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IMPULSIVE BASSET FRACTIONAL DIFFERENTIAL EQUATION
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Abstract. In this paper, we consider the existence of solutions for a class of impulsive Basset
fractional differential equation with nonlinear boundary condition. Using the comparison prin-
ciple established and Schauder,s fixed point theorem, we show that the problem has at least a
solution between the upper and lower solution under appropriate conditions. Meanwhile, the
existence of extreme solutions is obtained by means of quasilinearization technique. Finally, two
examples are presented to illustrate the applicability of our main results.
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1. INTRODUCTION

In the paper, we consider the following nonlinear Basset fractional differential
equation with impulses

x′(t)+MDαx(t) = f (t,x(t)), t ∈ (0,1], t ̸= tk,
∆x(tk) = Ik(x(tk)), k = 1,2, . . . , p,
g(x(0), x(1)) = 0,

(1.1)

where 0<α< 1,M ∈R, 0= t0 < t1 < t2 < · · ·< tp < tp+1 = 1, ∆x(tk) = x(t+k )−x(t−k )

denotes the jump of x(t) at t = tk, x(t+k ) and x(t−k ) represent the right and left limits
of x(t) at t = tk respectively, and Dαx =0 Dα

t x is the Caputo fractional derivative.
Fractional integrals and derivatives are vital for modeling phenomena across en-

gineering, physics, and biology [8,11,18,20]. As such, the widespread application of
fractional differential equations has led to significant and growing research interest,
as seen in [5, 9, 13, 15, 25, 26] and related works.
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Significant attention has been directed towards fractional differential equations
that blend classical and fractional derivatives for modeling specialized physical phe-
nomena. A foundational example is the Basset fractional differential equation, which
originated from Basset’s study of a sphere under gravity [4]. He introduced a special
hydraulic force, now known as the ”Basset force,” which Mainardi [16] later inter-
preted as being proportional to the fractional derivative of order 1/2 of the particle’s
relative velocity. Consequently, this model incorporates both a first-order derivat-
ive and a fractional derivative. Staněk [22] considered the general Basset fractional
equation {

u′(t) = ADαu(t)+ f (t,u(t)),
u(0) = u(T ),

(1.2)

where 0 < α < 1. Under appropriate conditions, the author showed the existence of
solution for (1.2) by using the Leray-Schauder degree method.

In modelling the motion of a rigid body immersed in Newtonian fluid, Torvik and
Bagley [23] introduced the following fractional differential equation

Au′′(t)+BD
3
2 u(t)+Cu(t) = f (t),

where A,B,C are real numbers, f is the known function, which is referred to as
Bagley-Torvik equation by later literature.

Fazli, Sun, Aghchi and Nieto [6] studied the following fractional differential equa-
tion with the nonlinear conditions{

u(m)(t)+MDδu(t) = f (t,u(t)), 0 < t ≤ T,
gk(u(k)(t0),u(k)(t1), . . . ,u(k)(tr)) = 0,

where m− 1 < δ < m, 0 = t0 < t1 < · · · < tr = T , k = 0,1, . . . ,m− 1. The authors
obtained the existence of extremal solutions by establishing one comparison theorem
and applying the monotone iterative method. The other results about those equations,
we refer the reader to [1–3, 14, 17, 19] and the references therein.

Impulsive perturbation originates from external disturbances in the process of time
evolution and is commonly present in practical problems in modern technology. Im-
pulsive fractional differential equation has also attracted the interest of many re-
searchers, see [7, 12, 21]. In [10], Guo and Jiang studied the fractional impulsive
problem 

Dqu(t) = f (t,u(t)), t ∈ [0,T ]/{t1, t2, . . . , tm}, 0 < q < 1,
∆u(tk) = Ik(u(tk)), k = 1,2, . . . ,m,

au(0)+bu(T ) = c,
(1.3)

where 0 = t0 < t1 < · · · < tm < tm+1 = T , and f : J ×R → R is continuous. They
obtained some existence results by using fixed point method and generalized singu-
lar Gronwall,s inequality. In [24], Yang and Chen studied the following impulsive
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fractional differential equation
Dαu(t) = f (t,u(t)), t ∈ [0,1]/{t1, t2, . . . , tm},
∆u(tk) = Ik(u(tk)), ∆Dβu(tk) = Jk(u(tk)), k = 1,2, . . . ,m,

u(0)+K1Dβu(1) = θ1,

Dβu(0)+K2u(1) = θ2,

(1.4)

where f : [0,1]×R → R,α ∈ (1,2],β ∈ (0,1], K1,K2,θ1,θ2 are constants. By ap-
plying Krasnoselskii,s fixed point theorem and contraction mapping principle, the
authors showed the existence of solution of (1.4) under appropriate conditions.

