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Abstract. Demi versions of different classes of operators have been recently investigated by
many researchers. In this paper we study the demi version of quasi Levi and Levi operators.
We investigate their properties. Moreover, their relations with other classes of operators are also
discussed.
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1. INTRODUCTION

Many papers have been devoted to studying the properties of different classes of
operators in Banach lattice theory. Some of them introduced some operators in-
volving demi criteria, for instance in [10, 11, 15, 18], the notion of demi KB operators
using the definition of KB operators from [9] is defined. They also showed that demi
KB and b-weakly demicompact operators are the same.

In the present paper we consider the classes of (quasi)-KB and (quasi)-Levi oper-
ators as they were introduced in [4, 16]. For alternative versions of the definitions we
refer to [6,9,11,20]. The main motivation of this paper is to explore the demi version
of operators using the study from [12—14]. We then expand our approach by defining
the concepts of demi quasi Levi operators and demi Levi operators. The goal of this
paper is to examine these newly defined operators.

The paper is organized as follows. In Section 2, we will address demi quasi Levi
operators and study their basic properties depending on order convergence. We char-
acterize Banach lattices on which all operators are demi quasi Levi operators. Section
3 is devoted to demi Levi operators. In the last section, the demi version of KB and
quasi KB operators are studied depending on the definition given by [13].

Throughout this paper, E denotes real Banach lattices, Bg is the closed unit ball
of E, I is the identity operator on E. The set of all bounded linear operators on E
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is denoted by L(E). The positive cone of E is denoted by E4 :={x € E 0 <x}. A
Banach lattice E is called a KB space if every increasing, norm bounded sequence in
E_ converges in norm. A Banach lattice is called an abstract L;-space (AL-space),
whenever its norm is additive in the sense that ||x+ y|| =||x|| + ||y|| holds for all x,y €
E, with x Ay = 0. A normed Riesz space is called a Levi lattice if each increasing
norm bounded sequence in £, has a supremum in E. For more information, see
[1,2,17].

According to [11], an operator 7 : E — E is a demi KB operator if for every
positive increasing sequence x, € Bg such that (x, — Tx,) is convergent to some
x € E, there is a convergent subsequence of (x,). Moreover, T : E — E is called a
weak demi KB operator if for every positive increasing sequence x, € Bg such that
(x, — Tx,) is weakly convergent to x € E, there is a weakly convergent subsequence
of (x,). Recall that a subset A of a Banach lattice E is said b-order bounded if
there exists some 0 < x € E such that x| < x' forallx € A. An operator 7" from a
Banach lattice E to a Banach space X is said to be b-weakly compact if the image of
every b-order bounded subset of E under 7 is relatively weakly compact. An operator
T : E — E is said to be b-weakly demicompact if for every b-order bounded sequence
in E; such that x, — 0 in 6(E,E’) and ||x, — Tx,|| — 0, we have ||x,|| — 0. The
definiton of demicompact operators was firstly given by [18]. T:D(T) CE — E,
where D(T) is a subspace of E, is said to be demicompact if, for every bounded
sequence (x,) in the domain D(T') such that (x,, — T'x,) converges to x € E, there is a

convergent subsequence of (x,). For the other necessary definitions, see [3, 5—8].
We provide four fundamental definitions given in [4, 13, 14], which form the basis
of this paper.

Let E be a normed Riesz space. An operator T : E — E is called a quasi Levi
(o-quasi Levi) operator if T takes increasing norm bounded net (sequence) in E
to an order Cauchy net (sequence). The collection of the quasi Levi (G-quasi Levi)
operators is denoted by Ly(E) (Ly(E)). An operator T : E — E is called Levi (c-
Levi) operator if for every norm bounded increasing net (sequence) in E, such that
Txq = Tx, x € E. The collection of the Levi (G-Levi) operators is denoted by L;(E)
(L7 (E).

Let T be an operator from a Banach lattice £ to Banach space Y. T is a quasi
KB (c-quasi KB) operator if (Txy) converges in the norm for every increasing norm
bounded net (sequence) in E. The collection of quasi KB (c-quasi KB) operators
is denoted by Lykg(E,Y) (L7xp(E,Y)). T is a KB (6-KB) operator if for every in-
creasing norm bounded net (sequence) in E, || Txq — Tx|| — O for some x € E. The
collection of the KB (6-KB) operators is denoted by Lxg(E,Y) (Lg(E,Y)). In [4],
Proposition 1.2 shows that Ly (E,Y) = Lgkg(E,Y). In the following we study the
demi version of such operators.
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2. DEMI QUASI LEVI OPERATORS

In this section, demi quasi Levi operators are introduced and their properties are
studied. Since the ideas of the general proofs in most cases are similar to the G-case,
we only restrict to sequences.

