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Abstract. The paper provides integral characterizations for the concept of uniform dichotomy
in the mean with growth rates for discrete-time stochastic skew-evolution semiflows in Banach
spaces. More precisely, necessary and sufficient conditions are given using both invariant pro-
jection families and strongly invariant projection families to the discrete-time stochastic skew-
evolution semiflows. As a consequence, we obtain integral characterizations for uniform expo-
nential dichotomy in mean.
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1. INTRODUCTION

Occurrences in the real world, within domains such as biology, economics, and en-
vironmental sciences, happen at specific points in time rather than continuously. Con-
sequently, the discrete-time approach has become essential. By utilizing stochastic
skew-evolution semiflows, we aim to develop a framework that enhances the analysis
of discrete dynamical systems, providing a deeper understanding of their behavior
and properties.

The concept of dichotomy is a key focus in the study of asymptotic behavior for
evolution equations. O. Perron [21] introduced the concept of exponential dichotomy
for linear differential equations. This concept was further explored in the mono-
graph by J. L. Daleckii and M. G. Krein [10], as well as in a more recent work by
Dragicevi¢, Sasu, and Sasu [12]. In their study, the authors introduce new admissibil-
ity conditions for uniform exponential dichotomy and provide novel characterizations
of polynomial dichotomy through double admissibilities.

An alternative perspective on studying dichotomic behavior focuses on cases where
the asymptotic behaviours are of polynomial type. In this context, we address the
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concepts of nonuniform polynomial dichotomy, initially introduced by L. Barreira
and C. Valls in [3] for the continuous case of evolution operators, and subsequently
extended by A.J.G. Bento and C. Silva in [4] for discrete-time systems. Additional
results related to polynomial behavior are discussed in [5],[14],[15].

Several significant papers have addressed the problem of the existence of stochastic
semiflows for stochastic evolution equations. Notable examples of stochastic evolu-
tion semiflows arise from these equations, and readers can refer to the monographs
by Arnold [1] and Prato and Zabczyk [9] for more information. The exponential di-
chotomy in a stochastic setting was discussed by many authors, such as A. M. Ateiwi
in [2], T. Caraballo et al. in [8] or D. Stoica and M. Megan in [23].

The concept of skew-evolution semiflow was introduced by Megan and Stoica for
the continuous case in [ 1 8] and for the discrete case in [17]. This research was further
developed by M. Megan and C. Stoica in [19], as well as by C. Stoica in [22].

This investigation aims to outline several characterisations of uniform /-dichotomy
in mean of discrete-time stochastic skew-evolution semiflows in Banach spaces, where
h:N — [1,00) acts as a growth rate function. Specifically, /4 is a non-decreasing and
bijective function with the property that n%l_r}rgo h(m) = oo. For recent contributions, we

refer to the works [0, 7], [13], [16], [20], and [24].

This paper builds on the foundational work of Datko [ | 1] who provided an integral
characterization of uniform exponential stability for evolution operators. Expanding
on Datko’s results, and the aforementioned studies, we present integral characteriz-
ations for the concept of uniform dichotomy in mean with growth rates for discrete-
time stochastic skew-evolution semiflows considering invariant projections families
and, respectively, strongly invariant projection families.

2. DEFINITIONS AND NOTATIONS

Let (Q,B,u) be a probability space. Let A be the set defined by A = {(m,n) €
N2 :m >n >0} and let T be the set defined by T = {(m,n,p) € N> :m > n > p}.
For a real or complex Banach space X we denote by B(X) the Banach algebra of all
bounded linear operators on X.

Definition 1. A measurable random field @ : A x Q — Q is said to be a discrete-
time stochastic evolution semiflow on Q if the following properties hold:

(es1))  @(m,m,®) = o, for all (m,0) € N x Q,

(es2)  @(m,n,@(n,p,®)) = @(m,p,0), forallm>n>p>0andall ® € Q.

Definition 2. Let ®: A x Q — B(X) be a measurable map. We say that ® is a
discrete-time stochastic evolution cocycle associated to the stochastic evolution semi-
flow @ : A x Q — Q if the following conditions hold:

(ec;)  ®(m,m,w) = I (the identity operator on X), for all (m,®) € N x Q,
(ecz) P(m,n,@(n,p,0))P(n,p,0) =P(m,p,w), forallm >n> p >0 and all
o e Q.
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If ® represents a discrete-time stochastic evolution cocycle over a discrete-time
stochastic evolution semiflow @, then the pair C = (P, @) is referred to as a discrete-
time stochastic skew-evolution semiflow.

