provided that the right-hand side integral exists and is finite, see [6].

Lemma 1. Assume that x € A, then its Caputo fractional derivative of order o
exists and
D%x(t) € C(J*)NL'(0,1).

Proof. Without losing generality, we assume that p = 1. Since o/} ~* is bounded

on LP(0,1) for any 1 < p < oo (see Theorem 2.2(i) of [11]), ¥ € L'(0,1) and
_ 1 4 B
D%x(1) = (oI 7% (1) = F(l—oc)/o (t—5)"%(s)ds,
D%x exists almost everywhere and D%x € L'(0,1).Using Theorem 2.2(iii) of [11],
from that fact that x’ € C[0,7,), we have
D%x(t) € €0, 9]

for any [0,6] C [0,1). Forr; <r <1,

D%(t) = 1“(11—(1) /0t1 (t—s5)"%(s)ds + 1“(11—0c) /t:(t —5) "%/ (s)ds

- 1“(11—00 /0" (r =) (s)ds + (o} =) (1) 1= (1) + (1),

where

) = Frg o 0= s hale) = (1)) =, D).

INl—a

Since (t —s)~*x/(s) is continuous in 7 € (¢1,1] and integrable in s € (0,11), hy €
C(1,1]. Similar to the case x € C[0,1;), hy € C(1;,1]. Hence, D%x(t) € C(J*). O

Consider the linear equation

() + MD*(1) = h(t), 11,
Ax(ty) = dy, k=1,2,...,p, 2.1)
x(0) = xo,

where 1 € C(J*)NL'(0,1) and M,d;(1 <k < p),xo € R.
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Lemma 2. The function X € A is the solution of if and only if

x(t) = /IEI(M (=M (t —5)""*) h(s)ds+xo + Y, dr.
0 0<n <t
Proof. Assume that x1,x, are two solutions of (2.1) and y = x| — x3, then
V() +MD%(1) =0, 1 #4,
Ay(t) =0, k=12,...,p,
¥(0) =0.

Since y € C![0,#1), by employing Laplace transform, one can obtain that y = 0 in
[0,7,) and thus y(#;) = 0 since y is left continuous. For ¢ € (11,1,), we have

Y (t) +MD%y(t) = (1) +MoD}'y(t) = ¥/ (t) + My, D'y(r) = 0.

Therefore y = 01in (t1,1,]. Similarly, y=01in [t;,#;11],i = 2,. .., p. Hence, the solution
of (2.1) is unique.
Let g(t) = [y E1—a,1 (—M(t —s)'"*)h(s)ds and

W) =)~ (1= @) [ B (M=) %0 - ) “h(s)as,

where E{lja 1(£) = (E1_0,1(#))", which is continuous in R. Tt follows from 4 € C(J*)N
L'(0,1) that g € C[0, 1]. Hence,

)?(0) = X, (l‘k ) (l‘k) A)f(l‘k) =dy, k=1,2,...,p.
For 0 <y <x <1, we have

/\V £)dr = / h(t)dt — M(1 — o /dr/ O (=M (r—5)'=%) (1 — 5)~%h(s)ds
:/ h(t)dt—M(l—oc)[/O h(s)ds/y ED (M) 5)ar

+ [ s B mlr ) )
:/y h(t)dt+/0 [E1_aq1(—M(x—5)""%) — E1_o1 (=M (y — )" *)]h(s)ds

+ / B o (=M (x—$)"%) — Ey_q.1 (0)]h(s)ds

= g(x) —g(y),
which implies that g(r) = (7).
We show that y € C(J*). For simplicity, we assume that p = 1. Let H(t,s) =

EDy (—M(t—5)' =) (1 —5)"%h(s). 0 <1 <11,

/H t,s ds—/ 1()(“( Ms'=*) s %h(t — 5)ds.
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Since Eﬁ)a L (=Ms'=*)s=%h(t — 5) is continuous in ¢ and integrable in s € [0,],
JoH(t,s)ds € C[0,1)). If t; <t < 1, taking t —#; < T <, we have

/H (t,s ds-/ H(t,s) ds—l— El( )al( Ms'=)sn(t — s)ds := g (1) + g2(¢).

Noting that E fja,1(_M (t— s)lfo‘)(t —5)%h(s) is continuous in 7 and integrable in
sel0,7],E 1( )(x L (—=Ms'=*)s™%h(t —s) is continuous in 7 and integrable in s € [0, —1],
we get that g1, g> € C(t1, 1]. Hence, y € C(J*) and g € C' (J*).