Proposition 1. Let E be a normed Riesz space. Ly (E) is a vector space. Moreover
every quasi Levi operator T : E — E is 6-order bounded.

Proof. The proof is directly from [20, Theorem 2.2]. U

Definition 1. Let £ be a normed Riesz space. An operator T: E — E is called
a demi quasi Levi (o-demi quasi Levi) operator if for every increasing and norm
bounded net (sequence) in E; such that (xq — T'xq) is order Cauchy, there exists a
subnet (subsequence) of (xy) that is order convergent. The collection of the demi
quasi Levi (6-demi quasi Levi) operators is denoted by Lpg(E) (Lp,,(E)).

Lemma 1. Let E be a Dedekind complete normed Riesz space. Then M is a demi
quasi Levi operator for every A # 1.

Proof. Let0 <x, 1, x, € Bg and (x, — AMl(x,)) be order Cauchy. We have
(xn — ML () — (%m — M (x))) = 0.
Then there exists yi | 0 such that |x, — Al(x,) — X + Al(x)| < yx. Therefore we get

X — Xm| < “y_ikMa A#1,

and so (x,) is an order Cauchy sequence. Hence (x,) is order convergent. O

Proposition 2. Let E be a Dedekind complete normed Riesz space. Every quasi
Levi operator T : E — E is a demi quasi Levi operator.

Proof. Let T be a quasi Levi operator and 0 < x,, T, x,, € Bg such that (x, — T'x,) is
an order Cauchy sequence. Therefore (I —T') is a quasi Levi operator. Since Ly (E)
is a vector space, we have I = (I — T) + T that the identity operator is a quasi Levi
operator. It follows that (x,) is order convergent. g

Demi quasi Levi operator need not to be quasi Levi as the following example
shows.

Example 1. Let E = coo and consider the operator 2/: E — E. 2 is not a quasi
Levi operator but from Lemma 1, it is a demi quasi Levi operator.

Proposition 3. Let E be a normed Riesz space and T,S: E — E be two operators.
If T is a demi quasi Levi operator and S is a quasi Levi operator, then T 4 S is a demi
quasi Levi operator.
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Proof. Let 0 < x, 1, x, € Bg be such that (x, — (T + S)x,) is an order Cauchy
sequence. Since S is a quasi Levi operator, (Sx,) is an order Cauchy sequence. We
can write

(0 — Txp) — (X — Txp) = (X — Txyy = Sx) — (X — TXpy £ Sxy)
= (X — (T4 8)x) — (xm — (T 4+ 8)xm) + (Sxp, — Sxy)-

Since (x, — (T +S)x,) and (Sx,) are order Cauchy sequences, then (x,, — Tx,) is order
Cauchy. Hence there exists an order convergent subsequence (x,, ) as 7' is demi quasi
Levi. Therefore T + S is a demi quasi Levi operator. U

Theorem 1. Let E be a Banach lattice with c-order continuous norm. Then the
following statements are equivalent.

(i) E is a KB space.
(if) Every G-order continuous operator T : E — E is a G-quasi Levi operator.
(iii) Every o-order continuous operator T: E — E is a G-demi quasi Levi
operator.
(iv) The identity operator of E is a G-demi quasi Levi operator.

Proof. (i) = (ii) Let E be a KB space and 0 < x,, T, x, € Bg. Since E is a KB
space, (x,) is norm convergent. There exists a subsequence (x,,) of (x,) such that
Xn, = x. If x,, 1 and x,, > x, then x, % x. Therefore Tx, % Tx as T is a 6-order
continuous operator.

(ii) = (iii) and (iii) = (iv) From Proposition 2.

(iv) = (i) Let I be a 6-demi quasi Levi operator and 0 < x, T, x,, € Bg. (x, —I(x,)) is
an order Cauchy sequence. Since / is a 6-demi quasi Levi operator then there exists
order convergent subsequence (x, ). Since E has a 6-order continuous norm, (x,, )
is norm convergent and (x,) is increasing, then (x,) is a norm convergent sequence
which means that E is a KB space. U

In Theorem 1, it is important that the space E must be a KB space. For example, let
E not be a KB space. The operators T = 2] and S = —/ are demi quasi Levi operators
by Lemma 1. However the operator 7+ S = [ is not a demi quasi Levi operator
by Theorem 1. Additionally, the collection of operators Lpg (E) is not closed under
multiplication and does not form a vector space structure. For instance, let E = cqg
and consider the operator (—I) € Lpy(E). Since E = ¢ is not a KB space, by
Theorem 1, the operator (—1)(—I) =1 is not a demi quasi Levi operator.