The model (1.1) investigated in this work possesses several distinctive features
when compared to existing formulations. Unlike (1.2), it incorporates impulsive per-
turbations and a nonlinear boundary condition. Furthermore, it differs from (1.3) by
including a first-order derivative term and a more complex boundary structure. To
the best of our knowledge, the solvability of impulsive Basset equations remains an
unexplored area. Therefore, this paper aims to establish the existence of solutions to
(1.1) employing the method of lower and upper solutions.

The paper is organized as follows. In section 2, we establish a comparison prin-
ciple related to the problem (1.1). In section 3, the concept of lower and upper
solution of (1.1) is introduced. By using fixed point theorem and the approach of
quasilinearization, we obtain the existence results of (extreme) solution for (1.1).

2. PRELIMINARIES

Let J0 = [0, t1),J1 = (t1, t2), . . . ,Jp−1 = (tp−1, tp),Jp = (tp,1],J = [0.1],

PC(J) =
{

x : J → R | x ∈C(Jk), k = 0,1, . . . , p, x(t+i ),x(t−i )exist,,

x(t−i ) = x(ti), i = 1,2, . . . , p
}
,

then PC(J) is Banach spaces with the norm ∥x∥= supt∈J |x(t)|. A function x ∈ Λ :=
{u ∈ PC(J)∩C1(J∗) : u′ ∈ L1(0,1)} is called a solution of (1.1) if it satisfies (1.1),
where J∗ = J/{t1, t2, . . . , tp}.

Definition 1 ([11, (3.1) of Chapter 3 ]). Two-parameter Mittag-Leffler function

Ea,b(ξ) =
∞

∑
i=0

ξi

Γ(ia+b)
, ξ ∈ R, a > 0, b ∈ R.

Definition 2 ([11, Definition 2.1]). Let x ∈ L1(a,b), its Riemann-Liouville frac-
tional integral aIγ

t x of order γ > 0 is defined as

aIγ

t x(t) =
1

Γ(γ)

∫ t

0
(t − s)γ−1x(s)ds.



428 W. WANG AND P.LIU

Definition 3 ([11, Definition 2.3]). Let x ∈ L1(a,b), its Caputo fractional derivat-
ive aDγ

t x of order n−1 < γ ≤ n is defined by

aDγ

t x(t) = (aIn−γ

t x(n))(t) =
1

Γ(n− γ)

∫ t

a
(t − s)n−1−γx(n)(s)ds,

provided that the right-hand side integral exists and is finite.

The Caputo fractional derivative aDγ

t x of x can also be defined by

aDγ

t x(t) = Dn(aIn−γ

t )

(
x(t)−

n−1

∑
k=0

x(k)(0)
k!

tk

)
, n−1 < γ ≤ n,

provided that the right-hand side integral exists and is finite, see [6].

Lemma 1. Assume that x ∈ Λ, then its Caputo fractional derivative of order α

exists and
Dαx(t) ∈C(J∗)∩L1(0,1).

Proof. Without losing generality, we assume that p = 1. Since 0I1−α
t is bounded

on Lp(0,1) for any 1 ≤ p ≤ ∞ (see Theorem 2.2(i) of [11]), x′ ∈ L1(0,1) and

Dαx(t) = (0I1−α
t x′)(t) =

1
Γ(1−α)

∫ t

0
(t − s)−αx′(s)ds,

Dαx exists almost everywhere and Dαx ∈ L1(0,1).Using Theorem 2.2(iii) of [11],
from that fact that x′ ∈C[0, t1), we have

Dαx(t) ∈C[0,θ]

for any [0,θ]⊂ [0, t1). For t1 < t ≤ 1,

Dαx(t) =
1

Γ(1−α)

∫ t1

0
(t − s)−αx′(s)ds+

1
Γ(1−α)

∫ t

t1
(t − s)−αx′(s)ds

=
1

Γ(1−α)

∫ t1

0
(t − s)−αx′(s)ds+(t1I1−α

t x′)(t) := h1(t)+h2(t),

where

h1(t) =
1

Γ(1−α)

∫ t1

0
(t − s)−αx′(s)ds, h2(t) = (t1I1−α

t x′)(t) =t1 Dα
t x(t).