Definition 3. A map P: N x Q — B(X) with the property P?(n,®) = P(n,®) for
all (n,®) € N x Q is called projections family on X.

Remark 1. If P N x Q — B(X) is a projections family, then the map QO:NxQ—
B(X) defined as Q(n,w) = I — P(n,®) is called a projection family. This is referred
to as the complementary projections family of P.

Definition 4. A projections family P : N x Q — B(X) is said to be invariant to the
discrete-time stochastic skew-evolution semiflow C = (®, @) if

(P,
B(m,n, ©)B(n,0) = P(m, 0(m, ,0))D(m, n,0),
for all (m,n,®) € A x Q.
If P remains invariant for C = (®, @), we denote by ®5 : A x Q — B(X) the map
defined by ®p(m,n,) = ®(m,n,®)P(n,®).
From Definitions 2 and 4, it immediately follows:
Proposition 1. The properties of the map ®3 are as follows:
(i) @p(m,n,) = P(m,(m,n,0))®s(m,n,0), vV (m,n,o) € AxQ;
(ii) ®p(m,m,®) =P(m,®), V (m o) NxQ;
(iti) @p(m,p,®) = Ds(m,n,0(n,p,0))Ps(n,p,w), V(mn,pw) el xQ.

Proof. The properties (i) and (ii) are immediate from Definition 4 and Definition
2. For (iii) we observe that

@p(m, p,w) = D(m, p,w)P(p,w) = D(m,n,¢(n, p,0))P(n,¢(n, p,0))Ps(n, p,o)
= q)ﬁ(man7(p(n7p7m))q)ls(nvpam)a
for all (m,n,p,0) € T x Q. O

Remark 2. If the projections family P is invariant to C = (&, ¢) then its comple-
mentary Q(n,) = I — P(n,®) is also invariant to C. Thus, for all (m,n,®) € A x Q
we have that ®(m,n,®)(Range O(n,®)) C Range O(m,9(m,n,®)).

Definition 5. The projections family P : N x Q — B(X) is said to be strongly
invariant to C = (®, ) if it is invariant to C and for all (m,n,®) € A x Q, the map
®(m,n,®) is an isomorphism from Range Q(n,®) to Range Q(m,(m,n,)).

Remark 3. If the projections family P : N x Q — B(X) is strongly invariant to
the discrete-time stochastic skew-evolution semiflow C = (@, @), then there exists
¥ : A x Q — B(X) such that for all (m,n,®) € A x Q, ¥(m,n,®) is an isomorphism
from Range Q(m,®(m,n,®)) to Range O(n,®).



382 TIMEA MELINDA SZEMELY FULOP

We will use the following notation:
lIIQ (m7 n7 ('0) = lI](m7 n7 w)Q(m7 (P(m? n7 (0)) °

Proposition 2. If the projections family P : N x Q — B(X) is strongly invariant
to the discrete-time stochastic skew-evolution semiflow C = (P, @) then the map ¥
has the following properties:

(i) Dg(m,n,@)¥5(m,n,0) = O(m,@(m,n,0)), forall (m,n,0) € AxQ;

(i) ¥ 5(m,n,@)Ps(m,n,0) = O(n, ), forall (m,n,®)cAxQ;
(iii) Wy (m,n,0) = 0(n,0)¥5(m,n,0), forall (m,n,®) € AxQ.

(iv) ¥p(m,m,m) = Q(m,w), forall (m,®) €N xQ;

) ¥(m,p,0) =¥s(n,p,®)¥s(m,n,¢(n,p,)), forall (m,n,p,0) € T xQ.
Proof. The properties (i) and (ii) are immediate from Definition 5 and Remark 3.
To prove (iii), we will use the first two conditions and we have

O(n, 0)¥5(m,n,0) = ¥s(m,n,®)Ps(m,n,®)¥s(m,n, o)
= TQ(m7 n? m)Q(m7 (p(m7 n7 (D)) = ‘PQ(m’ n’ (0)7
for all (m,n,®) € Ax Q.
The condition (iv) it follows from (i) by taking n = m
¥ (m,m, 0)¥5(m,m,0) = Q(m,(m,m,®))
which is equivalent with ¥ 5(m,m,®) = Q(m,®) and more Q(m,(n)‘PQ(m,m, ) =

Q(m, ). Follows that ¥ (m,m,w) = O(m,w).
To prove (v), using the properties (i)-(iv) we obtain

