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Abstract. In this paper, we are interested in the solvability in closed-form of the following three-
dimensional system of nonlinear difference equations

Xyl = a1 Xpn—kYn—k ,
Xy +bYn—k + CZu—k
o a2¥n—kin—k
as axp_ g +byn ik +czp i ’
o azXn—kin—k
in+1 =

axp_j + by + 2y ’

where n, k € Ny, the parameters ay,as,a3,a,b,c are real numbers, and the initial values x_, ...,
X0,Y—ky---,Y0,2—k, - - 20, are non-zero real numbers. Firstly, we establish some preliminaries
results for the general case, then we solve in a closed form, via some change of variables, our
system in the two particular cases k =0 and k = 1.
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1. INTRODUCTION AND PRELIMINARY RESULTS

A huge number of real-world phenomena in various domains of sciences are de-
scribed using different models of non-linear difference equations and systems. These
models find applications in biology, where they describe population dynamics, dis-
ease spread, and predator-prey interactions; in economics, where they explain market
fluctuations, economic growth, and financial forecasting; and in engineering, where
they are used for control systems, feedback mechanisms, and signal processing. This
practical significance has motivated researchers to work on this subject, as shown by
the following contributions [3,5,7, 12, 13].

To provide a tool that allows to understand the behavior of the corresponding phe-
nomena, many papers, investigated the solvability of some difference equations and
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systems, for some examples of solvable models, we can consult the following refer-
ences [1,4,0,8-11].

In [2], Elsayed et al. derived explicit solution expressions for the following three
dimensional system of difference equations

P a1yn—12n—1
n+1 — )
Xp—1+Yn—1+2Zn-1
y . a2Xp—13n—1
n+1 — 9
Xp—1+Yn—1+2Zn—1
. azXp—1Yn—1
in+l1 =

Xn—1 +yn—l + Zn-1 .
Among others, and as extension of the previous system, Zabat et al. in [14], solved
in closed form the more general system

x _ a1¥Yn—12n—1
n+1 — 9
axy—1 +byn—1+czp—1
y A2 Xp—1Zn—1
n+l —
axp—1 +byn_1 +czp—1’
a3zxXp—1Yn—1
in+l =

axp—1 +by,_1+czp—1

As a contribution to this area of research, and motivated by our investigation in [14],
we consider here the following rational three-dimensional system of difference equa-
tions defined by

x A1 Xn—kYn—k
n+l1 =
axp— +byn—k + czZn—k ’
az2Yn—kZn—k
Ynt1 = (1.1)
axp— +byn—k + cZn—k ’
. a3Xn—kZn—k
in+l =

axp—k +byn—k +Cczpk ’
where n, k € Ny, the parameters a;,a;,as,a,b,c are real numbers, and the initial
values x_g,...,X0,Y—k,---,Y0,2—k, - - - , 20, are non-zero real numbers.

We will show that System (1.1) is transformable to a 6k + 6-periodic system of
difference equations, and as consequence System (1.1) is reduced to three independ-
ents linear difference equations of order k + 1. We will investigate the solvability of
System (1.1) in details in the two cases k = 0 and k = 1. The interested readers can
use the technique developed here to deal with the cases k = 2,3, .. ..

Definition 1. By a well defined-solution (x,, y,, Zn)nz—k of System (1.1), we mean
a solution such that

axp— +by,—k +czpi # 0, n € Np.
Lemma 1. Let (xy,Yn,2n),>_ be a well defined solution of System (1.1). Then,
Xn-Yn-Zn # 0, n=—k,—k+1,....
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Proof. Assume for example that there exists ng > —k such that x,,, = 0. It is not
hard to see that x,,41+1 = 0 and z,,, 1441 = 0, and consequently, we get X, 2x+2 =
0, Yno+2k+2 = 0 and z,,y 12k 12 = 0. From these last equalities, it follows that x,,) 4 3x3 =

0 0 0 .
0> Yno+3k+3 = ¢ and Zpg3k+3 = 5 That is the terms Xpg+3k+3, Yng+3k+3 Zng+3k+3 are
undefined. O

From here on, by a solution of (1.1), we mean a well-defined solution.