Moreover, on AL space, more generally on KB space, every operator 7: E — E
is demi quasi Levi.

The following theorem demonstrates that the domination property holds for demi
quasi Levi operators. In the following proofs ¢ version is only considered. However
net version is the same.
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Theorem 2. Let E be a normed Riesz space and T be a positive demi quasi Levi
operator. Then every operator S satisfying 0 < § < T < I is a demi quasi Levi oper-
ator.

Proof. Let (x,) be a sequence such that (x, — Sx,) is a Cauchy sequence, where
0 <x, 1 and x, € Bg. Since S is a central operator, we can write |x, — Sx,| =
|(I—S)xn| = |I — S||x,|- Hence we have,

[(1—8) (%0 — %m)| = [T = S|[xn — Xm| = (I = 8) |xp — x| 2 0.
On the other hand from the inequality 0 < S < T <[, we get (I — T )|x,| < (I —S5)|x,]|
and (I — T)|x, — x,,| 2 0. By the assumption that T: E — E is a demi quasi Levi

operator, there exists a subsequence (x,, ) such that x,, 25 y. Consequently S: E — E
is also a demi quasi Levi operator. U

The collection of Lpy (E) is closed under order convergence.

Proposition 4. Let E be a Banach lattice and Ty € Lpy(E). If Ty = T, then
T € Lpy(E).

Proof. Let 0 <x, T, x, € Bg be such that (x, — T'x,) is an order Cauchy sequence.
From assumption when 7y 2 T, we have I,—-T 25 0. This implies that the sequence
(Ty—T) is order Cauchy. For each (x,) in Bg, the sequence (7yx, — T'x,) is also order
Cauchy. We can write x, — Tyx,, = x, — TX, + Tx, — Tyx,,. Since both (x, — Tx,) and
(Tyx, — Tx,) are order Cauchy, it follows that (x, — Tyx,,) is an order Cauchy sequence.
Given that 7y € Lp, (E), there exists a subsequence (x,, ) such that x,, % y. Therefore
T: E — E is a demi quasi Levi operator. U

The other important question is whether demi quasi Levi operators satisfy the
modul property. Even E is a Dedekind complete Banach lattice and T is order con-
tinuous, |T| is not necessarily to be demi quasi Levi. For instance —I: ¢y — c¢o is
demi quasi Levi but | — I| = I is not demi quasi Levi by Theorem 1.

3. DEMI LEVI OPERATORS

In this section the new operator class called demi Levi operators are introduced.
Since the ideas of the general proofs in most cases are similar to the 6-case, we only
restrict to sequences.

Every Levi operator is quasi Levi. For the converse, necessary conditions are given
in [14, Theorem 3.3] as the following.

Theorem 3 ([14]). Let E be a Banach lattice with order continuous norm. The
followings are equivalent.

(i) E is a KB space.
(i) Ly(E) = L. (E).
(i) Lo+ (E) = L. (E).
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Definition 2. Let E be a normed Riesz space. An operator 7: E — E is called a
demi Levi operator if for every increasing and norm bounded net (sequence) in E
such that x4 — Txq = Tx and x € E, there exists an order convergent subnet (sub-
sequence) of (x¢). The collection of the demi Levi operators is denoted by Lp;(E)

(L (E))-

Lemma 2. Let E be a normed Riesz space, M is a demi Levi operator for every

AA L

Proof. Let0 <x, 1, x, € Bg and x,, —AI(x,) % M(x), x € E. Since (1 —A)x, 2 Ax,
x € E, so there exists order convergent subsequence x;,, of x;. O

In case A = 1, the identify operator is not necessarily demi Levi. Consider the
operator I: ¢y — co and the sequence

1, m<n,
X = () = 0,m>n

It is clear that 0 < x,, T ve ||x|| = 1. Hence (x, —I(x,)) is an order convergent but

(xp) is not.
The natural question is the following. Is Lp;(E) a vector space? The answer is
negative. Consider, T = —[ and S = 2/ on ¢g. From Lemma 2, 7" and S are demi Levi

operators. But 7'+ S is not a demi Levi operator. Therefore Ly, (E) is not closed with
respect to addition. Also, consider (—I) € Lpi(E). (—1)(—I) =1 ¢ Lp;(E). Hence
Lp;(E) is not a vector space.