Since (t − s)−αx′(s) is continuous in t ∈ (t1,1] and integrable in s ∈ (0, t1), h1 ∈
C(t1,1]. Similar to the case x ∈C[0, t1), h2 ∈C(t1,1]. Hence, Dαx(t) ∈C(J∗). □

Consider the linear equation
x′(t)+MDαx(t) = h(t), t ̸= tk,
∆x(tk) = dk, k = 1,2, . . . , p,
x(0) = x0,

(2.1)

where h ∈C(J∗)∩L1(0,1) and M,dk(1 ≤ k ≤ p),x0 ∈ R.
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Lemma 2. The function x̃ ∈ Λ is the solution of if and only if

x̃(t) =
∫ t

0
E1−α,1

(
−M(t − s)1−α

)
h(s)ds+ x0 + ∑

0<tk<t
dk.

Proof. Assume that x1,x2 are two solutions of (2.1) and y = x1 − x2, then
y′(t)+MDαy(t) = 0, t ̸= tk,
∆y(tk) = 0, k = 1,2, . . . , p,
y(0) = 0.

Since y ∈ C1[0, t1), by employing Laplace transform, one can obtain that y ≡ 0 in
[0, t1) and thus y(t1) = 0 since y is left continuous. For t ∈ (t1, t2), we have

y′(t)+MDαy(t) = y′(t)+M0Dα
t y(t) = y′(t)+Mt1Dα

t y(t) = 0.

Therefore y ≡ 0 in (t1, t2]. Similarly, y ≡ 0 in [ti, ti+1], i = 2, . . . , p. Hence, the solution
of (2.1) is unique.

Let g(t) =
∫ t

0 E1−α,1(−M(t − s)1−α)h(s)ds and

ψ(t) = h(t)−M(1−α)
∫ t

0
E(1)

1−α,1(−M(t − s)1−α)(t − s)−αh(s)ds,

where E(1)
1−α,1(t)= (E1−α,1(t))

′ , which is continuous in R. It follows from h∈C(J∗)∩
L1(0,1) that g ∈C[0,1]. Hence,

x̃(0) = x0, x̃(t−k ) = x̃(tk), ∆x̃(tk) = dk, k = 1,2, . . . , p.

For 0 < y < x < 1, we have∫ x

y
ψ(t)dt =

∫ x

y
h(t)dt −M(1−α)

∫ x

y
dr

∫ r

0
E(1)

1−α,1(−M(r− s)1−α)(t − s)−αh(s)ds

=
∫ x

y
h(t)dt −M(1−α)[

∫ y

0
h(s)ds

∫ x

y
E(1)

1−α,1(−M(r− s)1−α)(r− s)−αdr

+
∫ x

y
h(s)ds

∫ x

s
E(1)

1−α,1(−M(r− s)1−α)(r− s)−αdr]

=
∫ x

y
h(t)dt +

∫ y

0
[E1−α,1(−M(x− s)1−α)−E1−α,1(−M(y− s)1−α)]h(s)ds

+
∫ x

y
[E1−α,1(−M(x− s)1−α)−E1−α,1(0)]h(s)ds

= g(x)−g(y),

which implies that g′(t) = ψ(t).
We show that ψ ∈ C(J∗). For simplicity, we assume that p = 1. Let H(t,s) =

E(1)
1−α,1(−M(t − s)1−α)(t − s)−αh(s). If 0 < t < t1,∫ t

0
H(t,s)ds =

∫ t

0
E(1)

1−α,1(−Ms1−α)s−αh(t − s)ds.



430 W. WANG AND P.LIU

Since E(1)
1−α,1(−Ms1−α)s−αh(t − s) is continuous in t and integrable in s ∈ [0, t],∫ t

0 H(t,s)ds ∈C[0, t1). If t1 < t < 1, taking t − t1 < τ < t, we have∫ t

0
H(t,s)ds =

∫
τ

0
H(t,s)ds+

∫ t−τ

0
E(1)

1−α,1(−Ms1−α)s−αh(t − s)ds := g1(t)+g2(t).

Noting that E(1)
1−α,1(−M(t − s)1−α)(t − s)−αh(s) is continuous in t and integrable in

s∈ [0,τ], E(1)
1−α,1(−Ms1−α)s−αh(t−s) is continuous in t and integrable in s∈ [0, t−τ],

we get that g1,g2 ∈C(t1,1]. Hence, ψ ∈C(J∗) and g ∈C1(J∗).
It follows from the fact |E(1)

1−α,1(−M(t − s)1−α)| ≤ E(1)
1−α,1(M) in region {(t,s)|0 ≤

s ≤ t ≤ 1} that there exists C > 0 such that∣∣∣∣∫ t

0
E(1)

1−α,1(−M(t − s)1−α)(t − s)−αh(s)ds
∣∣∣∣≤C

∫ t

0
(t − s)−α|h(s)|ds

=CΓ(1−α)0I1−α
t |h(t)|.