¥ 5(m, p,0)0(p,®)¥5(m, p,®)
=W¥y(n,p,w)@s(n, p,0)¥ps(m, p,w)
=¥5(n,p,0)0(n,9(n, p,0))®s(n, p,®)¥g(m, p, )
=¥5(n,p,0)¥g(m,n,@(n,p,w))Ps(m,n,¢(n, p,))Ps(n, p,®)¥5(m, p,)
=W5(n,p,0)¥g(m,n,@(n, p,w))Ps(m, p,)¥s(m, p,0)
=¥ (n, p,®)¥g(m,n,¢(n, p,))0(m,@(m, p,w))
=¥5(n,p,0)¥s5(m,n,@(n,p,w)),
for all (m,n,p,0) € T x Q. O

Definition 6. A nondecreasing map & : N — [1,00) with lim A(m) = e is called a
M—yoo

growth rate.

Let C = (®, ) be a strongly measurable discrete-time stochastic skew-evolution
semiflow, P an invariant projections family for C and & : N — [1,00) a growth rate.



INTEGRAL CHARACTERIZATIONS OF U.H.D.M. 383

In the following, L(Q,X,u) denotes the Banach space of all Bochner-measurable
functions f : Q — X such that/ I|f (o)]|du(®) < oo.
Q

Definition 7. Let C = (®,¢) be a discrete-time stochastic skew-evolution semi-
flow. We say that C is strongly measurable if, for all (p,x) € N x L(Q, X, u), the map

n— / |®(n, p,®)x(0)||du(®), is measurable on N, for all n > p.
Q

Definition 8. The pair (C,P) is said to be uniformly h-dichotomic in mean (u.h.
d.m.) if there are some constants N > 1 and v > 0 such that

(uhdim)
(m)* [ 1 @p(m, p. @)x(©) |du(w)
< V()" | [@p(n,p.0)x(@)] du(o):
(uhdzm)

nom)* [ 19g(n,p,0)x(®)[du(@) < Nh(w)* | |0g(m,p,0)x(@)]du(w)

for all (m,n,p,w) € T x Qand x € L(Q,X,u);

When we examine the specific cases where h(m) = €™ and h(m) = m+ 1, we
infer the concepts of uniform exponential dichotomy in mean and uniform polynomial
dichotomy in mean respectively.

Remark 4. The pair (C,P) is uniformly h-dichotomic in mean if and only if there
exist N > 1 and v > 0 with

(uhd;m)
(m)* [ |9p(m,n,@)x(o) |du(w) <
Ni(m)®* [ 1P, 0)x(w)du(w):
(uhd,m)
nm)* [ 1001, @)x(o) ldu(o)
<N | [g(m,n,0)(n,@)x() |du(o),

for all (m,n,®) € A x Q and x € L(Q, X, u).

Proposition 3. The pair (C,P) is uniformly h-dichotomic in mean if and only if
there are N > 1 and v > 0 such that
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(uhd;m)
)" [ 19 (m.n.0)x(0) |du(o)
<N | [1P(r,0)+(0) |du(w):
(uhd,m)
n(m)* [ [1¥g(mn, @)x(o) |du(w)
< Ni()* [ 10 (m,9(m,1.0))x(0) |du(w).
for all (m,n,®) € Ax Q and x € L(Q,X, ).

Proof. It follows immediately from Remark 4 and Proposition 2. O

Theorem 1. The pair (C, P) is uniformly h-dichotomic in mean if and only if there

exist some constants N > 1 and v > 0 with
"

(uhd; m)
(m)* [ 1 @p(m, p. @)x(©) |du(w)
<N [ Bl p,0)x(@)]du():
(uhd, m)
W | 1950m p.0)+(0) |du(o)
<Nh()" | [¥g(mn.00n.p.w)
X(®)||du(w), for all (m,n, p,®) € T x Q and x € L(Q, X, ).

Proof. It arises from Definition 8, Proposition 2 and Proposition 3. O

Definition 9. The pair (C, P) is said to be with uniform h-growth in mean (u.h.g.m.)
if there exist constants M > 1 and o > 0 such that:

(uhg;m)
W) [ [@p(m p,0)x(®)|du(o)
< M(m)® | [p(n,p,0)x(0) |du(o):
(uhg;m)

W [ [g(n.p,0)x(®)|du(w)
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< Mh(m)* [ [|@g(m. p,0)x(@)]du(o).
for all (m,n, p,w) € T x Q and x € L(Q, X, ).

As specific cases we note that when the growth rate is ¢, this establishes the
concept of uniform exponential growth in mean and if the growth rate is m + 1, then
we arrive at the concept of uniform polynomial growth in mean respectively.

