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Abstract. For residual functions, two regularity notions are known in the literature, one is weak
regularity introduced by Blyth and Janowitz, and the other is a closely related condition intro-
duced by Nicholson et al., which we call N-regularity. In our paper, we provide several char-
acterizations of weakly regular residuated maps defined in complete lattices and of N-regular
residuated maps in complemented modular lattices. The relations between the mentioned no-
tions and some related conditions (such as Jordan conditions J1 and J2 on residuated maps) are
also investigated. We provide some significant examples of weakly regular residuated maps and
of N-regular residuated maps.

2010 Mathematics Subject Classification: 06B23; 06C20

Keywords: complete join-endomorphism, weakly regular residuated mapping, N-regular resid-
uated mapping, modular lattice

1. INTRODUCTION

Let A and B be two partially ordered sets. The mapping f: A — B is called resid-
uated [ 1] if there exists a mapping f*: B — A such that forallx € Aand ally € B

f) <y = x<f70).

In this case the mapping f*, called the residual of f, is uniquely determined. In
fact, f*(y) = V{z € A | f(z) <y}. The set of all residuated mappings from A to
B is denoted by Res(A,B). Let now L be a complete lattice. We use the nota-
tions Res(L) = Res(L,L) and Res*(L) = {f*|f € Res(L)}. It is well-known that
Res(L) and Res*(L) consist of complete join-endomorphisms and complete meet-
endomorphisms of L, respectively, and they are complete lattices with respect to the
pointwise defined order relation [5].

Residuated maps are applied in several areas of Algebra, Logic, Formal Lan-
guages, etc. The study of their lattice was initiated by G.N. Reney and E.T. Schreiner
[7] (some basic results are going back to G. Gritzer and E.T. Schmidt [4]). For
instance, they independently proved that for a completely distributive lattice L the
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atoms of Res(L) are mappings with 2-element range (see our Example 3(d)). Their
results were extended by Z. Shmuely [£]. In their seminal book [2] S. Blyth and M.F.
Janowitz, initiated a systematic study of residuated maps and their monoid [2]. The
concept of weakly regular residuated maps was introduced also in [2], and it turned
out to be an extremely useful tool in characterizing modular lattices. Weakly regu-
lar residuated maps occur in several fundamental algebraic areas, for instance, linear
transformations of a vector space always induce weakly regular residuated maps on
its subspace lattice, as it is shown in Example 1(c). K. Kaarli and S. Radeleczki
in [5] characterized those regular residuated maps which are atoms in Res(L); from
their result it follows that in several important lattice classes the atoms of Res(L) are
exactly the weakly regular maps. Another notion of weak regularity was introduced
by G. E. Nicholson at al. in [6] for modular lattices. In a pioneering paper, J. Szigeti
[9] introduced the Jordan conditions J1, J2 strongly related with weak regularity, and
using them he proved the existence of the so-called n-nilpotent Jordan base for the
join-endomorphisms of a submodule lattice. These examples show the importance to
examine the relationship between the mentioned natural concepts. In our paper we
provide several characterizations of weakly regular residuated maps. Then, by using
these results, the relations between the above conditions are investigated.

2. PRELIMINARIES

A complete join-endomorphis of L is a mapping f: L — L satisfying

S (\/xt> = \/f(xt)
teT teT

for any system of elements x; € L, t € T. Notice that this definition yields also f(0) =
0. A complete meet-endomorphism of L is defined dually. It is worth noting that any
complete join-endomorphism of a complete lattice L is a residuated map on L, and
any complete meet-endomorphism is a residual map on L. A complete V-semilattice
congruence of a complete lattice L is an equivalence relation © C L x L preserved by
arbitrary joins. We note that for any f € Res(L), the equivalence

Kerf = {(x,y) € L?| f(x) = f()}
is a complete V-semilattice congruence, and [a] ger r stands for the equivalence class
of the element a € L. For any elements a,b € L we will use the notations | a = {x €
Lix <a}, T b= {x € L|x>b}. The set | ais called the principal ideal belonging
to a, and 1 b is called the principal filter of b. Since [O]kers is a principal ideal, it
has a greatest element k¢, and hence [O]kerr =] kf. It is clear, that for any x,y € L,
XV ks =yV kg implies £(x) = £(y). L. [xlers = Dkerr-