Lemma 2. Using the following change of variables

Xn Yn n
Up=—, Vy=—, wy=—, n=—k,—k+1,..., (1.2)
Yn Zn Xn
System (1.1), is transformable to the following system
aj az as
Upt1= —— Vn+l1 = s Wntl = ) n:0717"'7 (13)
aArWn—k azp—k a1 Vn—k

and, we get System (1.1) reduced to the three independents linear difference equations
ai

Xpt1 = Xn—k, n € Ny, 1.4

e e o b 0 (L.4)
a

= ks n € N, 1.5

Yn+1 P A Ik 0 (1.5)
as

Zntl = Zn—k, n € Np. (1.6)

bvy_ Wy + Wy +a
Proof. From (1.1), we get
Xn+l A1 Xn—k  Yntl  A2Yn—k In+1 _ A3Zn—k
Ynil  @Znk bl @3Xnk Xnil  A1Ynk
so0, by the change of variables (1.2), we get

ai a as
Upr1 = y  Vntl = ;o Wnil = .
AWn—k azUny—k aVp—k
The formulae (1.4), (1.5) and (1.6), follows directly from (1.1) and (1.2). ]

To solve (1.1), we need to solve System (1.3) and equations (1.4), (1.5) and (1.6).
In the following result, we show that every solution of System (1.3) is periodic with
period 6k + 6.

Lemma 3. Let (tn,Vn,Wn),~_ be a solution of System (1.3), then

Unt6k+6 = Un, Vni6k+6 =Vn, Wni6kt6 =Wn, h=—k,—k+1,...,

that is the solution is periodic of period 6k + 6.

Proof. From (1.3), we have

al aj as
Upt6kt6 = ————, Vnt6hkt6 = —————, Wpiekt6=—T—, (1.7)
AWn i 5k+5 azUp15k+5 A1 Vni5k+5
al aj as
UpiSkt5 = ——————, VniSkt5 = ———, Wpysips = ———, (1.8)
A Wnt4k+4 a3zUn-+ak+4 a1Vn+4k+4



1124 H. ZABAT, N. TOUAFEK, AND I. DEKKAR

ai a as

Upidhrs = ——————, Vppdktd = —————, Wpysppa = ———,  (1.9)
AWn43k+3 azUp13k+3 A1 Vn43k+3
ap a az
Upi3ht3 = —————, Vni3k43 = ————, Wpy3kp3 = ———, (1.10)
A Wn4-2k+2 a3Up42k+2 A1 Vn+2k+2
ap a az
Upi2kt2 = —————, Vpp2kt2 = ———, Wpiot2 = ——, (1.11)
AWntk+1 A3Up4-1k+1 a1 Vp4+k+1
aj an as
Uptkt1 = ; Vntktl = ——, Wikl = ——. (1.12)
arwy aszuy, aivy

From (1.7)-(1.12), we get

aq a% a% ayay
Un+6k+6 = = Vntdk+4 = — =~ 5 Wn2k+2
A Wnt5k+5 azas AzUn+3k+3 as
as
= —m—m = ul’l'
a3Vn+k+1

Similarly, we prove that

Vn+6k+6 = Vi,  Wn46k+6 = Wn-
O

Lemma 4. Let (x,,Yn,2n)n>—k be a solution of System (1.1). Assume that the
parameters ay,day,as,a,b,c and the initial values x_j,...,X0,Y—ky--3Y0,Z—ky- - -520
are positive and assume that ay < b,ay < c,a3 < a, then for every solution of (1.1),
we have

lim (x,yn,2,) = (0,0,0).

n——+oo

Proof. Using the assumption on the parameters and the initial values, we get that
the every solution of System (1.1) is positive, and it follows that
ai a as
Xnpl S Xnky Vbl S Yk Intl S Tk, M€ No,

from which, we get fori =1,2,...,k+ 1, that

a n+1

Xkt Dnti S <;) Xi—k—1,
ar n+1

Vit nti < (7) Yi—k—15

as n+1
Lkt nti S (*) Zik—1-
a
Using the fact that a; < b,a; < ¢,a3 < a, the desired result follows. O

In the following sections, we solve System (1.1) when k =0 and k = 1. To do this,
we need in each case to solve the corresponding system (1.3) and the corresponding
equations (1.4), (1.5) and (1.6).
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2. THE CASE kK =0.

In this case the system (1.1) takes the form

Xnt+1 = 1T )
axp + by, +cz,
- azynin
Yn+1 = ax"+byn+CZn7
. azxXnln
in+1 = ax, +byn T ez, .