Remark 5. The pair (C, P) has uniform A-growth in mean if and only if there exist
M > 1 and o0 > 0 with

(uhg;m)
)% [, I@p(m, . 0)x(0) ldu(o)
< Mh(m /||Pn0) )|l du():
<uhg’2m>
) [ 1001, 0)x(@)]du(o)

< Mh(m)* | [|@g(m.n,0)+(0)|du(w)
for all (m,n,®) € Ax Qand x € L(Q,X,u).

Proposition 4. The pair (C,P) is said to be with uniform h-growth in mean if and
only if there exist two constants M > 1 and o > 0 such that

(uhg;m)
W) [ 1@ (.. @)x() [ du(o)
(m)* [ 1P(n,0)+(0) |du(w)
(uhgm)

) [ [12gm. . 0)x(0)] du(o)
< Mh(m /Hqu)mnm))
x(0)||du(w), for all (m,n,®) € Ax Q and x € L(Q, X, u).
Proof. It follows a similar approach as Proposition 3. g

Theorem 2. The pair (C,P) has uniform h-growth in mean if and only if there are
M > 1 and o > 0 with
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(uhg, m)
n)* [ @5, p,0)x(®) |du(w)
m)® [ 1@p(0n,p.0)x(@)] du(o):
(uhg; m)
) [ 1¥50m.p,0)x(®)du(w)
< Mh(n)* [ [¥g(m.n.(n.p.w)

x(®)||du(w), for all (m,n, p,®) € T x Q and x € L(Q, X, ).

Proof. The proof uses the same technique demonstrated in Theorem 1. U

3. MAIN RESULTS

We denote by H; the set of all functions / : N — [1,0) with the following proper-
ties:
o7 the set of all functions & : N — [1,00) with the property that for all § < 0,
exists H; > 1 such that h(m+ 1) < Hyh(m), for all m > 0 and
Z h(k)® < H, h(n)P, forall n>0.
k=n

e 74, the set of functions /2 : N — [1,00) with the property that for all > 0, exists
Hj > 1 such that h(m+ 1) < Hyh(m) and

Zh ()P <Ho h(m)P, forall m>0.

Remark 6. If h(m) = €™, then h € H.

Theorem 3. We assume that C = (®,9) is a strongly measurable discrete-time
stochastic skew-evolution semiflow, (C,P) with uniform h-growth in mean and h €
H,. The pair (C,P) is uniformly h-dichotomic in mean if and only if there exist
constants D > 1 and d € (0, 1) such that

nlma) T ) ([ 10k p.0)x(0) (o)

) <D h(n)? (fo [|®p(n, p, w)x()||du(w));
forall (n,p,®) € AxQand x € L(Q,X, ).
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1 h(k) D h(n)?
(uhD>mq) Z < T Dok, (@) [d(@) T [Bg(m p, 0)x(@)[du(®)’
for all (n, p, )GAanndxeL(Q,X,,u)

with | |@o(n. p.0)x(w)]| £0.

Proof. Necessity. Letd € (0,v). For (uhdim) = (uhD}m,) we have

oo

¥ 100 () Is(k.p. st duto))

k=n
§Nk2n CONT ( |, 1500 p.0)x(@) (o))
()" 120, p.0)x(@) () X 1"
< V()" | [|@p(n,p,0)x(®) |du(@)Hi(m)

= NH () [ 13l p.0)x(@) ) < DAY [ [p(r,p,0)x(0) (),
where D =1+ NH;.
Analogously, we have to prove (uhdym) == (uhDimy)
- h(k

)
kzanH(bQ(k P, ®)x(0)]|du(o)

u k)’
<NZ< )) JalI@p(n, p,0)x(o)||du(o)
_ Nh(n)" -
= Tal®g0np oo duw) &, "V

Nh(n)Y L
< fQHCDQ(n’p’w)x(@)Hd‘u(o))th( )

Dh(n)?

= Tal@g(n.p, 0)x(@) [du(®)

where D = 14 NH,, for all (n,p,m) € Ax Q and x € L(Q, X, u),
with [ [94(n,p,0)x(0) [du(®) £0.