Proposition 5. Let E be a normed Riesz space. Every Levi operators T: E — E
is a demi Levi operator:

Proof. Let 0 <x, T, x, € Bg and consider x,, — Tx;, 2 Txy, x; €E. Since T is a
Levi operator, there exists x, € E such that T'x, 2 Tx,. We can write
Xy = Txpy — Txpy + X, 2 Txi+ Txy,
and so operator 7 is a demi Levi operator. 0

Lemma 3. Let E be a normed Riesz space. If T: E — E is a demi quasi Levi
operator, then T is a demi Levi operator.

Proof. Let 0 < x,, T, x, € Bg such that x, — Tx, 2 Tx, x € E. Since an order
convergent sequence is order Cauchy, (x, — T'x,) is order Cauchy. So there exists
order convergent subsequence (x,, ) of (x,). O

[14, Example 3.4] is the example for the strict inclusion of L;(E) C Lp;(E). This
example is quasi Levi but it is not Levi. So it is demi quasi Levi by Proposition 2.
Therefore by Lemma 3, it is demi Levi.
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Before the following theorem, the definition of a Levi lattice should be given. A
normed Riesz space E is called a Levi lattice if every increasing norm bounded pos-
itive sequence (x,) in E has a supremum. Every Levi lattice is Dedekind complete.

Theorem 4. Let E be a normed Riesz space. The followings are equivalent:

(i) E is a Levi lattice.

(if) Every order continuous operator T : E — E is a Levi operator.
(iii) Every order continuous operator T : E — E is a demi Levi operator.
(iv) The identity operator of E is a demi Levi operator.

Proof. (i) = (ii) Let 0 < x, 1, x,, € Bg. Since E is Levi lattice, supx, = x. (x,) is
order convergent to x € E as x,, T and supx, = x. It is clear that Tx; 2 Tx, x e E as
T is order continuous. Hence T is Levi.

(i) = (iii) From Proposition 5.

(iii) = (iv) Obvious.

(iv) = (i) Let 0 < x, T, x, € Bg. We have to show that (x,) has a supremum in
E. Tt is obvious that (x, —I(x,)) order convergent. Since [ is a demi Levi operator,
there exists an order convergent subsequence of (x,) such that x,, %y, yEE. x, 1
and x,, 25 y implies x, 2 y, hence supx, =y, y € E is satisfied and so E is a Levi
lattice. n

Since every KB space is a Levi lattice with an order continuous complete norm,
it follows from Theorem 4 that every order continuous operator is a demi quasi Levi
operator if and only if it is demi Levi.

It is an important topic to examine whether the same properties hold for the modul
of operators. The modulus of a demi Levi operator is not necessarily a demi Levi
operator. For example, the operator —/: co — ¢ is a demi Levi operator, but the
operator | — I| = I is not a demi Levi operator, as ¢y is not a Levi lattice by Theorem
4.

4. DEMI KB AND DEMI QUASI KB OPERATORS

In this section, demi KB and demi quasi KB operators are introduced and their
relations are discussed. We restrict ourselves to the sequence case.

Definition 3. Let 7 be an operator from a Banach lattice £ to £E. We say that:

(1) T is a demi quasi KB (o-demi quasi KB) operator if for every increasing
norm bounded net (sequence) in E; such that (xq — Txq) is norm Cauchy
net (sequence), there is a norm convergent subnet (subsequence) of (xg).
The collection of demi quasi KB (6-demi quasi KB) operators is denoted by
Loks(E) (Lgxp(E)).

(i1) T is a demi KB (o-demi KB)operator if for every increasing norm bounded

net (sequence) in £ such that xo — Txq M> Tx and x € E, there exists a
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norm convergent subnet (subsequence) of (xy). The collection of the demi
KB (c-demi KB)operators is denoted by Lpxg(E) (L x5(E)).

Lemma 4. Let E be a Banach lattice and T : E — E be an operator. Every KB
operator is demi KB, and every quasi KB operator is demi quasi KB.

Lemma 5. Let E be a Banach lattice. If T: E — E is a demi quasi KB operator,
then T is a demi KB operator.

Proof. Let 0 <x, T, x, € Bg and for x € E, x,, — Tx, M> Tx. Since the norm

convergent sequence is norm Cauchy, (x, — Tx,) is norm Cauchy. So there exists
norm convergent subsequence (x,,) of (x;). O

Example 1 in [13] is the example of an operator that is quasi KB but not KB. By
Lemma 4, it is demi quasi KB. This operator is also demi KB by Lemma 5. Therefore
it is considered for demi KB operator not necessarly to be KB.

Lemma 6. Let E be a Banach lattice. Al is a demi KB operator for every A - 1.
Hence M € Lpyks(E) for every A # 1.