Definition 1. A mapping f € Res(L) is called range-closed if f(L) =0, f(1)] and
dually range-closed if f*(L) = [f*(0), 1]. A mapping which is both range-closed and
dually range-closed is called weakly regular. [2]
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In view of [1] a residuated mapping f defined on a complete lattice L is dually
range-closed, if and only if x\V f*(0) = f*(f(x)), for all x € L. Observe that f*(0) =

Vixe L[ f(x) <0} =V[Olkers = krand f*(f(x)) = V{z € L[ f(z) < f(x)}
Lemma 1. The following assertions are equivalent:

(i) f € Res(L) is dually range-closed.
(i1) For any x,y € L,

[Xlkerf = [V]Kerf € xVkr=yVks 2.1

Proof.

(i)=(ii): Assume that (i) holds. Let [x]kers = [V|kers for some x,y € L. Then
f(x) = f(y) implies f*(f(x)) = f*(f(y)). Now, in view of [1] we obtain
XV =2 £1(0) = 1 (F(x) = £ (F)) = 3V £(0) =y y.

As xV ks =yVky obviously yields f(x) = f(y), i.e. [x]kerf = [V|Kerf, OUr
result means that (ii) is satisfied.

(ii)=-(i): Suppose that (ii) holds and let us prove that xV f*(0) = f*(f(x)).
Clearly, f(xV f*(0)) = f(xVks) = f(x), hence x vV f*(0) < f*(f(x)). Con-
versely, £(f*((x))) = £(x) implies [1*(f(x))lkers = [xlkers, and now, by
using (ii) we get f*(f(x)) Vkr =xVky =xV f*(0). This yields f*(f(x)) <
xV f*(0), and hence x VV f*(0) = f*(f(x)). In view of [1] this implies (i).

O

Corollary 1. A map f € Res(L) is weakly regular if and only if f(L) = [0, f(1)]
and we have [X|kerf = [V]Kerf < XV kf =y\V kg, for any x,y € L.

An other characterization of weakly regular residuated mappings can be found in
[2] (see also [5]) In view of [2] Theorem 13.2 and the remark after it we obtain:

Proposition 1. Let L be a complete lattice and f: L — L. Then the following are
equivalent:
(i) f € Res(L) is weakly regular;
(i) There are a,b € L and a lattice isomorphism i: 1 a —] b such that for all
x €L f(x)=i(xVa) holds.

Remark 1. Clearly, we have i(1) = b, i(a) =0 and f(x) =i(x), for all x > a in
Proposition 1(ii). Observe, that f*(y) =i~ !(y), for any y < b, and a = k also hold.
Indeed, f*(y) = V{zeL|i(zVa) < } V{retalit) <y}=V{retal|t<
i'(y)} =i"!(y). Hence ky = £*(0) =i 1(0) = a.

Now we use the above characterizations to exhibit some significant examples for
weakly residuated mappings on complete lattices.

Example 1.
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(a) By Corollary 1, any automorphism f of L is a weakly regular residuated
map, because it is a complete join-endomorphism with f(L) = [0,1] = L and
kr=0. We have [x|kers = [V]kerf © X =y < xVks =yVky forany x,y € L.

(b) Let L be a modular lattice and s, € L complements each of other. If we
substitute in Proposition 1(ii) a := ¢ and i(x) := x A s, then the map p; ; =
i(xVa) = (xVr)Asis called a "projection” (see e.g [5]). Since L is modular,
the map i: [r,1] — [0, s] is a lattice isomorphism. Thus any projection p;  is
a weakly regular residuated mapping of L, according to Proposition 1.

(c) Let (V,+,K) be a vector space over a field K and L: V — V a linear mapping.
Then L induces a weakly regular residuated mapping f7.: Sub(V) — Sub(V),
fLW) =L(W) :={L(w) | w € W} of the subspace lattice (Sub(V),C), ac-
cording to [1], Example 4.2 (see also [5]).

We say that a mapping f: L — L is idempontent if f> = f. It is easy to check that
on a modular lattice L any projection p, ; = (x V1) A s is idempotent.

Remark 2. Let L be a complete modular lattice. In view of [[1], Exercise 4.3]
any idempotent weakly regular f € Res(L) has the form f(x) = (xV f*(0)) A f(1),
x € L, moreover, f*(0) = k; and f(1) are complements each of other, according to
[[1], Theorem 6.23]. Therefore, f equals to a projection py, ¢(1). This means that
idempotent weakly regular mappings in Res(L) and the projections of a (complete)
modular lattice L coincide.