Since 0I1−α
t is bounded on L1(0,1), we have∫ t

0
E(1)

1−α,1(−M(t − s)1−α)(t − s)−αh(s)ds ∈ L1(0,1),

which implies that ψ ∈ L1(0,1) and thus g′ ∈ L1(0,1). It follows from Lemma 1 that
Dαg(t) exists. In addition, for 0 < t, l < 1,

M[0I1−α
t g(t)−0 I1−α

l g(l)]

=
M

Γ(1−α)

∫ t

0
(t − r)−α

∫ r

0
E1−α,1(−M(r− s)1−α)h(s)dsdr

− M
Γ(1−α)

∫ l

0
(l − r)−α

∫ r

0
E1−α,1(−M(r− s)1−α)h(s)dsdr

=
M

Γ(1−α)

∫ t

0
h(s)ds

∫ t

s
(t − r)−αE1−α,1(−M(r− s)1−α)dr

− M
Γ(1−α)

∫ l

0
h(s)ds

∫ l

s
(l − r)−αE1−α,1(−M(r− s)1−α)dr

=
M

Γ(1−α)

∫ t

0
h(s)ds

∫ t

s
(t − r)−α

∞

∑
i=0

(−M)i(r− s)(1−α)i

Γ((1−α)i+1)
dr

− M
Γ(1−α)

∫ l

0
h(s)ds

∫ l

s
(l − r)−αE1−α,1(−M(r− s)1−α)dr

=
M

Γ(1−α)

∫ t

0
h(s)

∞

∑
i=0

(−M)i ∫ t
s (t − r)−α(r− s)(1−α)idr
Γ((1−α)i+1)

ds

− M
Γ(1−α)

∫ l

0
h(s)ds

∫ l

s
(l − r)−αE1−α,1(−M(r− s)1−α)dr
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= M
∫ t

0
h(s)

∞

∑
i=0

(−M)i(t − s)(1−α)(i+1)

Γ((1−α)(i+1)+1)
ds

−M
∫ l

0
h(s)ds

∫ l

s
(l − r)−αE1−α,1(−M(r− s)1−α)dr

=−
∫ t

0
[E1−α,1(−M(t − s)1−α)−1]h(s)ds

+
∫ l

0
[E1−α,1(−M(l − s)1−α)−1]h(s)ds

= g(l)−g(t)+
∫ t

l
h(s)ds,

where we use the formula∫ t

s
(t − r)−α(r− s)(1−α)idr =

(t − s)(1−α)(i+1)Γ(1−α)Γ((1−α)i+1)
Γ((1−α)(i+1)+1)

.

Hence, ∫ t

l
g′(s)ds+M

∫ t

l
(0I1−α

s g(s))′ds =
∫ t

l
h(s)ds,{

g′(t)+MDαg(t) = h(t), a.e,
g(0) = 0.

(2.2)

It follows from (2.2) and the fact x̃′ = g′ ∈ C(J∗) for t ̸= tk and Dαx̃(t) =0 I1−α
t x̃′(t)

that x̃ is the solution of (2.1). The proof is completed. □

Remark 1. If h ∈C(J∗)∩L1(0,1) and ak,ck,x0 ∈ R, then the problem
x′(t)+MDαx(t) = h(t), t ̸= tk,
∆x(tk) = akx(tk)+ ck, k = 1,2, . . . , p,
x(0) = x0

(2.3)

has a unique solution

x(t) =
∫ t

0
E1−α,1

(
−M(t − s)1−α

)
h(s)ds

+ x0 ∏
0<tk<t

(1+ak)+ ∑
0<tk<t

ck ∏
tk<t j<t

(1+a j)

+ ∑
0<tk<t

ak ∏
tk<t j<t

(1+a j)
∫ tk

0
E1−α,1

(
−M(tk − s)1−α

)
h(s)ds.

(2.4)

Lemma 3. If a ∈ [0,1], b ≥ a, then

Ea,b(x)≥ 0, ∀x ∈ R.
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Proof. By Corollary 3.2 of [11], Ea,b(−x) is completely monotone on R+, which
implies that Ea,b(−x)≥ 0 for x > 0. In addition, it follows from the definition of Ea,b
that Ea,b(x)≥ 0 for x ≥ 0. □

Using (2.4) and Lemma 3, we have

Lemma 4. If h ≥ 0, ak ≥−1,ck ≥ 0(1 ≤ k ≤ p) and x0 ≥ 0, then the solution x of
(2.3) satisfies

x ≥ 0, t ∈ J.