For System (2.1), the corresponding system (1.3), will be

ai ap as
Up+1 = ) V41 = )
awp azuy

Wpt1 = .
ajvy

1125

2.1

From Lemma (3), we get that the sequences (u,),>0, (Va)n>0 and (wy),>0 are periodic

of period 6 and we have

ai
Ueon = Ug, Ubn+1 = Uen+2 =
arwy
a% ajay
Uon+3 = 5 —» Ubn+4 = —>5 Wo, Ubn+5 =
a3uo a3
az
Von = V0, Von+1 = Von+2 =
asuop
2
ay aras
Ven+3 = 5 Ven+4 = —5 U0, Vén+5 =
avo aj
as
Wen = W0, Weén+1 = > Weén+2 =
aivo
a% ajas
Won+3 = 5 —» Won+4 = —5 V0, Wén+5 =
aswo a;

at
Vo,
aas
ap

azvy’

——Wo,

aas

as

a1W0’

— —Uo,

araz
ai

azugp '

2.2)

(2.3)

2.4)

(2.5)

(2.6)

2.7)

Also for System (2.1), the corresponding equations (1.4), (1.5) and (1.6) will be

ai

Xpyp] = ———————X, n €Ny
T G, cugwy + b ’
a
1= n € Ny
Yn+ au”v"+an+Cyn7 )
as
in+l1 = Zny ne I\IO'

bv,wp+cw, +a
Now, from (1.2), (2.2)-(2.7) and (2.8)-(2.10), we get
Xén+1 = CoXen,
Xen+2 = O OloXen,
Xen+3 = OO Qo Xen, ,

(2.8)

(2.9)
(2.10)
2.11)

2.12)
2.13)
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where

o

Oy =

Bo =

B2

Bs =
Yo =
Y2 =

Y4 =

H. ZABAT, N. TOUAFEK, AND I. DEKKAR

Xen+4 = 030000 OloXen, (2.14)
Xon+5 = 0lg 0300041 OloXep s (2.15)
X6nt6 = Ol50L4 063 0o 0L 0o X, (2.16)
Yon+1 = Poyen, (2.17)
Yen+2 = B1Boyen; (2.18)
Yon+3 = B2B1Boyen, (2.19)
Yen+4 = B3B2B1Boyen; (2.20)
Yon+s = BaP3P2B1Boyen; (2.21)
Yent+6 = BsBaB3B2B1Boyen, (2.22)
Z6n+1 = YoZ6n, (2.23)
Z6n+2 = Y1Y0Z6n; (2.24)
Z6n+3 = 12Y1Y0Z6n; (2.25)
Zn+4 = Y3Y2Y1Y0Z6n, (2.26)
Z6n+5 = Y4Y3Y2Y1Y0Z6n; (2.27)
Zon+6 = Y5V4Y3Y2Y1Y0%6n, (2.28)
ayo , o — a1azyozo 7
axo + byy+czo aaixpyo + bazyozo + cazxozo
a1a3a320 o — a1a3a3xozo
aa%azyo + ba%agzo + cam%xo e aa%a%yozo + ba%a%xozo + ca%a%xoyo ’
alazagxo o — apasxoyo
aaya3zo + bayaixg + cajasyo’ 7 aanxozo + basxoyo + caivozo
a220 _ a2a3xoz0
axo+ byo+czo’ P = aaixoyo + bazyozo + cazxozo’
aj aga%)co N a%aga%xoyo
aatazyo+ bazazzo + cayasxo’ Ps = aatalyozo + balaixozo + calazxoyo’
a%azawo Bs — a1azyozo
aaya5z0 + bayaixo + catazyo’ 57 darxozo + bazxoyo + caiyozo’
asxo aazxoyo
axo+byy+czo’ n= aayxoyo + baryozo + cazxozo’
ajaxazyo _ ata3azyozo
aataryo +basazzo + cajazxo’ B= aata3yozo + bazaixozo + cataixoyo’
a\a3aszo ' a>a3xo2o

)
aaya3zo + baraixg + cajasyo

aa»xozo + basxoyo + caiyozo
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Now, we will solve equations (2.11)-(2.28). We have (xe,)n>0 is the solution of
the first-order linear homogenous difference equation given in (2.16), from which

X6n = (0l5 0401302011 Olp) " Xp- (2.29)
Hence, from (2.29) and (2.11)-(2.15) it follows that

Xen+1 = Qo (OLs50L4 03062041 Clp) " X0,

Xent2 = 0 Ot (L5 0140306061 0 )" X,

Xon+3 = 02001 Ol (065064(13062061(10)'1%0,
Xent4 = 0300001 O (0504401306201 Olp)” X,
Xents = Ol4 030004 O (OL50L4 03 0L 01 L) X

Similarly, (yex)s>0 is the solution of the first-order linear homogenous difference
equation (2.22), and we have

Yen = (BoB1B2B3B4Ps)" vo- (2.30)
Thus, from (2.30) and (2.17)-(2.21), we get

Yon+1 = Bo (BsBaB3B2B1Bo)" Yo,

Yon+2 = P1Bo (BsB4B3B2B1B0)" yo,

yon+3 = B2B1Bo (BsP4B3B2B1Bo)" yo,

Yon+4 = B3P2P1Bo (BsBaB3B2B1B0)" yo,

Yon+s = PaPB3B2B1Bo (BsPaB3B2B1Bo)" yo-
Also, (z6n)n>0 is the solution of the first-order linear homogenous difference equation
(2.28), and we have