Sufficiency. To establish (uhD{m,;) == (uhdym), we need to examine the follow-
ing cases:
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Case 1. Tfm > p+ 1 we have

) ( [ 1p0m.p.00x(0)dut))
=o'y ¥
i) (2" ([ opth. p0x(o)du(o)
= (1) ([ st pomlauo)

L h ([, 1400 ()

=

</Q|!<I>p(m,p,m)x(m)||dy(m)>

1

T
1

IA
N =
(agE

SIEERIEERES

=
N

IN

H

—Q

IN

DHYh(n)? | |0p(0n,p. @)x(0) |du(®)
Therefore,
) ([ 12p0m.p.0)x(0) ldu(o)
M o-+d d
< SDHF () | [p(n,p,0)x(0) [du(w).
for all (n,p,) € Ax Qand x € L(Q, X, u).
Case 1.2.If n € [p,p+ 1) we have

) ([ 1p0m.p.0)x(0) )

<y (1) [ Iyt p.px(@)an(o)

B h(m) o+d )
= () ) [ sl p.0)x(0)] (o)

< MHHn(n)? [ |90, p.0)x(@)du(w)

Thus,
) ([ 1050 p.0)x(@)au(w) )

< MH ()" | |p(n, p.0)x(0) |du(w)
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From Case I.1. and Case 1.2. it results that there exists N = MDH{”d + 1 with

([ I@p0m.p.0)x0)du))
< Ni(w) [ [ @p(n,p,0)x(@)]du(o),

for all (n,p,) € Ax Qand x € L(Q, X, u).
For the second relation (uhDim,) = (uhDym), we initially consider (m,n, p,®) €

T x © and / | @5 (m, p,®)x(®)||du(w) # 0. Moreover, there are two cases to be
Q

considered:
Case I1.1. When n > p+ 1 we obtain
h(m)? B h(m)?
Jal@5(m, p,@)x(@)|[du(®) 2, % [, [|®s(m, p,®)x(o)|du(®)
M & (h(m) * h(m)?
=72 k:;—l <h(k)) Jo |@5(m, p, 0)x(®)||du(w)
M <h(m) )“*d h(k)?
2\ h(k) Jo |@5(m, p, 0)x(®)||du(w)
M oiay h(k)
<M L o gt p o)) @)
% o+d ( )d
= 2P g (n. . o)x(@)[du(@)
So,

) [ | @g(n. p.0)x(0)|du(@) < 5 DHE () [ |@g0m,p,0)x(0)du(o),

for all (n,p,) € Ax Qand x € L(Q,X,u).
Case I1.2.1f n € [p, p+ 1) with / |, p, ©)x() [ du(w) £ 0
Q

m)? [ [ @g(n.p. @)x(©)] du(o)
<y (1) [ g p.@)r(@) (o)

~ () )W ) [ 10g(m. . )+(@) ldu(o)

< MH®h(n)? / 1D (m, p, ®)x(0) [ du(w)
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Thus,
o ( [ 10000 p.@)2(@) (@) ) < MHEh(0) [ [@0m,p.0)x(0) o)

From Case I1.1. and Case I1.2. it follows that there exists N = MDHl(Hd + 1 with

) ( [ 19000 p.@)x(@) (@) ) < Mibio)? | @0, p. (@) duo),
for all (m, p,®) € Ax Q and x € L(Q, X, u). O

Corollary 1. We suppose that C = (®,¢) is a strongly measurable discrete-time
stochastic skew-evolution semiflow, (C‘ , P) with uniform exponential growth in mean.
The pair (C,P) is uniformly exponentially dichotomic in mean if and only if there
exist constants D > 1 and d € (0,1) with

(ueD}my)
L e ( [, 10tk p.oiso)ldu(o)

<D ( [ @500 p.00x0) du(o) ) s
forall (m,n,p,®) € T x Q and x € L(Q,X, ).

1 edk D edn
(vebima) 3. 567, 00 (@) = T [P, O)x(@)[dal@)

for all (m,n,p,®) € T x Q and x € L(Q,X,u) with / [@5(n, p,w)x(w)|| #
Q
0.

Proof. Tt follows from Theorem 3 for h(m) = ™. O

Theorem 4. Consider C = (®, ) as a strongly measurable discrete-time stochastic
skew-evolution semiflow, (C' ,P) has uniform h-growth in mean and h € %5. The pair
(C,P) is uniformly h-dichotomic in mean if and only if there exist constants D > 1
and d € (0,1) such that

m n(j) D h(m)~
hD? < ,
(uhDima) Y. 1507, oI (@ (@) ~ Jq [op(m.p. @hx(@) [ daw)
forall (m,n,p,®) € T x Q and x € L(Q, X, p),
with [ [[©p(0m.p. 0)x(@)|du(@) £ 0.
(uhD3mg)

L0 ( [ 1oal. o) ldsio
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< D h(m (/ |@g(m, p,© )||d#((°)> :

for all (m,p,®) € Ax Q and x € L(Q,X, ).