Proof. Let0<x, T, x, € Bg and x,, — M (x,) LN I(x). Since (1 —A)x, LN x, there
exists a norm convergent subsequence of (x;,). g

The following corollary gives an important fact on Banach lattices that b-weakly
demicompact operators, demi KB operators and weak demi KB operators of [1 1] and
the demi quasi KB operators coincide. For the proof, see [19].

Corollary 1. Let E be a Banach lattice and T : E — E be an operator. The fol-
lowing statements are equivalent.

(i) For every b-order bounded sequence (x,) in E such that x, — 0 in 6(E,E’)

and ||x, — Txy|| — 0 as n — oo, we have ||x,|| — 0 as n — oo.

(ii) For every positive, increasing sequence (x,) in Bg such that (x, — Txy,) is
convergent to some x € E, there is a norm convergent subsequence of (x,).

(iii) For every positive, increasing sequence (x,) in Bg such that (x, — Tx,) is a
norm Cauchy sequence, there is a norm convergent subsequence of (x,).

(iv) For every positive, increasing sequence (x,) in Bg such that (x, — Tx,) is
weakly convergent to some x € E, there is a weakly convergent subsequence

of (xn).

Therefore, if a b-weakly demi-compact operator fulfills certain properties, then
any demi quasi-KB operator inherently satisfy those same properties. Consequently,
we can restate the following theorem.

Theorem 5. Let E be a Banach lattice. Then, the following statements are equi-
valent.

(i) E is a KB space.
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(ii) Every operator T : E — E is a quasi KB operator.
(iii) The identity operator of E is a demi quasi KB operator.

Proof. (i) = (ii) from Proposition 2.13 [9]. By Lemma 4, (ii) implies (iii). (iii)
implies (i) is obtained directly by KB space definition. O

The following two propositions examine the relationships between different oper-
ators.

Proposition 6. Let E be a Dedekind complete Banach lattice.

(i) Every quasi KB operator T : E — E is demi quasi Levi.
(ii) Every quasi KB operator T : E — E is demi Levi.

Proof. (i) Let 0 <x, 1, x, € Bg and (x, — Tx,) be order Cauchy sequence. Since
E is Dedekind complete, then x, — Tx, — x, x € E. Since T € Lyks(E), (Txy) is

norm Cauchy. Hence, Tx, I, ¥, ¥ € E. Then there exists subsequence (x,, ) of (x,)

such that Tx,,, % y. We can write
X, = Txp, — TXyp + X, i>x—i—y, x+yekE,

and so 7 is demi quasi Levi.
(ii) Since every demi quasi Levi operator is demi Levi by Lemma 3, the proof is
completed. g

Proposition 7. Let E be a Banach lattice with order continuous norm. Then the
followings are valid.

(i) Every demi quasi KB operator T : E — E is demi quasi Levi.
(ii) T: E — E is a demi KB operator iff T : E — E is demi Levi.
(iii) Every quasi Levi operator T : E — E is quasi KB.
(iv) Every Levi operator T : E — E is quasi KB.

Proof. (i) Let 0 <x, 1, x, € Bg and (x, — Tx,) be order Cauchy. We aim to show
that x,, N y, y € E. Since E has an order continuous norm, (x, — 7x,) is norm
Cauchy. Since T is a demi quasi KB operator, there exists subsequence (x,,) of
(x,) such that (x,, ) is norm convergent. Then there exists an order convergent sub-
sequence (xnk,)- As (xnk,) is increasing and order convergent, we can write

Xy 2y, y € E. Therefore, T is demi quasi Levi.

(ii) (=) Let 0 < x, T, x, € Bg and x,, — Tx, 2 Tx, x € E. Since E has an order con-

tinuous norm, x, — T'x, M) Tx, x € E. From assumption 7 is a demi KB operator,

we obtain x,, M> Y, SO Xy M> y. Therefore x,, Loy It implies that 7 is a demi Levi

operator.

(ii) (<) Let 0 < x, T, x, € Bg and x,, — Tx, M Tx, x € E. We know that,
Xn, — Txy, % Tx. Since T is a demi Levi operator, a subsequence (X, ) exists and
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it converges to y € E in order. As (x,,) is increasing and x,, Zs y, then we obtaing

Xn, — y. On the other hand, since E has an order continuous norm, then x,, LN .

Therefore, T is a demi KB operator.
(iii) Let 0 < x, 1, x, € Bg. From the assumption (7'x,) is order Cauchy. Since E is

Dedekind complete, Tx,, — y and E has order continuous norm, we obtain T'x,, M> Y.
So (Tx,) is norm Cauchy. Therefore, T is a quasi KB operator.
(iv) Since every Levi operator is quasi Levi, the proof is completed. U

Items (iii) and (iv) of the above proposition are also mentioned in [4, 16].
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