It follows from the fact |E1(1—)0t,1 (—M(t—s5)'"%)| < El(l_)OL,1 (M) in region {(z,s5)|0 <
s <t < 1} that there exists C > 0 such that

[ B9 s has| < (0= s as

= CT(1 - ool ~“|A(t)]-

Since I ~® is bounded on L'(0,1), we have

/O t E\Vo (Mt —5)'"%)(t —5)~*h(s)ds € L'(0,1),

which implies that y € L'(0,1) and thus g’ € L!(0, 1). It follows from Lemma 1 that
D%g(t) exists. In addition, for 0 < ¢,/ < 1,

Mol ~g(t) =1} ~*8(1)]

r(11‘f /’_’ /El o1 (=M (r—s)'"*)h(s)dsdr

F(lAf / /El a1 (=M (r—s)'"*)h(s)dsdr
M ' i}
= F(l—oc)/o h(s )ds/s (t—r)"E1_oq1(—M(r—s)'"*)dr

l : - 1-o
= T MO [ 1= Ban(-Mlr =9 ar

M t a (r—s)(lf‘x)"
_F(l—(x)/oh<) /t—r Z i+ 1) dr

- M/lh(s)dsll(l—r)_aEl—oc,l(—M(r—s)l_a)dr

I(1-o)
M s ' t(t r) "% (r—s)1-%igy
1“(1_/ lz:f) I(1—o)i+1)

ds

. F(l—oo/o h(s)ds/s (1 =) Erat (~M(r =)' ~)dr
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B " 00 (_M)i(t_s)(lfoc)(zﬁrl)
_M/o h(s)i_;) NCE T ES

M /0 ' h(s)ds / (1= 1) By o1 (—M(r—s)'~)dr
__ /0 E1an (—M(t — )% = 1(s)ds

+ /O B an (=M —5)1%) — 1h(s)ds

=)= ¢0)+ [ h)as,

where we use the formula

/Z(t — ) % (r—s) 1" ®igy =

(t—s)1=DEHDL —a) (1 —a)i+ 1)
r((l—a)(i+1)+1) '

Hence,
t t t
[ g @asm [ o1 -g(s)as = [ nis)as,
! ! !
'(t) +MD%g(t) = h(t .
¢ (1) +MD () = (1), ac o)
g(0)=0.
It follows from (2.2) and the fact ¥ = g’ € C(J*) for t # ; and D*%(t) =o I % (1)
that ¥ is the solution of (2.1). The proof is completed. U
Remark 1. If h € C(J*)NL'(0,1) and ay, cx,xo € R, then the problem
X(t)+MD%(t) = h(t), t+#t,
Ax(tk) :akx(tk)+ck, k=1,2,...,p, (2.3)
x(0) = xo
has a unique solution
t
x(0) = [ Eia (-M(t-5)"%) h(s)ds
0
+x0 [] O+a)+ Y, a J] (1+a)) 2.4

o< <t O<y<t 1<t;<t

S Y a I (1+ay) /O " (“M(t — )" ) h(s)ds.

O<n<t [<tj<t
Lemma 3. Ifa € [0,1], b > a, then

Ea7b(x) >0, VxeR.
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Proof. By Corollary 3.2 of [11], E,(—x) is completely monotone on R, which
implies that E, ,(—x) > 0 for x > 0. In addition, it follows from the definition of E, ,
that £, 5 (x) > 0 for x > 0. O

Using (2.4) and Lemma 3, we have
Lemmad. Ifh >0, ay > —1,c, > 0(1 <k < p) and xog > 0, then the solution x of

(2.3) satisfies
x>0, tel.

3. MAIN RESULTS

Definition 4. The function u# € A is said to be the lower solution of (1.1) if

u' (1) +MD%u(r) < f(t,u(t)), t#t,
Au(ty) < I (u(ty)), k=1,2,...,p,
8(u(0),u(1)) <0

and it is an upper solution of (1.1) if the above inequalities are reverted.

We list the following assumptions.

(Hy) (1.1) has the lower solution u, the upper solution vy and ug < vo forz € J.

(Hy) f:J x[Y1,72] — R is continuous, here y; = min{min,c;up, min,c;vo} and
Y2 = max{max,c; ug, max;c;vo}. Ix(u) is continuous in u € [uo(),vo(t)]
fork=1,2,...,p.

(H3) g: R?* — Ris continuous and g(-,v) is nonincreasing in v € [y1,72].