Proof. Necessity. Letd € (0,v). For (uhdim) = (uhD3m,) we have

; )
j= pfgz”q)P(l P, 0)x(0)||du(w)
v —d
?Eﬁ( h{m) J"@pmn><>wmm
B Nh(m)™Y L
= fQHq)P(mvp7 )X(O) Hd,u( J;h(J)
NH>h(m)™ —
= Jol|®p(m, p,w)x(0)||du(w)
Dh(m)~¢

" Joll®s(m. p,@)x()]du(w)’
where D = 1 +NH,  with /Q 1D 5(m, p, )x() | du(w) # 0

For the implication (uhdym) = (uhD3m,) we have
D50/, p, 0)x(0)]|du(w)
Jg'prH Q]pj)d u
)\ Jall®gim, p, 0)x(0)||du(w)

<ZN’<m> L

_ Nal®g(m, p,0)x()|ldu(w) ¢
T
SM%M)Vdﬁmédmp£§<mmm>
< D Jall|®g(m, p, 0)x(w)||du(e)

whereD =1+ NH,.

Sufficiency. For (uhDim,) = (uhdym) we have two cases:
Casel.1. Ifn>p-+1 wehave

h(n)=¢
Jall®s(j;n, 0)x(0)]|du()

391
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1 h(n)~
2 & Jo [@5(j,n. 0)x(@)du(o)
1R h()\* h(j)~ h(j)*
=2 Zh <h(n)> Joll®s(j, p, ®)x(®)||du(w)
Mp+1 ( ) o+d h(j)fd
Z< h(n >) Jal|®5(j, P, ®)x(®)]|du(w)
% o+d h(j)id
<7t Z . T T®r(7op. o)<(@) @)
< %DHSHd h(m)_d

2 Jal|@p(m, p,0)x(w)||du(w)

We obtain
" [ 1p(m. p.0)x(@)du(@) < D HE hin)? [ @500 p.0)x(@)du(w),

for all (n,p,) € Ax Qand x € L(Q,X,u).
Case 1.2. T m € [p, p+1) and/ 1D 5(m, p, ©)x(0)||du(w) £ 0
Q

[ 1@5(m.p,0)x(w)du(w)
= [ 100,000, p,0))B5(n p.0)x(0) |d(o)

<M<h((’:))> /”p n,0(n, p,w))Pp(n, p,)x(0)||du(®)
(m)

<u ()" (h((’:)))_d [ 1250, p.0)x(0) du(0)
<aamg (M) 7 e, o),

for all (n,p,) € Ax Qand x € L(Q, X, u).
From Case I.1. and Case 1.2. it follows that there exists N = MDHEH‘Z + 1 with

m)? [ 195 (m. p.0)x(0) |du(w) < MDHSh(m)* | |0p(n.p. @)x(@)]du(w).

for all (n, p,®) € A x Q and x € L(Q, X, ).
For the relation (uhD3m,;) = (uhd,m) we also consider two cases:
Case I1.1. Whenn > p+ 1 we obtain

[ 19g0n.p,0)x(@) [du(w)
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+1
lpzh 7 ([ 120r.p.0x(0)u(o) )
+1 A @
<1’th M (G ) [ 12g0.p.01x(0)lduto)

+1 oc+d
Mpz () 0 1oty poxolduto)
S HE Zh = [ 1@, 0)x(®)du(@)

M
2
M
<
2

S DH ) | |@g(m,p,0)x(®)]du(w)
So, we obtain

) [ | @g(n.p.0)x(0)|du(@) < 5 DHEh(n)! [ |@g0m,p,0)x(0)du(o),
for all (m, p,®) € Ax Qand x € L(Q,X, ).

Case I1.2.If t € [p,p+ 1) we have

h(m)?
JallPg(m, p,0)x(®)||du(w)
h(m)
)

(m)\®
<M( <n>> a0 @40
(m)\** h(n)"
( <>> To [ (.. 0)x(@) [du(®)

h(n)!
JalI@g(n, p,0)x(®)]|du(w)

SAng+d

Therefore,
nomy* [ 1g(np.0)x(0) |du(w) < MES 1) [ |9(m,p,0)x(w)|du(w)

for all (m, p,®) € A x Q and x € L(Q, X, u).
From Case [1.1. and Case I1.2. it follows that there exists N = MDH;Hd + 1 with

m)? [ 1 @g(0n.p. @px()du(w) < Nhn)? [ [|@g(m. p.0)+(w)|du(w).

for all (m, p,) € Ax Q and x € L(Q, X, u). O

Corollary 2. Let C = (®,¢) as a strongly measurable discrete-time stochastic
skew-evolution semiflow, (C,P) has uniform exponential growth in mean. The pair
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(C,P) is uniformly exponentially dichotomic in mean if and only if there exist con-
stants D > 1 and d € (0,1) with