3. NOTIONS RELATED WITH WEAK REGULARITY

For a complemented modular lattice we have another notion of “weak regularity”
introduced by G. E. Nicholson and his coauthors, which we will call N-regular. ([6])

Ajoin \/{x; € L;|i € I'} in a complete lattice L is called irredundant, if x; < \/{xi|i €
I\ {j}} holds for each index j € I. We recall that in a complemented modular lattice
L of a finite height any element x € L\ {0} is equal to an irredundant join of atoms
and the number of the atoms in this irredundant join is called the dimension of the
element x, denoted by d(x). We denote the set of atoms of our lattice L by A. It is
worth to mention that in the case of a finite dimensional vector space (V,+,K) and
of a subspace X € Sub(V), d(X) equals to its usual (linear algebraic) dimension.

Definition 2. A join-endomorphism f of a complemented modular lattice L of
finite height is said to be N-regular (according to Nicholson) if it has the following
properties:

(a) d(f(x)) <d(x) forall x € L, and
(b) d(f(x)) < d(x) implies that there exists an atom a < x such that f(a) = 0.

Proposition 2 ([6, Proposition 3.7]). Let f be a join-endomorphism on a com-
plemented modular lattice of a finite height. Then f is N-regular if and only if the
following conditions are satisfied:
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(a) f maps atoms into atoms or 0.
(b) For any nonzero elements x,y € L, x \y =0 and f(x) < f(y) imply that there
exists an element 7 € L such that 0 < z < xVy and f(z) = 0.

We note that all residuated maps presented in Example 1 in the particular case of a
complemented modular lattice L of finite height are also N-regular maps. In spite of
the fact that the two notions are very closed, they are not equivalent, as our Theorem
1 will show. To prove it, we will need the following lemma:

Lemma 2. Let L be a complete modular and complemented lattice. Then any
weakly regular residuated mapping f: L — L has the form f = lo py, s, where sy is
a complement of ks, and 1 [0,s¢] — [0, f(1)] is a lattice isomorphism.

Proof. Assume that f is a weakly regular residuated mapping. Let sy be a com-
plement of k; and i the isomorphism defined in Proposition 1(ii). Observe that
it [kg, 1] — [0, f(1)] is the restriction of f to [k, 1], according to Remark 2 and con-
sider the projection py, s, : L — [0,57], pi,.s,(x) = (xVks) Asy.

Because L is modular, @: [0,s7] — [kr, 1], @(x) = xV ky is a lattice isomorphism
(having as inverse ¢! (x) = xAsy, x € [kf,1]), and the map [ :=io@, [: [0,s/] —
[0, £(1)] is also a lattice isomorphism. It is clear that @(py, s, (x)) = @(¢~ ' (xVkf)) =
xV kg, hence (ioQopy,.,) (x) = i(xVky) = f(x). This implies [ o py, s, = f. O

Theorem 1. Let L be a complemented modular lattice of a finite height and
f: L — L a residuated map. Then the following assertions are equivalent:

(1) f is weakly regular,
(2) f is N-regular and for any atom p < f(1) there exists an atom a, € L such
that p = f(a,).
Proof.

(1)=(2): If f is weakly-regular, then f: L — [0, f(1)] is surjective, and hence
for any atom p < f(1) there exists an x € L\ {0} with p = f(x). Clearly,
we have 0 < f(a) < p, for any atom a < x. Since x = \/{a € A|a < x}, the
assumption f(a) = 0, for all atoms a < x would imply f(x) = 0, a contradic-
tion. Thus there exists an a, € A, a, < x, with f(a,) #0, i.e. with f(a,) = p.
This proves the second part of (2). In order to prove that f is N-regular we
will show that conditions (a) and (b) of Proposition 2 are satisfied. Since
f is weakly-regular and L is modular and complemented, in view of Lemma
2, f has the form f =10 py, s,, where sy is a complement of ky denoted
as far as follows by kg, and [: [0,s7] — [0, £(1)] is a lattice isomorphism.
Now let a be an atom of L. Then the projection py, s, maps a into an atom
or 0. Because an isomorphism /: [0,s7] — [0, f(1)] maps atoms into atoms
and 0O into 0, condition (a) holds. In order to prove (b), take any x,y € L
with x Ay = 0 and assume that f(x) < f(y). Then [ o py, s, (x) < 1o pr, s, (¥)
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implies py, s, (x) < pi,.s;(y). i.e. (xVkg) Akp < (yVks) Aky. Since the map-
ping u: y — y Aky is an order-isomorphism between the intervals [kr, 1] and
[O,E] (having as inverse the map A: x — xV ky), we obtain xVky < yVky,
and hence yV kf =xVyVks. We claim that now (xVy) Aks = 0 is not pos-
sible. Indeed, (xVy) Aks =0 would yield also y A ks = 0, and hence we
would obtain that {0,y,xV y,ks,x\VyVky} is a sublattice of L isomorphic to
Ns. This is not possible, because L modular. Thus we get z= (xVy) Akg # 0.
Since z < xVy, and because z < ks implies f(z) = 0, condition (b) holds, and
in view of Proposition 2 we get (2).