Zen = (YoY1V2Y374Y5)" 20 (2.31)

From (2.31) and (2.23)-(2.27), we obtain

Zen+1 = Yo (YsVaV3¥2Y1Y0)" 20,

Zon+2 = Y1Y0 (YsY4Y312Y1%0)" 20,

Zont3 = V210 (YsYV4¥3Y2Y1Y0)" 20,
Zont+4 = V3V2Y1Y0 (YsYa¥3Y211Y0)" 20,
Z6n+5 = VY3210 (YsYaVa¥2Y1Yo)" 20-

In summary, the formulas of well-defined solutions of System (2.1) are presented
in the following result.



1128

H. ZABAT, N. TOUAFEK, AND I. DEKKAR

Theorem 1. Consider System (2.1) and let (Xu,Yn,2n)n>0 be a solution of (2.1).

Then, forn=0,1,..., we have

n
Xen = (OLs 040300201 O )" Xo,
n
Xen4+2 = 01 0l (05040630004 )" X0,

n
Xen+1 = Ol (05014063000 0) " X0,
n
Xen+3 = Olp 0Ly Ol (0l50L4 03 0l 0L Ol )" X,

n
Xent4 = 030000 Ol (Ol5 040300 Op)" X0,  Xents = 0lgOl3 001 Ol

yon = (BsBaPB3B2B1Bo)" yo,
Yent2 = P1Po (BsPaB3B2B1Bo)" yo,
Yen+4 = B3P2B1Bo (BsPaP3P2B1Bo)" yo,

Z6n = (YsYaY3Y2Y1Y0)" 20,
Zen+2 = V1Yo (YsYaY312Y1%0)" 20,
Zont4 = V3V2Y1Y0 (Ys¥a¥3Y211Y0)" 20,

where
aryo
o= —"—"F—""—,
axo + byy+czo
ala%aﬂo
02 =3 2 7
aajazyo + basazzo + cayazxg
alazagxo
04 = 2 2 2
aayaszo + baxazxg + cajasyo
By — axzo
axo+ byo+czo’
B aq aga%)co
2 = ’
aatazy + bazazzo + cayasxo
2
By = aja2azyo
)
aaya3z0 + baa3xo + catazyo
asxop
Yo=——F—""»
axo + byy+czo
2
Y = ajazazyo
- )
aatayyo +basazzy + caraixo
ai a%agZo
Y4 =

)
aaya3zo + baraixg + cajasyo

X (()650(4()63&2(11(10)”)60,

Yont+1 = Po (BsPaPB3B2B1Bo)" yo.
Yon+3 = B2B1Bo (BsP4B3B2B1Bo)" yo,
Yonts = PaP3P2B1Bo (BsBaB3B2B1Bo)" yo,

Zon+1 = Yo (YsYay3v2Y1Y0)" 20,
Zon+3 = V2110 (Ys¥4¥3Y2Y1%0)" 20,
Zonts = W4V3V2 Y10 (YsYaV3Y21Y0)" 20,

a1azyozo
o = )
aaixpyo + bazyozo + cazxozo
o a 1&%61%)(020
3 = ’
aatalyozo + ba3aixozo + cala3xoyo
apaszxopyo
Ols = ’
aaxxpzo + baszxgyo + ca1yozo
B aaszxozo
1 pr—
aa; xoyo + bazyozo + cazxozo’
2 2
B ajazazxoyo
3 = ’
aatalyozo + bazaixozo + cala3xoyo
B apa2yozo
5 pr—
aaxozo + basxoyo + cayyozo’
. ajaszxopyo
Y] - )
aaixpyo + bazyozo + cazxozo
2 2
v = aijazasyo2o
- )
aata3yozo + bazaixozo + cara3xoyo
aazxozo
Y5 =

aa»xozo + basxoyo + caiyozo
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3. THE CASE k=1