(Hy) For up <v<u<wvgandtel, f(t,u) > f(t,v). There exist by < 1(k =
1,2,...,p) such that It (§) + bi& > I (C) + bl for uo(tx) < { < & <vo(#) and
k=1,2,....p.

(Hs) g:R%? — R is continuous and there exist constants A > 0, > 0 such that

g01,¥2) —g,y2) MY —y1) —u( —y2)
foryi <y <y, <m,i=1,2.

Theorem 1. Assume that (Hy) — (Hy) are satisfied, then (1.1) has one solution
x € [ug,vo] ={u e PC(J) :up <u<vy,t €J}.

Proof. Let n(t,x) = max{uo(t), min{x,vo(¢)}},F (¢,x) = f(¢,n(t,x)) and [} (x) =
bin(tx,x) +I(n(tx,x)). Consider the equation
X (t) +MD%x(t) = F(t,x(1)), t # 1y,
Ax(tk) = —bkx(tk)—i—llf(x(tk)), k=1,2,....,p, 3.1
x(0) = n(0,x(0) — g(x(0),x(1)))-
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According to Remark 1, the solution of (3.1) satisfies

xt):/o’Ela,l(—M(t—s)l—oc)p(s,x(s))der Y L((w) [T (1-5))

0<y<t 1<tj<t

_ Z by H (l—bj)/otkEl_a_rl (—M(tk—s)lfo‘)F(s,x(s))ds

o< <t H(<tj<t

+n(0,x(0) —g(x(0),x(1))) [T (1—be) = (Ax)(r).

o<t <t

Let the right-hand part of the above equality be Ax so that we define the operator A
in PC(J). Clearly, the fixed point of A in PC(J) is the solution of (3.1).
By the continuity of f,g,I; and the definition of n, there is L > 0 such that for any
x€PC(),
[F(6,x)] <L, [n(0,x(0) = g(x(0),x(1))| <L, [l (x(t))] <L,

which imply that there exists D > 0 such that ||Ax|| < D for any x € PC(J).
Let Q={uc PC(J): ||u|]| <D}, then A: Q — Q. Itis obvious that A: Q — Q is
continuous. Let t,,7* € (t,t+1] and ¢, < *, then for x € Q,

(A9~ (A0 <L [ 1B ar(-M —5)"%) ~ Erg (-M(—)' *)lds

[*
+L/ IE1 ot (—M(1* —5)1=%)|ds,
1

which implies that |(Ax)(*) — (Ax)(t.)| — O if |t* —#,| — 0 and thus A: Q — Q is
completely continuous. It follows from Schauders fixed point theorem that there
exists x € Q such that Ax = x. Moreover, x € A since x is the solution of (3.1).

Next, we show that uy < x <vg. Let y = x — ug, from the definition of lower
solution and (Hy), we have

Y +MD% = f(t,n(t,x(t))) — ug(t) =MD uo(t) > f(t,n(t,x(t))) — f(t,uo(t)) > 0,
Ay(te) = —brx(te) + I (x(tx)) — Auo(ty.)
> —bpx(ti) + I (uo () ) + bruo (te) — Auo (1) > —biy (i),
¥(0) =x(0) —uo(0) = 0.

Clearly, f(t,n(t,x(t))),uy, D*uo € C(J*) NL'(0,1). Using Lemma 4, we obtain that
x > ug for all r € J. Similarly, x < vg for all t € J. Hence,

X(1)+MD (1) = f(1,x(1)), 1 # 1,
Ax(t) = L(x(t)), k=12,....p

Finally, we show that g(x(0),x(1)) = 0. We only need to show that uy(0) <
x(0) — g(x(0),x(1)) < wo(0). If x(0) — g(x(0),x(1)) < uo(0), then x(0) = n(0,x(0) —
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2(x(0),x(1))) = up(0) and thus g(x(0),x(1)) > 0. From the definition of lower solu-
tion and (H3), we have
8(uo(0),u0(1)) <0 < g(x(0),x(1)) = g(uo(0),x(1)) < g(uo(0),u0(1)) <0,
which is a contradiction. Hence x(0) — g(x(0),x(1)) > up(0). Similarly, x(0) —
)

Uuo
8(x(0),x(1)) <vo(0). Hence, x(0) = n(0,x(0) — g(x(0),x(1))) = x(0) — g (x(0),x(1))
and thus g(x(0),x(1)) = 0. x is a solution of (1.1) and x € [ug, vo]. O

Theorem 2. Assume that (H,) — (H,) and (Hs) — (Hs) are satisfied, then there
exist sequences {u;},{vi} C A such that lim; e u; = u*,lim;_,e v; = v* and u*,v* €
[uo, vo| are minimal and maximal solutions of (1.1), respectively.