3. MAIN RESULTS

Definition 4. The function u ∈ Λ is said to be the lower solution of (1.1) if
u′(t)+MDαu(t)≤ f (t,u(t)), t ̸= tk,
∆u(tk)≤ Ik(u(tk)), k = 1,2, . . . , p,
g(u(0),u(1))≤ 0

and it is an upper solution of (1.1) if the above inequalities are reverted.

We list the following assumptions.

(H1) (1.1) has the lower solution u0, the upper solution v0 and u0 ≤ v0 for t ∈ J.
(H2) f : J × [γ1,γ2] → R is continuous, here γ1 = min{mint∈J u0,mint∈J v0} and

γ2 = max{maxt∈J u0,maxt∈J v0}. Ik(u) is continuous in u ∈ [u0(tk),v0(tk)]
for k = 1,2, . . . , p.

(H3) g : R2 → R is continuous and g(·,v) is nonincreasing in v ∈ [γ1,γ2].
(H4) For u0 ≤ v ≤ u ≤ v0 and t ∈ J, f (t,u) ≥ f (t,v). There exist bk ≤ 1(k =

1,2, . . . , p) such that Ik(ξ)+bkξ ≥ Ik(ζ)+bkζ for u0(tk)≤ ζ ≤ ξ ≤ v0(tk) and
k = 1,2, . . . , p.

(H5) g : R2 → R is continuous and there exist constants λ > 0,µ ≥ 0 such that

g(y1,y2)−g(y1,y2)≤ λ(y1 − y1)−µ(y2 − y2)

for γ1 ≤ yi ≤ yi ≤ γ2, i = 1,2.

Theorem 1. Assume that (H1)− (H4) are satisfied, then (1.1) has one solution
x ∈ [u0,v0] = {u ∈ PC(J) : u0 ≤ u ≤ v0, t ∈ J}.

Proof. Let n(t,x) = max{u0(t),min{x,v0(t)}},F(t,x) = f (t,n(t,x)) and I∗k (x) =
bkn(tk,x) +Ik(n(tk,x)). Consider the equation

x′(t)+MDαx(t) = F(t,x(t)), t ̸= tk,
∆x(tk) =−bkx(tk)+ I∗k (x(tk)), k = 1,2, . . . , p,
x(0) = n(0,x(0)−g(x(0),x(1))).

(3.1)
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According to Remark 1, the solution of (3.1) satisfies

x(t) =
∫ t

0
E1−α,1(−M(t − s)1−α)F(s,x(s))ds+ ∑

0<tk<t
I∗k (x(tk)) ∏

tk<t j<t
(1−b j)

− ∑
0<tk<t

bk ∏
tk<t j<t

(1−b j)
∫ tk

0
E1−α,1

(
−M(tk − s)1−α

)
F(s,x(s))ds

+n(0,x(0)−g(x(0),x(1))) ∏
0<tk<t

(1−bk) =: (Ax)(t).

Let the right-hand part of the above equality be Ax so that we define the operator A
in PC(J). Clearly, the fixed point of A in PC(J) is the solution of (3.1).

By the continuity of f ,g, Ik and the definition of n, there is L > 0 such that for any
x ∈ PC(J),

|F(t,x)|< L, |n(0,x(0)−g(x(0),x(1)))|< L, |I∗k (x(tk))|< L,

which imply that there exists D > 0 such that ||Ax|| ≤ D for any x ∈ PC(J).
Let Ω = {u ∈ PC(J) : ||u|| ≤ D}, then A : Ω → Ω. It is obvious that A : Ω → Ω is

continuous. Let t∗, t∗ ∈ (tk, tk+1] and t∗ < t∗, then for x ∈ Ω,

|(Ax)(t∗)− (Ax)(t∗)| ≤ L
∫ t∗

0
|E1−α,1(−M(t∗− s)1−α)−E1−α,1(−M(t∗− s)1−α)|ds

+L
∫ t∗

t∗
|E1−α,1(−M(t∗− s)1−α)|ds,

which implies that |(Ax)(t∗)− (Ax)(t∗)| → 0 if |t∗− t∗| → 0 and thus A : Ω → Ω is
completely continuous. It follows from Schauder,s fixed point theorem that there
exists x ∈ Ω such that Ax = x. Moreover, x ∈ Λ since x is the solution of (3.1).