(2)=(1): Let y < f(1).  Since y = \/{a € Ala <y}, and because by (2)

for any atom a <y, there exists an atom &’ € A with f(a') = a, we de-
ducey=V{f(d)|f(d) <y} =f(V{d € A|f(d’) <y}), and this proves that
f+ L—10,f(1)] is surjective. Thus f is range-closed. In order to prove that
f is dually range-closed, it is enough to show relation (2.1). By the way of
contradiction, suppose that (2.1) fails, i.e. let x,y € L with f(x) = f(y) and
assume xV ky # yVky. Then xVky < xVyVkys, hence we can choose an
atom a € L such that a ﬁ xVkg, buta <xVyVkys. Since L is also relatively
complemented, there exists a relative complement u of the element k¢ in the
interval [0,x V ky], i.e. an element u < xV k7 such that

u\/kf :x\/kf and u/\kf =0.

Since a & xV ky, we have a £ u, whence a Au = 0. On the other hand, we
obtain:

F(u) = F)V Flkr) = FuN ke) = F(rVks) = F)V flkr) = £(x), and

F(a) < FVy V) = FR)V FO)V F(ke) = £(0),

Since, in view of (2), f is N-regular, we can apply condition (b) from
Proposition 2, and this implies the existence of a nonzero element z < aVu
with f(z) = 0. Now let B an atom of z. Then B < aVu and f(B) =0, i.e.
B < ky. Because u A ks =0, we have also u A = 0. Since L is modular, we
getu<uVB<uV(aVu)=uVa. AsaAu=0,wehave alsou < uVa, and
hence we obtain VB = uV a. This impliesa <uVP <uVkr=xVks-a
contradiction to the selection of a. Thus relation (2.1) holds, and hence f is
weakly regular.

O

Corollary 2. Let L be a complemented modular lattice of a finite height and let

f: L— L be aresiduated map. Then f is weakly regular if and only if f maps atoms
into atoms or 0, for any atom a < f(1) there is an atom a’ € L with a = f(d'), and
for any x,y € L\ {0} with x Ay = 0 and f(x) < f(y) there exists an atom p < xV'y
such that f(p) =0.

Now, we can provide a simple example for a residuated mapping which is N-

regular only, and it is not weakly regular.
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Example 2. Let L stand for the direct product of lattices M3 = {0,a,b,c,1} and
M, ={0,p,q,1} on Figure 2.

FIGURE 1. Lattices M, and M3

Then clearly L = M3 X M is a finite modular atomistic lattice with the atoms
(a,0),(b,0),(c,0),(0,p) and (0,q). Since L is a geometric lattice, it is complemen-
ted, too, and in addition, it has the finite height 4.

Now, define a mapping f: L — L as follows:

(0,0),ify=0;

_ ) (a,0),ify=p;
TN =1 o) ity =g:
(1,0),if y=1.

Itis clear that f(x,y) = f(0,y), and that y; <y, yields f(0,y;) < f(0,y2), therefore
f is order-preserving. We will prove that f it is a join-endomorphism, i.e. f((x1,y1)V
(x2,¥2)) = f(x1,1) V f(x2,y2). This is clear, whenever y; < y;. Assume now that
y1,¥2 € M, are incomparable. Then either y; = p, y, = g or vice-versa. In both case

J(Geryn) V(2. 32)) = f(x1 Vg, pV q) = f(x1 Vo, 1) = (1,0) = (a,0) V (c,0) =
fxn,y1) V f(x2,y2).