When k = 1, System (1.1) takes the form

x _ a1Xp—1Yn—1
n+1 — 9
axp—1+by,—1+czp-1
y a2¥n—12n—1
n+l —
axp—1+by,—1+czp1 ’
a3zXp—12n—1
in+l =

axp—1 +byn_1 +czp—1’
and the corresponding system (1.3) will be
ap a as

Upy1 = —, V4l = —, Wil = ——-
a2Wp—1 azup—q aivp—1

1129

3.1

From Lemma 3, it follows that the sequences (¢y)n>—1, (Va)n>—1 and (wy),>_1 are

periodic of period 12 and we have

al
Up—1 = U1, U12n = Uo, U12n+1 =
arw_i
ai a% a%
u12n+2 - 9 u12n+3 - V*l) u12n+4 - V07
awo aras aras
a% a% a\ay
U2p+5 = B ) Ui2n+6 = IR Uiopn+7 = 2 w-1,
aszu_i azuo as
ayaz ap ap
u12n+8 — 2 WO7 u12n+9 — 9 M12n+10 — 9
a; asv—i asvo
ap
Vi2n—-1 = V-1, Vi2n = V0, Vi2n+1 =
azu_q
ap a% a%
Vi2n+2 = ) Vian43 = — W1, Vi2n+4 = wo,
aszugp aas aas
_ @ _ a3 a3
Vi2n45 = 2 5 V12n+6 = 2 Vi2n+7 = D) Wi,
arv—i amvo aq
aras as as
V12n+8 - 2 W(), V12n+9 - 9 V12n+10 - 9
al aiw_i aiwg
as
Wi2zn—-1 = W-1, Wi2n = Wo, Wi2n+1 =
ajv_q
as a% a%
Wion+2 = ; Wi2n+3 = w1, Wi2n+4 = uo,
apvo a\ay aray
a% a% ajas
Wi2n+5 = —>5 ) Wi2n+6 = —5 Wi2n+1 = —5 V-1,
asw_i aswo as
ayas aj aj

Wi2n+8 = 2 V0, Wi12n+9 = ) Wi12n+10 = .
a2 aw_q awo

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

3.11)

3.12)

(3.13)
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For system (3.1), the corresponding equations (1.4)-(1.6) will be
ai

Xp41 = -1, € Np, 3.14

H_] aup—1 + Clp—1Wpn—1 +bxn : " 0 ( )
ap

= 1, € Ny, 3.15

Ve ! n €Ny (3.15)
a

In+1 = s Zn—1, n € Np. (3.16)

by Wy—1+cwy—1+a
Now, from (1.2), (3.2)-(3.13) and the equations (3.14)-(3.16), we obtain

X12n+1 = 00X120-1, (3.17)
X12n42 = Q1 X125, (3.18)
X12n+3 = Q02X12,—1, (3.19)
X12n+4 = O 03X 120, (3.20)
X12n+5 = 00O 04X 1271, (3.21)
X12n+6 = Ol O3 0L5 X120, (3.22)
X12n+7 = OloO 04 Ol6 X120 1, (3.23)
X12n+8 = O 0305 07X 20, (3.24)
X12n49 = Olo0l2 04 Ol Olg X 12— 1, (3.25)
X12n-+10 = 0L 030L50L7 09 X127, (3.26)
X12n+11 = OloO2 04 OlgOlg Ol 0X12,— 1, (3.27)
X12n+12 = O 030506709 0Ly 1 X124, (3.28)
Yiznt1 = Boyizn—1, (3.29)
Yiznt2 = B1y12n, (3.30)
Yi2n+3 = BoBayion-1, (3.31)
Yizn+4 = BaP1yian, (3.32)
Yi2n+s = BoP2Bayizn-1, (3.33)
Yiznt6 = P1B3Bsyian, (3.34)
Yi2n+7 = PoP2PaPeyizn-—1, (3.35)
Yiants = B1B3BsB7y12n, (3.36)
Yi2nt9 = BoP2BaBePsyi2-1, (3.37)
Yian+10 = B1B3BsB7Boy 124, (3.38)
Yizn+11 = BoP2BaPePsBroyizn-1, (3.39)

Viznt12 = B1B3BsB7BoB11Y 124, (3.40)
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Qo

(05

(09)

o3

Oy

s

g

o7

o

Oy

Q10

Z12n+1 = Y0Z12n-1,

Z212n+2 = Y1212n;

Z12n+3 = YoY2212n—1,

Z12n+4 = V3Y1212n;

Z12n+5 = Y4Y2Y0Z120—1,

Z12n+6 = V5V3Y1212n;