(ueDfmd) i - e < Der ,
=l ®s(; p, 0)x(0)|du(®) = Jo [[®p(m, p, ®)x(0)||du(w)

forall (m,n,p,®) € T x Q and x € L(Q, X, ), with
[ 1@5(m. p,0)x(w) du(@) £ 0.
(ueD?my)

Z e ( [ 190 p.0)x(0) !du(w)>

<D ( / rq>g<m,p,m>x<m>udu<w>) ,

for all (m,p,®) € Ax Q and x € L(Q, X, ).
Proof. Tt follows from Theorem 4 for h(m) = ™. O

Theorem 5. Let C = (®,9) be a strongly measurable discrete-time stochastic
skew-evolution semiflow, (C,P) with strong uniform h-growth in mean and h € #,.
The pair (C,P) is uniformly h-dichotomic in mean if and only if there are two con-
stants D > 1 and d € (0,1) such that

(uhD3my)

kZ 1 ([ 1k, 0)x(@) (o)

< Dh(n)* | |0p(n, p.0)x(0) |du(w):

forall (m,n,p,®) € T x Q and x € L(Q,X, ).

(uhD3mg)
i h(k)?
= Jo ¥ g(m k, 0k, p, ®))x(0) || du()

- Dh(p)*
= Joll¥o(m, p,0)x(w)||du(w)’
forall (m,n,p,®) € T x Q and x € L(Q,X, ).

Proof. Necessity. The relation (uhdym) == (uhDimy) is similar with the proof of
Theorem 3. To prove the relation (uhdym) = (uhD3m,) we suppose that (C, P) has
u.h.g.m. and we obtain

i h(k)
=, Ja ¥ (m. k,0(k, p,0))x(0) | du(w)
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> h(k)\ ™" h(k)?
LV (h <p>> To o, p, @)x(@)]du(®)
Nh (p)v - d—v
< oo po(@)da@) & "%
h(p)’
To g 0m, p, 0)x(@) [du(w)
whereD = 1+ NH;.

< NH,

Sufficiency. The implication (uhD3m)) == (uhdym) is similar with the proof of
Theorem 3. For the relation (uhD3mg) = (uhd,m) we have two cases:

= (
Case I.1. n2p+1and/ 1% 5 (m, p, ©)x(0) [ du(®) # 0.
l i 1
fQ||Q(m7(P(m7P7€0))x(0) ldu(®) — 2,5 Jo [®g(m, p,0)¥g (m, p,o)x(0)du(o)

1 & h(n)\* 1
2 ZM<h(k)> fQHcI)Q(k7p7 ‘PQ(m p,® ||d:u

f_’ (ZEZ; OC+d< > d< ?)) fgH‘PQ(m»ka(P(kaa@))x(ﬁ’)||d.u(ﬁ’)
n —d d
H (ZEP))> Z},Gllf? ) ng‘P m, k, @ (k, ;, ) x(o) || du(ow)

h(l’)) Jol|¥o (m, p,®) x(0) | du(w)

Casel.2. n€lp,p+1).

[ 1% (m.p.0) x(@)] du(@)

(1) [ 1o tmg m.p.)) () o)

@
<u (M) (1 E) [ 120m0m. . ) x(@) | ()

<MH°‘+d< ) /HQ m, @ (m, p,0)) x(0)|| du(w)

Combining Case /.1. with Case 1.2., we can conclude that there exist N = 1 +
MH®™D and v = d such that (uhdym) holds for all (m,p,®) € Ax Q and all x €
L(Q,X,u). Hence, we have shown that (C,P) is u.h.d.m., completing the proof. [J

IN

M
M
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Corollary 3. We assume that C = (®,0) be a strongly measurable discrete-time
stochastic skew-evolution semiflow, (C, P) with strong uniform exponential growth in
mean. The pair (C,P) is uniformly exponentially dichotomic in mean if and only if
there are two constants D > 1 and d € (0, 1) with

(ueD3my)

¥ et ([ 1k p.0px(@)au(o))

k=p

<D™ | |[@p(n,p.0)x(0)] du(o):

forall (m,n,p,®) € T x Q and x € L(Q, X, ).

(ueD3mq)
i edk
=, Jo ¥ 5(m. k,0(k, p,0))x(0) ||du(w)

DedP
< 9
= Jo¥s(m, p, w)x(w)||du(o)
forall (m,n,p,®) € T x Q and x € L(Q,X, ).