Next, we show that u0 ≤ x ≤ v0. Let y = x − u0, from the definition of lower
solution and (H4), we have

y′+MDαy = f (t,n(t,x(t)))−u′0(t)−MDαu0(t)≥ f (t,n(t,x(t)))− f (t,u0(t))≥ 0,

∆y(tk) =−bkx(tk)+ I∗k (x(tk))−∆u0(tk)

≥−bkx(tk)+ Ik(u0(tk))+bku0(tk)−∆u0(tk)≥−bky(tk),

y(0) = x(0)−u0(0)≥ 0.

Clearly, f (t,n(t,x(t))),u′0,D
αu0 ∈C(J∗)∩L1(0,1). Using Lemma 4, we obtain that

x ≥ u0 for all t ∈ J. Similarly, x ≤ v0 for all t ∈ J. Hence,{
x′(t)+MDαx(t) = f (t,x(t)), t ̸= tk,
∆x(tk) = Ik(x(tk)), k = 1,2, . . . , p.

Finally, we show that g(x(0),x(1)) = 0. We only need to show that u0(0) ≤
x(0)−g(x(0),x(1))≤ v0(0). If x(0)−g(x(0),x(1))< u0(0), then x(0) = n(0,x(0)−
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g(x(0),x(1))) = u0(0) and thus g(x(0),x(1))> 0. From the definition of lower solu-
tion and (H3), we have

g(u0(0),u0(1))≤ 0 < g(x(0),x(1)) = g(u0(0),x(1))≤ g(u0(0),u0(1))≤ 0,

which is a contradiction. Hence x(0)− g(x(0),x(1)) ≥ u0(0). Similarly, x(0)−
g(x(0),x(1))≤ v0(0). Hence, x(0) = n(0,x(0)−g(x(0),x(1))) = x(0)−g(x(0),x(1))
and thus g(x(0),x(1)) = 0. x is a solution of (1.1) and x ∈ [u0,v0]. □

Theorem 2. Assume that (H1)− (H2) and (H4)− (H5) are satisfied, then there
exist sequences {ui},{vi} ⊆ Λ such that limi→∞ ui = u∗, limi→∞ vi = v∗ and u∗,v∗ ∈
[u0,v0] are minimal and maximal solutions of (1.1), respectively.

Proof. The proof is divided into four steps.
Step 1: Constructing sequences {ui},{vi}. Consider the following linear equa-

tion 
W ′

i+1(t)+MDαWi+1(t) = f (t,Wi(t)), t ∈ J, t ̸= tk,
∆Wi+1(tk) =−bkWi+1(tk)+ I∗k (Wi(tk)), k = 1,2, . . . , p,
Wi+1(0) =Wi(0)− 1

λ
g(Wi(0),Wi(1)),

(3.2)

where W0 = u0 or W0 = v0. From Remark 1, (3.2) has a unique solution

Wi+1(t) =
∫ t

0
E1−α,1

(
−M(t − s)1−α

)
f (t,Wi(t))ds

+(Wi(0)−λ
−1g(Wi(0),Wi(1))) ∏

0<tk<t
(1−bk)

− ∑
0<tk<t

bk ∏
tk<t j<t

(1−b j)
∫ tk

0
E1−α,1

(
−M(tk − s)1−α

)
f (t,Wi(t))ds

+ ∑
0<tk<t

I∗k (Wi(tk)) ∏
tk<t j<t

(1−b j).

(3.3)

Setting Wi = ui if W0 = u0, Wi = vi if W0 = v0, we obtain two sequences
{ui} and {vi} and ui,vi ∈ Λ for i = 1,2, . . . .

Step 2: Monotone property of sequences {ui},{vi} :

u0 ≤ u1 ≤ u2 ≤ ·· · ≤ ui ≤ ui+1 ≤ vi+1 ≤ vi ≤ ·· · ≤ v1 ≤ v0.

Let z = u1 −u0, we obtain that

z′(t)+MDαz(t)≥ f (t,u0(t))− f (t,u0(t)) = 0,

∆z(tk) =−bku1(tk)+ I∗k (u0(tk))−∆u0(tk)

≥−bk(u1(tk)−u0(tk))+ Ik(u0(tk))−∆u0(tk)

≥−bk(u1(tk)−u0(tk)),

z(0) =−1
λ

g(u0(0),u0(1))≥ 0.
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It follows from Lemma 4 that z ≥ 0, so u0 ≤ u1 for all t ∈ J. Similarly, one
can prove that v1 ≤ v0 for all t ∈ J. Now, let ω = v1 − u1, using (H4) and
(H5), we obtained

ω
′(t)+MDα

ω(t)≥ 0,

∆ω(tk) =−bkv1(tk)+ I∗k (v0(tk))+bku1(tk)− I∗k (u0(tk))

≥−bk(v1(tk)−u1(tk))+bk(v0(tk)−u0(tk))+ Ik(v0(tk))− Ik(u0(tk))

≥−bk(v1(tk)−u1(tk)) =−bkw(tk),

ω(0)≥ µ
λ
(v0(1)−u0(1))≥ 0.