Z12n+7 = Y0Y2Y4Y6Z120—1,

Z12n+8 = Y1Y3Y5Y721205

212049 = Y0Y2Y4YeY8Z12n—1,
Z12n+10 = Y1Y3Y5Y7Y9Z12n,
Z1zn+11 = Y0Y2Y4Y6Y8Y10Z120—1,
Zizn+12 = Y1Y3Y5Y7Y9Y 112120,

ary-1
ax_1+by_1+czy’
aryo
axo+ byo +czo’
arazy—13—-1
aaix_1y_1 +bary_1z_1 +cazx_1z—1’
ai1azyo<o
aaxpyo + bazyozo + cazxozo’
ajadazz_

b
aa%azy,l + ba%agz,l + calagx,l

aa3aszo
2 2 2,
aajazyo + basazzo + cayazxg

ala%agx_ 121

2.2 2.2 2.2 ’
aayasy_1z-1 +basazx 1z +cajazx_1y_

aj a%a%xozo

23
aatalyozo + bazaixozo + cala3xoyo

alazagx_l

b
aala%z_l + baza%x_l + ca%a3y_1

ay aw%xo

b
aaya3zo + bayaixg + cajasyo
ayazx—1y-i
)
aax—1z—1 +bazx_1y—1+cayy-1z-1
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(3.41)
(3.42)
(3.43)
(3.44)
(3.45)
(3.46)
(3.47)
(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
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aasxpyo
o1 = )
aayxozo + bazxpyo + caiyozo
B azi—1
0 pu—
ax_y+by 1 +czy’
B azo
1 o
axo+byo +czo’
B axazx—12—1
2 pu—
aaix_1y_i +bayy_1z_1 +cazx_1z—1’
B aasxpzo
3 pu—
aaxoyo + baryozo + cazxozo’
[3 alaza%x,l
g = ,
aa%azy_l + ba%a3z_1 + calagx_l
B alaza%xo
5 — 3
aatayyo + basazzo + caraixo
2.2
Be = ajaazx_1y—i
)
aataly_1z_1 +bajaix_1z_1 +cajaix_1y_,
2.2
B N ajaazxopyo
7T — ’
aatalyozo + bazaixozo + calaixoyo
2
By = ajarasy—i
- ’
aa1a3z_1 +bayaix_y + calazy_
2
Bo — ajaxazyo
- I
aay a%zo + bam%xo + ca%ag Yo
B apazy—12—1
10 =
aayx_1z— +bazx_1y_y +cayy_1z—1’
B a1azyo2o
1=
aarxozo + basxgyo + caiyozo’
asx_q
Yo= )
ax_i+by_1+cz_4
asxo
M= )
axg+ byo + czo
ayazx—1y—1
'YZ - )
aajx—1y-1+bazy_1z-1+cazx_1z-1
B aazxoyo
Y3 - )
aaixoyo + bazyozo + cazxozo
2
ajaxazy_i
Y4 =

)
aa%agy_l + ba%agz_l + calagx_l
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2
B ajaasyo
5="3 ) 3
aajazyo + basazzo + cayazxg
)
Yo = ajaazy—1z—1
- )
aa%a%y,lz,l + ba%a%x,lz,l + ca%a%x,ly,l
2.2
Y = aiazasyozo
7T — 3
aatalyozo + basaixozo + cataixoyo
y 010%032_1
8 p—
aaia3z_y +baraix_y +calazy_,’
¥ a\asazzo
9 = ’
aala%ZO + bazagxo + ca%a3y0
aaszx—12—1
Y10 = >
aax—1z—1 +bazx_1y_1 +cayy-1z—1
aaszoXxo
Y11 =

aayxozo + basxoyo + cayyozo

Now, we will solve Equations (3.17)-(3.28). The equation (3.28), satisfies a first
order homogenous difference equation, and its general solution is given by

X120 = (0L 0306506709 01 1) X0, (3.53)
The equation (3.27), can be written as

X12n4+11 = Qo020 Qe g A 10X12(n—1)+11>

which is also a first-order homogenous linear difference equation, and its general
solution is

X12n—1 = (OlgOLL 04 Ol 0Ly 10 )" X1 . (3.54)

It follows from (3.53) and (3.54) and the equations (3.17)-(3.27), that we have for all
n € Ny:

X12n-1 = (OO0 0l 0y Ot10)" X 1,

X120 = (04 030506709 L1 1) X0,

X12n41 = Ol (OO 04 0ls 0y Ot10)" X 1,

X12n42 = 04 (0L 0130507 0lo Ly 1 )" X,

X12n43 = OloOa (Ol 0Ly Ols Oig OL10) "X 1,

X12n44 = 01 03 (0L 03 0L5 07Ol Ol 1 )" X0,

X12n+5 = OloOl Otg (o0l 0Ly Ol Ol L0 ) "X — 1,

X12n46 = Ol 0305 (0L 03 L5 07 Olo Ol 1 )" X0,

X12047 = OloOlo Otg Ot (Olo Ol Ol4 Ol Olg L) " X— 1

X12n4+8 = Ol 03 OLs 07 (01 013 05 Ol7 Ol Oy 1) " Xo),
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X12749 = Ol 0o Ot Ol Ot (Olo Ol Ol4 Ol Olg Ol ) "X 1,
X127410 = O] Oi30L50l7 0l (04 043 05 07 0o O 1) "X,
Now, we move to the equations (3.29)-(3.40). Similarly, (3.40) and (3.39) are first-

order linear homogeneous difference equations and their general solutions are as fol-
lows

yi2u—1 = (BoB2B4PsPsP10)"y-1, (3.55)
yiza = (B1B3BsB7BoB11)"y0, (3.56)
From (3.55) and (3.56) and the equations (3.29)-(3.38), we get that