Thus f is a residuated mapping, because L is a finite lattice. Let us observe also
that £(a,0) = £(b,0) = f(c,0) = (0,0), and £(0,p) = (a,0), £(0,q) = (c,0). i.e. f
maps atoms into atoms or 0, which is the first condition in Proposition 2.

Now, suppose that for some u = (x1,y;) # (0,0) and v = (x2,y2) # (0,0) we have
uAv=0and f(u) < f(v). Then x; Ax, =0, y; Ay, =0 and y; <y The latter two
relations imply y; = 0, hence we obtain f(u) = f(x;,0) =0. Since 0 #u <uVv,
this result means that the conditions in Proposition 2 are satisfied, therefore, f is an
N-regular residuated mapping.
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Observe that f is not weakly regular, because do not satisfies the second statement
in Theorem 1(2). Indeed, we have f(1.) = f(1,1) = (1,0), however the atom (b,0) <
f(1z) is not the image of any atom of L.

In [9] two other conditions (called Jordan conditions) imposed on complete join-
endomorphisms f: L — L, i.e. on residuated mappings on L are discussed:

(J1) For any choice of the elements x <y with f(x) = f(y) there is an element
u € Lsuch thaty =xVuand f(u) =0.
(J2) For any x € L the mapping f: [0,x] — [0, f(x)] is surjective.

Condition (J2) means that the image under f of every principal ideal x | is a prin-
cipal ideal f(x) J; residuated mappings with this property in [1] are called forally
range-closed. Clearly, any totally range-closed residuated mapping is range-closed.
In view of [[1], Thm 6.21], f € Res(L) is totally range-closed if and only if

FUfF @) Ay) =xAf(y) (3.1

holds for all x,y € L. As a consequence of this result we obtain

Corollary 3. Let L be a complete modular lattice. Then any weakly regular resid-
uated mapping f: L — L is totally range-closed.

Proof. Let f € Res(L). In view of Proposition 1, f(x) =i(xVa), where a = ky
and i: T a —] b is a lattice isomorphism with b := f(1). Then, in view of Remark
2, f*(x) =i~ !(x), for any x < b. Hence f(f*(x)Ay) = fi~'(x)Ay) =i((i ' (x)A
y)Va). Sincea <i~!(x)and L is modular, we get (i "' (x) Ay) Va=i"!'(x) A(yVa).
Thus we obtain f(f*(x) Ay) =i(i '(x) A (yVa)) =i(i '(x))Ni(yVa) =xAf(y).
Thus in virtue of (3.1) f is totally range-closed. O

Condition (J1) seems to be similar to our condition (2.1), see the following

Proposition 3. Condition (J1) implies condition (2.1) from Lemma 1. If L is a
modular lattice, then (J1) and (2.1) are equivalent.

Proof. Let L be a complete lattice, and assume that f: L — L satisfies (J1). First,
take any x,y € L with [X]kers = [y]kerf- Then (x,y) € Kerf, ie. f(x) = f(y). Hence
fx)=fx)Vf(y)=f(xVy). Asx <xVy,in view of (J1) there exists an element u €
L with f(u) = 0 and such that xVy =xV u. Clearly, u <ky. Similarly, f(y) = f(xVy)
andy <xVyby (J1)imply xVy=yVvforsome v € L withv < k. Since xNVNu=yVvy
and u,v < k¢, we obtain xVkyr =xVuVkr=yVvVks=yVks. Conversely, for any
x,y € L, xVkr=yVkys always yields f(x) = f(y), i.e. [X]kerf = [V|Kkers. Thus we
proved that (J1) implies the equivalence [x]kerf = [V|kers < xV kf =y V ky, for any
x,y € L, i.e. it implies condition (2.1).

Suppose now that f satisfies (2.1), and furthermore, that L is modular. Take any
x,y € L, x <y with f(x) = f(y). Then [x|kers = [y|kers implies xV kr =y V ky,
according to (2.1). Since L is modular, x <y implies y = (yVks) Ay = (xVks) Ay =
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xV (kf Ay). Now for u := ks Ay we obtain f(u) < f(ks) =0, and y = xV u. Thus
(J1) holds. Hence (2.1) is equivalent to (J1), whenever L is modular. ]

Since in view of Lemma 1, condition (2.1) is equivalent to the fact that the resid-
uated mapping f: L — L is dually range-closed, using Proposition 3 and Corollary 3
we obtain:

Corollary 4. Let L be a complete modular lattice and f: L — L a residuated
mapping. Then
(1) f is dually range-closed if and only it if satisfies condition (J1).
(i1) f is weakly regular if and only it satisfies conditions (J1) and (J2)

Example 3.