Proof. The proof is divided into four steps.

Step 1: Constructing sequences {u;},{v;}. Consider the following linear equa-
tion
u/tl—&-l()—i_MDa i+l(t):f(t7vvi(t))7 teJat?étka
AWip1 (1) = —bkWi (1) + I (Wi(t)), k=1,2,...,p, (3.2)
Wi 1(0) = W;(0) — 5.8(Wi(0), Wi(1)),

where Wy = ug or Wy = vo. From Remark 1, (3.2) has a unique solution
Wiy (t / E\—q, ( t—S)l_a)f(f,Wi(f))ds
(Wi(0) —A~"g(Wi(0), Wi(1))) TT (1—bx)

0<n <t

= ¥ b T 00 [ B (-Ms—5)) 0, Wi0)3ds

<<t H(<tj<t

+ ), W) TT (1-8)).

O<# <t 1e<tj<t

(3.3)

Setting W; = u; if Wy = up, W; = v; if Wy = vg, we obtain two sequences
{u;} and {v;} and u;,v; € Afori=1,2,.
Step 2: Monotone property of sequences {u,-}, {vi}:

up <up Sup <o < St SV Svp < <vp <.
Let z = u; — up, we obtain that
Z(t) +MD%(t) > f(t,uo(t)) — f(t,u0(t)) =0,
Az(ty) = —bruy (te) + I (uo (1)) — Auo(tx)
—bi(ur (1) — uo (1)) + I (uo (1)) — Auo (k)

—by(ur (1) — uo (1)),

2(0) = —5 8(u0(0),u0(1)) > .

>
>
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It follows from Lemma 4 that z > 0, so ug < u; for all t € J. Similarly, one
can prove that v; < vy for all # € J. Now, let ® = v; —uy, using (Hy) and
(Hs), we obtained

o' (1) + MD*0(t) > 0,
A0(t) = —brvi (tx) +I; (vo(tx)) + bruy (k) — I (uo(tx))
> —br(vi(tx) —u1(t)) + br(vo(tx) — uo(tx)) + I (vo(tx)) — Ik (uo (1))
> —br(vi(te) —ur(te)) = —brw(te),
®(0) > = (vo(1) ~uo(1)) > 0.
Hence, v; > u;. From (Hs) and (Hs), we obtain that
wy (1) +MD%u(t) < f(t,ui (1)),
Auy (1) = —byu (1) + I (o (1)) = —bic(ur (1) — o (1)) + L (o (1))
< Ie(u1 (1)),
g(u1(0),u1 (1)) < g(uo(0),u0(1)) +A(u1(0) — uo(0)) — p(uer (1) — uo(1))
= —p(ur (1) —uo(1)) <0.

Therefore, u; is the lower solution of (1.1). Similarly, v; is the upper solution
of (1.1). Using the similar argument, we can show that u; < u; 1 < vy <v;
fori>1.

Step 3: According to Step 2, the sequences {u; }, {v;} are monotonic and bound-
ed. Therefore, the pointwise limits exist and we assume that

~— —

limu; = u*, limv; =v",
i—oo i—oo

where u*,v* € [ug, vo).
From (H,), (Hs) and lim; . W; = W € [ug,vo|, where W = u* or v*, let
i — oo in (3.3) and applying the dominated convergence theorem, we obtain

that
W) = [ Eran (M —5)'%) faewoass ¥ W) TT 1)
Y w Il (1_19,.)/”‘&%1 (=Mt —5)"%) £(2.W(1))ds
O<ty<t B<tj<t 0
+(W(0) =AW (0),w(1))) T (1—x).
o< <t

Through simple calculation, we have

W' (1) + MDW (1) = £(1,W (1)), _n

AW (1) = bW (1) + KW (1)) = LW (1)), k=1,2,....p,
W(0) = W(0) = A~ g(W(0),W(1)).
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Therefore, u*,v* are solutions of (1.1).

Step 4: u*,v* are the extremal solutions of (1.1) in [ug,Vvo]. Assume that u €
[uo, vo] is a solution of (1.1), we suppose that u; < u < v; for some i € N. By
(Hy), we have

f(tui(t) < ft,u(t)) < ft,vi(1)),

Alu(tie) = uiv1 () = De(u(te)) + biutier — I (ui (1))
b (uis1 (tx) — ui(tx)) + Ie(u(te)) — Lo (1)
—br(u(ti) — uiv1(t))-
Similarly, A(viyq (t) —u(tx)) > —be(vie1 (k) — u(ty)).
Using (Hs), we have

0i11(0) = 1(0) 3 8(0), (1)

< u(0) = 5 (u(1) — (1)) < (0).