Yi2ut1 = Bo(BoB2B4BsPsP10)"y-1,
Yi2nt2 = B1(B1B3BsB7BoB11)"yo,
Y12n+3 = BoB2(BoB2B4BeBsB10)"y-1,
Yi2n+4 = B1B3(B1B3BsB7BoB11)"vo,
Y12n+5 = BoB2Ba(BoP2B4BeBsP10)"y-1,
Yi2nt6 = B1B3Bs (B1B3BsB7BoB11)"yo,
Y12n+7 = BoB2B4aBe (BoB2B4BsBsB10)"y-1,
Yi2nts = B1B3BsB7(B1B3BsB7BoB11)"yo,
Y12n+9 = BoB2B4BeBs (BoB2B4BeBsB10)"y-1,
yiznt10 = B1B3BsB7Bo(B1B3BsB7BoP11)"yo,
To conclude, we solve the equations (3.41) and (3.52). We begin with the first-
order linear homogeneous difference equations (3.51) and (3.52). We have,
Zizn—1 = (MV3YsY7Yov11) 21, (3.57)
2120 = (YoY2YaY6YsY10)" 20, (3.58)
From (3.57) and (3.58), and the equations (3.41)-(3.50), we get

Zizn+1 = Yo (N BYs¥7¥ov11)" 21,

Zizn+2 = Y1 (YoY2Y4Y6V8Y10)" 20,

21203 = YoY2 (V13 Y5 Y7 YoY11)" 21,
212044 = Y13 (Y0Y2YaY6¥8Y10) " 20,

212045 = Yo Ya(V1V3¥s Y1 Yov11) 21,
Z12n+6 = Y1Y3Y5 (YoV2Ya Y6 Y8 Y10) " 20,
212047 = YoY2Ya¥s (V1V3Y5 V1Yo V1) 21,
212048 = N1Y3Y5¥7 (YoY2YaY6 Y8 Y10)" 20,
212049 = YoY2YaYe Y8 (Y1 V3Y5Y7YoY11)" 21,
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2120410 = V1V3Y5 Y7 Yo (YoY2Y4Y6 Y8 Y10)" 20,
In summary, we have the following result.

Theorem 2. Let (x,,Yn,2n)n>—1 be a solution of System (3.1), then for n > 0, we
have

X12n—1 = (0001400l L10) " " X1,
X127 = (04 030500700004 )" X0,

X12n41 = Oo(0lo0L2 0140l 0ig0L1 )" X 1 ,

X12n42 = 04 (0L 0130507 0lo Ol 1 )" X,

X12043 = OO (0loOlp 0l4 Olg Olg Ol ) "X — 1

X12n+4 = 04 03 (0L 03065017069 0Ly 1 )" X,

X12n45 = Olo Ol 04 (Ol Ol 04 Ol Olg OLi0) " X 1 5

X12n+6 = 0L 0305 (0L1 O30L5 07 Clo Oy 1 )" X,

X12047 = OlOp Otg Ot (Olo Ol 0l4 Ol Olg Ol 1) "X 1

X12n4+8 = Ol 03 OLs 07 (01 013 OLs Ol7 Ol Oty 1) " X0,

X12749 = Ol 0o Ot Ol Ot (Olo Ol Ol4 Ol Olg Ol ) " X 1,
X12n410 = O] 030L5.0l7 0l (04 043 L5 07 0o O 1) "X,

yi2n—1 = (BoB2B4BsPsB10)"y-1,

yi2n = (B1B3BsB7BoB11)"yo,
Yi2nt1 = Bo(BoB2B4PsPsP10)"y-1,
Yiznt2 = B1(B1B3BsB7BoB11)"y0,
y12n+3 = BoB2(BoB2B4BePsP10)"y-1,
Yi2n+4 = B1B3(B1B3BsB7BoB11)"v0,
yi2n+5 = BoB2Ba(BoB2BaBeBsPio)"y-1,
yi2nt+6 = P1B3Bs(B1B3BsB7BoB11)"yo,
Yi2n+7 = BoB2B4aBe (BoB2B4BsBsB10)"y-1,
yizn+g = B1B3BsB7(B1B3BsB7BoB11)"yo,
Yi2n+9 = BoP2B4PePs (BoP2B4PsPsPio)"y-1,
Yi2n+10 = P1B3BsB7Bo (B1B3BsB7BoB11)" o,