(a) Obviously, any automorphism f of L is totally range-closed, and in view of
Example 1(a) is also a weakly regular residuated mapping. Hence, it satisfies
conditions (J1) and (J2).

(b) In view of [9], any residuated mapping f defined in Example 1(c) by a linear
transformation L: V — V on the subspace lattice Sub(V) of a vector space
(V,+,K) satisfies conditions (J1) and (J2).

(c) Projections, being weakly regular maps, satisfy conditions (J1) and (J2) in
case of a modular lattice L.

(d) Finally, let L be a complete lattice and p a dual atom and ¢ an atom in L. In
view of [5], the mapping

0, ifx<p;
€py =
P4 g, ifx<p.

is a weakly regular residuated mapping of L, which is an atom in the lattice
Res(L). Thus by Lemma 1, e, , satisfies condition (2.1). It is obvious that
ep 4 also satisfies (J2), i.e. it is totally range-closed. However, it is easy to
see that e, 4, fails to satisfy (J1), in general. Indeed, let L = {0,p,r,q,1}
be an Njs lattice where p < r and p, g are atoms of L and r,g are dual atoms
of L. Then ker(e, ) = {0,p}. If e¢,, would satisfy (J1), then r < 1 and
epq(r) =e,4(1) =g, would imply 1 = rV u, for some u € ker(e, 4). Clearly,
this is not possible (because rVO=rVp=r=#1).

In [9] several properties of residuated mappings sharing properties (J1) and (J2) are
proved. For instance, it is shown that for any f, f> € Res(L) satisfying conditions (J1)
and (J2), fi o f» € Res(L) also satisfies (J1) and (J2). An important result of [9] with
applications in module theory was showing the existence of a so-called n-nilpotent
Jordan normal base for any n-nilpotent residuated mapping f: L — L defined on a
geometric lattice L. We note that a map f: L — L is n-nilpotent, if f" = 0 for some
integer n > 1, but f"~! £ 0. Any linear transformation L: R”? — R”, L(X) = AX,
with a square matrix A of order p > 1 is n-nilpotent, if and only if n is the least
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positive integer with the property that A" equals the 0 matrix. (i.e. the matrix A is
010 X1
n-nilpotent). For example, L: R? — R3, L(x1,x0,x3) = | 0 0 1 xp | isa
0 0O X3
3-nilpotent linear transformation.
As a consequence of the first mentioned result of [9] we obtain:

Corollary 5. Let L be a finite modular lattice L and f: L — L a weakly regular
residuated mapping on it. Then f: L — L is either nilpotent or there exists an integer
n > 1 such that the power f": L — L is a (nonzero) projection.

Proof. If our condition hold, then f satisfies conditions (J1) and (J2), according
to Corollary 4. In view of [9], for any integer n > 1 f": L — L is also a residuated
mapping satisfying conditions (J1) and (J2), i.e. it is a weakly regular residuated
mapping. Because L is a finite set, the semigroup formed by the powers f,..., f",...
of f is finite, hence in view of [3], it contains an idempotent element g, where g = f*,
for some integer k > 1. If g =0, then f is nilpotent. If g # 0, then in view of Remark
1 the map g = f* is a nonzero projection on L. U

Remark 3. We note that the converse of Corollary 5 is not true in general. For
instance, the residuated mapping f: L — L defined in Example 2, (where L = M3 X
M,) is 2-nilpotent, because f2(x,y) = (0,0) = 0, for all (x,y) € L, however f is
not weakly regular, as it is shown in Example 2. Next, in order to examine the case
when a power of residuated map is a projection, consider the lattice L' := L x M>,
i.e. L' = M3 X My x M, and the mapping g: L' — L', g(x,y,2) = (f(x,y),z). Then
L' is a modular atomistic lattice with the atoms (a,0,0), (b,0,0), (¢,0,0), (0, p,0),
(0,4,0), (0,0, p) and (0,0, q) (see Figure 1). It is easy to check that g is a residuated
map. Because f2(x,y) = (0,0), we get g(x,y,z) = (f*(x,),2) = (0,0,2), hence g
is a projection (corresponding to the pair s = (1,1,0),# = (0,0,1)). However, g is
not weakly regular, because do not satisfies the second condition in Theorem 1(2).
Indeed, g(1/) = g(1,1,1) = (1,0,1), but the atom (»,0,0) < g(1/) is not the image
of any atom of L'. (We have g(a,0,0) = g(b,0,0) = g(c,0,0) = (0,0,0), g(0, p,0) =
(a,0,0), g(OaQ7O) = (C,0,0) and g(oaovp) = (anvp)’ g(OvoaQ) = (OaO’Q)')