Similarly, u(0) < v;11(0). It follows from Lemma 4 that u; 1 < u < v;y;.
Therefore,
uj<u<v;, j=ii+1,i+2,.... (3.4)
Taking limit in (3.4) as j — oo, we get that u* < u < v*. Therefore, u*,v* are
the extremal solutions of (1.1) in [ug, vo.
O

Example 1. Consider the equation
(1) +kD2x(t) = t(1425(1)), 143,
Ax(0.5) = 0.1 —sinx(0.5), (3.5)
x*(0) sinx(0) — x*(1) —x(1) =0,
where B > 0 and K is a positive parameter.

We claim that for any [ € N, (3.5) has at least [ solutions for ¥ > 2(2n/ 4 2)B. In
fact,

ft,s)=t(1+sP), 1(s)=0.1—sins, g(u,v)=u*sinu—v>—v.
LetU;=2jn, V;=2jrn+1+t,j=1,...,1, then
1
Ul(t) +xD2U;(r) =0 < 1(1+UP(r)), t+£0.5,
AU;(0.5) =0 < 0.1 —sinU;(0.5) = 0.1,
U7 (0)sinU;(0) —UF(1) = U;(1) = —(2jm)* = 2jm < 0,
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1

V;(t)-i—KDZVj(t):l—i-zL\/}{;Zt(l—l—VP(t)), t#0.5,

AV;(0.5) =0>0.1 —sinV;(0.5) = 0.1 —sin(1.5),

VH0)sinV;(0) = V(1) = V;(1)

= (2jm+ 1)*sin(1.5) — (2jn+2)* —2jt—2 > 0,
which imply that U; and V; are the lower and upper solutions of (3.5), respectively.
Hence, (H,) holds. Obviously, f: J xR —-R,I;: R—+Rand g: R? — R are con-
tinuous. In addition, f(-,s) is nondecreasing in (0,+o0) and g(+,v) is nonincreasing
n (0,+o0). Moreover, there exists b; = 1 such that

LE)+018 =1 (8)+b:

for & > (. Therefore, (H>) — (Hs) holds. It follows from Theorem 1 that (3.5) has
solutions x;j € [U;,V;](j=1,...,1).

Example 2. Consider the equation
1 242
X(1) = 1Dix(0) = § 320 - 52|, r#nn,
Ax(te) = 4ik1n( +x2 (1)), k=12, (3.6)
100x(0) +x3(1) — 15x(1) = 0,

where 0 <) <t < 1.

In fact,

t[2+2 2 1
f(t,s):4{21ss—io}, I(s) = o In(14+7). g(v) = 100u+v" — 5.

Let

1t 0<r<t,
Ut)=0, V()=1 1+, 1 <t<t,
141, H<t<l.

Clearly, U is a lower solution of (3.6). In addition,

1 N/
V(1) — =DV (1 _1—— -
11 5 11 )
V(1) =3 > sn(14+(025+0)), AV(2)= 5 > In(1+(0.5+n)°),
g(V(0),v(1)) =3.
So, V is a upper solution of (3.6) and (H;) holds. Moreover, f: J xR — R and
I1,I;: R — R are continuous. For f, we have
40 —5(2+5)?
T = - |—
i) =7 [ 20(2+5)2

> f(6,V()),

] >0, Vs €[0,2], t €[0,1].
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Hence, f(z,s) is nondecreasing in s € [0,2]. There exist b; = b, = 0 such that for
0<({<E<2,k=1,2,

I(E) + & = In(1+&%) > R(§) + bl = —— In(1+ ).

1 1
4+k 4+k

Hence, (H,) and (Hy) are satisfied.
In addition, g: R* — R are continuous and

g(57,52) — g1,y2) = 100(37 —y1) + (32 + 232 +¥5 — 15) (72 — ¥2)
<100(y1 —y1) =32 —y2)

for 0 <y; <y; <2,i=1,2. Therefore, (Hs) holds. It follows from Theorem 2 that
there exist monotone iterative sequences {u;},{v;} which converge to the extremal
solutions u*,v* of (3.6),respectively.

Remark 2. Even if I, =0 and g(u,v) = u — v, our results are also new because one
of the prerequisites of [22] is that A > 0 in (1.2), which is equivalent to the condition
M < 0in (1.1). Our conditions are different from those in [22].
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