Hence, v1 ≥ u1. From (H4) and (H5), we obtain that

u′1(t)+MDαu(t)≤ f (t,u1(t)),

∆u1(tk) =−bku1(tk)+ I∗k (u0(tk)) =−bk(u1(tk)−u0(tk))+ Ik(u0(tk))

≤ Ik(u1(tk)),

g(u1(0),u1(1))≤ g(u0(0),u0(1))+λ(u1(0)−u0(0))−µ(u1(1)−u0(1))

=−µ(u1(1)−u0(1))≤ 0.

Therefore, u1 is the lower solution of (1.1). Similarly, v1 is the upper solution
of (1.1). Using the similar argument, we can show that ui ≤ ui+1 ≤ vi+1 ≤ vi
for i ≥ 1.

Step 3: According to Step 2, the sequences {ui},{vi} are monotonic and bound-
ed. Therefore, the pointwise limits exist and we assume that

lim
i→∞

ui = u∗, lim
i→∞

vi = v∗,

where u∗,v∗ ∈ [u0,v0].
From (H2), (H5) and limi→∞Wi = W ∈ [u0,v0], where W = u∗ or v∗, let

i → ∞ in (3.3) and applying the dominated convergence theorem, we obtain
that

W (t) =
∫ t

0
E1−α,1

(
−M(t − s)1−α

)
f (t,W (t))ds+ ∑

0<tk<t
I∗k (W (tk)) ∏

tk<t j<t
(1−b j)

− ∑
0<tk<t

bk ∏
tk<t j<t

(1−b j)
∫ tk

0
E1−α,1

(
−M(tk − s)1−α

)
f (t,W (t))ds

+(W (0)−λ
−1g(W (0),W (1))) ∏

0<tk<t
(1−bk).

Through simple calculation, we have
W ′(t)+MDαW (t) = f (t,W (t)), t ̸= tk,
∆W (tk) =−bkW (tk)+ I∗k (W (tk)) = Ik(W (tk)), k = 1,2, . . . , p,
W (0) =W (0)−λ−1g(W (0),W (1)).
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Therefore, u∗,v∗ are solutions of (1.1).
Step 4: u∗,v∗ are the extremal solutions of (1.1) in [u0,v0]. Assume that u ∈

[u0,v0] is a solution of (1.1), we suppose that ui ≤ u ≤ vi for some i ∈ N. By
(H4), we have

f (t,ui(t)≤ f (t,u(t))≤ f (t,vi(t)),

∆(u(tk)−ui+1(tk)) = Ik(u(tk))+bkui+1 − I∗k (ui(tk))

≤ bk(ui+1(tk)−ui(tk))+ Ik(u(tk))− Ikui(tk)

≤−bk(u(tk)−ui+1(tk)).

Similarly, ∆(vi+1(tk)−u(tk))≥−bk(vi+1(tk)−u(tk)).
Using (H5), we have

ui+1(0) = ui(0)−
1
λ

g(ui(0),ui(1))

= ui(0)+
1
λ

g(u(0),u(1))− 1
λ

g(ui(0),ui(1))

≤ u(0)− µ
λ
(u(1)−ui(1))≤ u(0).

Similarly, u(0) ≤ vi+1(0). It follows from Lemma 4 that ui+1 ≤ u ≤ vi+1.
Therefore,

u j ≤ u ≤ v j, j = i, i+1, i+2, . . . . (3.4)
Taking limit in (3.4) as j → ∞, we get that u∗ ≤ u ≤ v∗. Therefore, u∗,v∗ are
the extremal solutions of (1.1) in [u0,v0].

□

Example 1. Consider the equation
x′(t)+κD

1
2 x(t) = t(1+ xβ(t)), t ̸= 1

2 ,

∆x(0.5) = 0.1− sinx(0.5),
x4(0)sinx(0)− x2(1)− x(1) = 0,

(3.5)

where β > 0 and κ is a positive parameter.