Proof. Tt follows from Theorem 5 for h(m) = ™. O

Theorem 6. We assume that C = (®, Q) be a strongly measurable stochastic skew-
evolution semiflow, (C,P) with strong uniform h-growth in mean and h € #,. The
pair (C,P) is uniformly h-dichotomic in mean if and only if there exist D > 1 and
d € (0,1) such that

(uhD{my)
. ()¢
= Joll®s(i, p, )x(0)||du(w)

D h(m)~4
= Jo 1@s(m, p,@)x(w)||du(®)’
forall (m,n,p,®) € T x Q and x € L(Q, X, ), with

[ 15, p,0)x(@)]du(@) 70

(uhDjmy)
z h(j)?
= Jall¥o(m, j,0(j, p,w))x(®)du(w)

< D h(m)?
= Jal¥g(m, p,0)x(0)||du(w)’
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forall (m,n,p,0) € T x Q and x € L(Q, X, ), with
[ 1¥g(m. p.0)x(0)|du(w) #0.

Proof. Necessity. The relation (uhdym) = (uhD}myq) is similar with the proof
of Theorem 4. To prove the relation (uhdym) = (uhD3m,) we suppose that (C, P)
has u.h.g.m. and we obtain

3 1) () 190m. 0. p.0)x(@) (o))

" () M ’ D(m, o(m X
< 200N (i) (,120m00mp.0)x(@laco))
= N(m)™ [ 100m,0m,p,0)x(@) i) Y 1)
< Ni(m / 1Qm. @m. p. )x(@) [du(w) Hph(m)
< NHh(m) [ [10(m. 9(m, p.)x(0) |du(w).
whereD = 1+ NH,.

Sufficiency. The implication (uhD}mg) == (uhdim) is similar with the proof of
Theorem 4. For the relation (uhD3my) = (uhdym) we have two cases:
Casel.l. n>p+1and

[ 1¥g(0m. . @)x()]du(o)

> x( / [¥(m.p.0)x()|u(o) )

_1'f My (’)))(/ 19(m.5. 00 .0)3(0) () )
+1

h(p

g?(ﬁjﬁ”i)dz (DY (DY ([ 1t oot (o))
d

,,
< Mgt (OIS (MDY gt 005 o))
)

j=pr
d
<MDHg+d( ) [ 180m,9(m,p,0)x(@) (o).
Casel.2. n€lp,p+1).
/Q 1% 5 (m, p, ©)x(0) | du()
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h(m)\* ~
gM(h(p)) [ 100 6(m.p.0))x(@)du(o)

< <Z(<,’j)))d (Z((p;)d [ 100m, 90, p,0)x(@) i)

d
< M <,’j(<,fj)) [ 1006m,0m,p.))x(0)] du(w).

From Case [.1. with Case 1.2., it results that there exist N = 1 +MH§‘+‘1D andv=d
such that (uhdym) holds for all (m, p,®) € A x Q and all x € L(Q,X,u). Hence, we
have shown that (C, P) is u.h.d.m., completing the proof. O

Corollary 4. We suppose that C = (®,9) be a strongly measurable stochastic
skew-evolution semiflow, (C, P) with strong uniform exponential growth in mean. The
pair (C,P) is uniformly exponentially dichotomic in mean if and only if there exist
D> 1andd € (0,1) with

(ueDjmy) i e < De "

d ; < ,
A o @, py0)x(0)[du(0) ~ fol|Ps(m, p,0)x()|du(w)
forall (m,n,p,®) € T x Q and x € L(Q,X, ),

with | |0p(m. p,0)x(0) |du(®) £ 0.

(ueD3my)
m edj
L T %o 700 p o) x @) d()

_ D edm

= JoI¥s(m, p,@)x(w)||du(®)’
forall (m,n,p,0) € T x Q and x € L(Q,X, ),
with ||| g(m, p. )0 () |du(w) 0.

Proof. It follows from Theorem 6 for h(m) = ™. O

CONCLUSIONS

This study broadens several well-known results on uniform exponential dichotomy
in mean by applying them to the more general framework of uniform A-dichotomy
in mean. Integral characterizations for this generalized concept are provided for
discrete-time stochastic skew-evolution semiflows, considering both invariant pro-
jection families and strongly invariant projection families. From these characteriza-
tions, necessary and sufficient conditions are derived for the specific case of uniform
exponential dichotomy in mean. Future research will focus on unifying the analysis
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of discrete and continuous asymptotic properties for stochastic skew-evolution semi-
flows. Additionally, efforts will be directed toward extending these findings to the
nonuniform case.
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