Zi2n—1 = (Y1V3YsY¥7YoY11)"2—1,
2120 = (YoY2V4Y6Y8Y10)" 205
Z2n+1 = Yo(Y1V3Y5¥7YoY11) " 2—1,



1136 H. ZABAT, N. TOUAFEK, AND I. DEKKAR

212142 = Y1 (YoY2Y4Y6¥8Y10)" 20,

212043 = Yoo (M3 Y5 Y7 Yov11) 21,

212044 = V1V3 (Y02 Y4Y6Y8Y10)" 20,

212045 = YoV2Ya (V1V3Y5Y7YoY11)" 21,

212046 = Y1Y3Ys (YoY2Y4Y6Y8Y10)" 20,

212047 = YoY2YaYe (Y1Y3YsY7YoY11)" 21,

Z12n+8 = V1Y3Y5Y7 (YoY2Y4Y6YsY10)" 20,

212049 = YoY2YaYeYs (Y1V3Ys¥7¥oV11)" 21,
2120410 = V1Y3Y5Y7Yo (YoY2Y4Y6YsY10)" 20,

where
ayy—i
Qo = s
ax_1+by_1+cz_;
ayo
o =—,
axo + byy +czp
arazy—12—-1
Oy = )
aajx—1y—1+bayy 1z-1+cazx_1z-1
aiazyozo
O3 = )
aayxoyo + baxyozo + cazxozo
ala%aﬂ,l
04 =3 2 S
aajazy | +basazz_y + cajazx_
a\asazzo
05 =—5 2 2,
aajazyo + basazzo + cayazxo
o ala%agx_lz_l
6 — )
aa%a%y,lz,l + ba%a%x,lz,l + ca%a%x,ly,l
o ala%agxozo
7= )
aata3yozo + basaixozo + cala3xoyo
alaza%x,l
O = 2 2 2 ,
aa\asz—1 +bayazx_1 +cajazy_i
alaza%xo
Qo = 2 2 2 )
aaya;zo + barazxo + cajazyo
ayazx—1y—1
Qg = )
aax—1z—1 +bazx_1y_1 +cayy-1z-1
aasxpyo
o1 =

aarxozo + bazxgyo + cayozo’
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Bo =
By =
B, =
B3 =

By =

Bs =

Be =

Br =

Bs =

Bo =
Bio =

Y11=

V3=
Y4 =

Y5 =

azz—1
ax_1+by_ i +cz-’
azzo
axo+ byo +czo’
aaszx_17—1
aaix_1y_i +bayy_1z_1 +cazx_1z_1’
azasxpzo
aayxoyo + bazyozo + cazxozo’
alaza%x,l

2 2 2, .’
aajazy_1 +basazz_y +cajazx_

alaza%xo

b
aatayyo + basazzo + caia3xg

2 2
a1a2a3x_ 1Y-1

2.2 2.2 2.2 )
aajasy 12— +basazx 1z +cajazx_1y_

2 2
a a2a3x0yo

2.2 2.2 2.2 )
aajasyozo + bayazxozo + cajazxoyo

2
araaszy—1
2 bara2 2 J
aaya3z-1 +bayazx_ +cajazy 1
2
ayazasyo
2 bara? 2 )
aaya5zo + baxazxo + cajazyo
ajazy—12—1
aayx_1z_ +bazx_1y_y+cayy_1z-1’
a1a2y020

aaxxozo + basxoyo + caiyozo’

asx_

ax_+by_1+cz-y’
asxo

axo+ byo +czo’
ajazx_1y—_i

aa1x_1y_1 +bayy_1z-1 +cazx_1z—1’
ayazxoyo
aaxoyo + bazyozo + cazxozo’
“%0203)’—1
aa%aqu + ba%aﬂ,l + cala%x,l ’

2
aja,asyo
)
aatazyo + basazzo + cayaixo

1137
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2.2
ajaxaszy—12—1

Yo = ,
aataly_1z—1 +bajaix_1z_1 +caja3x_1y_
2 2
o ayasazyozo
- 1)
aatalyozo + bazaixozo + cala3xoyo
ararazz—y
g = ,
aa1a3z_1 +baya3x_y + calasy_
a\asazzo
9 = ,
aaya3zo + bayaixg + cajasyo
aaszx_13—1
Yo = ;
aaxx 1z +bazx 1y 1+cayy 121
araszzpxo
Y11 =

aarxozo + basxgyo + caiyozo
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