We claim that for any l ∈ N, (3.5) has at least l solutions for κ ≥ 2(2πl + 2)β. In
fact,

f (t,s) = t(1+ sβ), I1(s) = 0.1− sins, g(u,v) = u4 sinu− v2 − v.

Let U j = 2 jπ, Vj = 2 jπ+1+ t, j = 1, . . . , l, then
U ′

j(t)+κD
1
2 U j(t) = 0 ≤ t(1+Uβ

j (t)), t ̸= 0.5,
∆U j(0.5) = 0 < 0.1− sinU j(0.5) = 0.1,
U4

j (0)sinU j(0)−U2
j (1)−U j(1) =−(2 jπ)2 −2 jπ < 0,
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V ′

j(t)+κD
1
2 Vj(t) = 1+ 2κ

√
t√

π
≥ t(1+V β

j (t)), t ̸= 0.5,

∆Vj(0.5) = 0 > 0.1− sinVj(0.5) = 0.1− sin(1.5),
V 4

j (0)sinVj(0)−V 2
j (1)−Vj(1)

= (2 jπ+1)4 sin(1.5)− (2 jπ+2)2 −2 jπ−2 > 0,

which imply that U j and Vj are the lower and upper solutions of (3.5), respectively.
Hence, (H1) holds. Obviously, f : J ×R→ R, I1 : R→ R and g : R2 → R are con-
tinuous. In addition, f (·,s) is nondecreasing in (0,+∞) and g(·,v) is nonincreasing
in (0,+∞). Moreover, there exists b1 = 1 such that

I1(ξ)+b1ξ ≥ I1(ζ)+b1ζ

for ξ ≥ ζ. Therefore, (H2)− (H4) holds. It follows from Theorem 1 that (3.5) has
solutions x j ∈ [U j,Vj]( j = 1, . . . , l).

Example 2. Consider the equation
x′(t)− 1

2 D
1
2 x(t) = t

4

[
2+2x(t)
2+x(t) −

1
40 x2(t)

]
, t ̸= t1, t2,

∆x(tk) = 1
4+k ln(1+ x2(tk)), k = 1,2,

100x(0)+ x3(1)−15x(1) = 0,

(3.6)

where 0 < t1 < t2 < 1.

In fact,

f (t,s) =
t
4

[
2+2s
2+ s

− s2

40

]
, Ik(s) =

1
4+ k

ln(1+ s2), g(u,v) = 100u+ v3 −15v.

Let

U(t) = 0, V (t) =


1
4 + t, 0 ≤ t ≤ t1,
1
2 + t, t1 < t ≤ t2,
1+ t, t2 < t ≤ 1.

Clearly, U is a lower solution of (3.6). In addition,

V ′(t)− 1
2

D
1
2 V (t) = 1−

√
t√
π
>

t
3
≥ f (t,V (t)),

∆V (t1) =
1
4
>

1
5

ln(1+(0.25+ t1)2), ∆V (t2) =
1
2
>

1
6

ln(1+(0.5+ t2)2),

g(V (0),V (1)) = 3.
So, V is a upper solution of (3.6) and (H1) holds. Moreover, f : J ×R → R and
I1, I2 : R→ R are continuous. For f , we have

fs(t,s) =
t
4

[
40− s(2+ s)2

20(2+ s)2

]
≥ 0, ∀s ∈ [0,2], t ∈ [0,1].
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Hence, f (t,s) is nondecreasing in s ∈ [0,2]. There exist b1 = b2 = 0 such that for
0 ≤ ζ ≤ ξ ≤ 2, k = 1,2,

Ik(ξ)+bkξ =
1

4+ k
ln(1+ξ

2)≥ Ik(ζ)+bkζ =
1

4+ k
ln(1+ζ

2).

Hence, (H2) and (H4) are satisfied.
In addition, g : R2 → R are continuous and

g(y1,y2)−g(y1,y2) = 100(y1 − y1)+(y2
2 + y2y2 + y2

2 −15)(y2 − y2)

≤ 100(y1 − y1)−3(y2 − y2)

for 0 ≤ yi ≤ yi ≤ 2, i = 1,2. Therefore, (H5) holds. It follows from Theorem 2 that
there exist monotone iterative sequences {u j},{v j} which converge to the extremal
solutions u∗,v∗ of (3.6),respectively.

Remark 2. Even if Ik ≡ 0 and g(u,v) = u−v, our results are also new because one
of the prerequisites of [22] is that A > 0 in (1.2), which is equivalent to the condition
M < 0 in (1.1). Our conditions are different from those in [22].
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