4. CONCLUSIONS

We have shown that the notion of weak regularity for residuated mappings is
stronger than the notion of N-regulatiy, even for complemented modular lattices. We
also proved that a residuated mapping satisfying the Jordan conditions J1 and J2 is
weakly regular and totaly-range closed. Therefore, Jordan condition J14J2 in gen-
eral is stronger than the weak regularity condition, but according to our Corollary 4,
for complete modular lattices the two conditions are equivalent. The benefit of the
residuated maps satisfying the previous Jordan condition lies in the fact that compos-
ing them we obtain residuated maps with the same property. As further work, we
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would like to characterize those residuated maps f: L — L which have the property
that f* (n > 1) is weakly regular, and to examine for any atomistic modular lattice L
whether there are N-regular but not weakly regular atoms in the lattice Res(L).

REFERENCES

[1] T. S. Blyth, Lattices and Ordered algebraic structures.  Springer Verlag London, 2005.  doi:
10.1007/b139095.

[2] T. S. Blyth and M. F. Janowitz, Residuation Theory. Pergamon Press, Oxford; PWN - Polish
Scienctific Publishers, Warszawa, 1972, vol. 102.

[3] A. H. Clifford and G. B. Preston, The algebraic theory of semigroups. Providence, Rhode Island,
1964.

[4] G. Gritzer and E. T. Schmidt, “On the lattice of all join-endomorphisms of a lattice,” Proc. Amer.
Math. Soc., vol. 9, pp. 722-726, 1958, doi: 10.2307/2033075.

[5] K. Kaarli and S. Radeleczki, “Atoms of the lattices of residuated mappings,” Acta et Cmom-
mentationes Universitatis Tartuensis de Mathematica, vol. 27, no. 2, pp. 335-354, 2023, doi:
10.12697/ACUTM.2023.27.22.

[6] G. E. Nicholson, A. Grubb, and C. S. Sharma, “Regular join endomorphisms on a complemented
modular lattice of finite rank,” Discrete Math., vol. 52, pp. 235-242, 1984, doi: 10.1016/0012-
365X(84)90084-0.

[7]1 E. A. Schreiner, “Tight residuated mappings,” Proc. Univ. Houston (Lattice Theory Conference,
Houston , pp. 520-530, 1973.

[8] Z. Shmuely, “The structure of Galois connections,” Pacific J. Math , vol. 54, pp. 209-225, 1974,
doi: 10.2140/pjm.1974.54.209.

[9] J. Szigeti, “Linear algebra in lattices and nilpotent endomorphisms of semisimple modules,”
Journal of Algebra, vol. 319, no. 1, pp. 296-308, 2008, doi: 10.1016/j.jalgebra.2007.10.022.

Authors’ addresses

Sandor Radeleczki
Institute of Mathematics, University of Miskolc, 3515 Miskolc-Egyetemviros, Hungary
E-mail address: sandor.radeleczki@uni-miskolc.hu

Laura Veres

(Corresponding author) Institute of Mathematics, University of Miskolc, 3515 Miskolc-Egyetem-
varos, Hungary

E-mail address: laura.veres@uni-miskolc.hu


http://dx.doi.org/10.1007/b139095
http://dx.doi.org/10.2307/2033075
http://dx.doi.org/10.12697/ACUTM.2023.27.22
http://dx.doi.org/10.1016/0012-365X(84)90084-0
http://dx.doi.org/10.1016/0012-365X(84)90084-0
http://dx.doi.org/10.2140/pjm.1974.54.209
http://dx.doi.org/10.1016/j.jalgebra.2007.10.022

	1. Introduction
	2. Preliminaries
	3. Notions related with weak regularity
	4. Conclusions
	References

