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Abstract. This work deals with a nonlinear boundary value problem with impulses. Such a
problem was investigated by many authors, see for example [1] or [2] and references therein.
The main purpose of this paper is to prove the equivalence between impulsive problems and
properly constructed boundary value problems without impulses. Using this equivalence we
can transfer results known for boundary value problems of ordinary differential equations to
boundary value problems of differential equations with impulses. Here, we use this approach
and prove the lower and upper solutions method for nonlinear impulsive problems with
impulsive functions having positive or negative derivatives.
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1. Introduction

Let us consider the interval J = [a,b] C R, where a =ty < t; < ... <t, <tpy1 =0.
We will work with the Banach spaces C(J) (the space of functions z continuous on
J with the norm ||z||c = maxsey|z(t)]), C'(J) (the space of functions x having
continuous first derivatives on J with the norm ||z||cr = ||z|lc + ||2']|c), L(J) (the
space of functions y Lebesgue integrable on J with the norm ||y||; = f: ly(t)|dt) and
with the set AC(J) (the set of functions absolutely continuous on J). We say that
f:J xR — R fulfils the Carathéodory conditions on J x R, if f has the following
properties: (i) for each x € R the function f(-,z) is measurable on J; (ii) for almost
each t € J the function f(t,-) is continuous on R; (iii) for each compact set K C R
the function mg(t) = sup,cx |f(t,x)| is Lebesgue integrable on J. For the set of
functions satisfying the Carathéodory conditions on J x R we write Car(J x R). For
a subset Q of a Banach space, cl(Q2) and 92 stand for the closure and the boundary
of €, respectively.

We will investigate the impulsive problem

u'(t) = f(t,u(t)) fora.e te(tj,tjt1), 7=0,...,p, (1.1)
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ulty ) = ), j=1,...p, 12)
h(u(a), u(b)) = 0, (L3)
where f € Car(J x R), I; € C1(R), I #0,j=1,...,p,and h € C(R?).

Together with problem (1.1) - (1.3) we will study the problem without impulses

2'(t) =g(t,z(t)) fora.e. teJd, (1.4)

h(z(a),w(z(d))) =0, (1.5)
where g € Car(J x R), w € CY(R), w’ # 0, and h € C(R?).

We prove that problems (1.1) - (1.3) and (1.4), (1.5) are equivalent and by means of
this we get the lower and upper functions method as well as the existence of solutions
to problem (1.1) - (1.3). Let us note that the existence results for problem (1.1) -
(1.3) were proven also by E. Liz in [2], but by another approach and for increasing
impulsive functions only. Here, we extend the lower and upper functions method and
the existence results to the case of decreasing impulsive functions. Our proofs need
no techniques or results from the theory of impulsive differential equations.

Definition 1. By AC* we mean a set of functions u : J — R, which are absolutely
continuous on each (¢;,t;41), ¢ = 0,...,p, u(t;) = u(t;—), i =1,...,p+1, u(a) =
u(a+). A function v € AC* which satisfies conditions (1.1) - (1.3) is called a solution
of problem (1.1) - (1.3). A function x € AC(J) which satisfies conditions (1.4), (1.5)
is called a solution of problem (1.4), (1.5).

2. Nonlinear boundary value problems without impulses

To keep this paper self-contained, let us show the ideas of the lower and upper func-
tions method for problem (1.4), (1.5).

Definition 2. A function a; € AC* (ap € AC*) is called a lower (upper) function
of problem (1.4), (1.5) provided the conditions

(ali(t) — g(t,ai(t)))(—l)i >0 fora. e te(tjtjt1), j=0,...,p, (2.1)
(ai(tj+) - O‘l(tj))(_l)z > 07 .] = la s Dy (22)
h(ai(a), w(a;(b)))(—=1)" >0, i=1,2 (2.3)

are satisfied.

We will assume a certain relation between lower and upper functions.
First, let

a1(t) < as(t) for each t € J, (2.4)
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ar(t) if x<ay(t)
alt,z) = T if ai(t) <z <ay(t) foreachte Jand x €R, (2.5)
az(t) if ao(t) <z

g(t,x) =g(t,a(t,x)), g€ Car(JxR). (2.6)
Further, we assume that
we CYR), w' >0 onR, (2.7)
h € C(R?), h is nonincreasing in its second variable

and consider an auxiliary problem
2'(t) = g(t,z(t)) for a. e. t € J, (2.9)
z(a) = (e, z(a) — h(z(a), w(z(b)))). (2.10)

Proposition 1. Let us suppose (2.4) - (2.8) hold. Let x be a solution of problem
(2.9), (2.10) and let a1, as be lower and upper functions of problem (1.4), (1.5).
Then

o <x<ayonJ (2.11)

and consequently x is a solution of (1.4), (1.5), as well.
Proof. Let us put
z(t) = a1 (t) — x(¢) for each t € J.
According to (2.10) we have z(a) € [a1(a), a2(a)], which means that z(a) < 0. Sup-
pose that there exists ¢; € (a,t1) such that

z(q1) > 0. (2.12)
Since z is continuous on [a,t1), we can find o € [a, 1) such that
z(go) =0 and z > 0 on (qo, q1]. (2.13)

In view of (2.1) we have
2(t) = i (t) — 2'(t) < g(t,an(t)) — g(t,2(t)) = 0
for a. e. t € (go,q1]. Therefore

0> / " W)t = 2(ar) - 2(q0) = 2(qv),

90
which contradicts (2.12). Thus we get

z <0 on [a,t]. (2.14)

By (2.2) and (2.14), the inequalities a;(t14) < a1 (t1) < z(t1) = x(t1+) are true, and
so z(t;4) < 0.
Suppose that there exists g1 € (t1,t2) such that (2.12) is true. Then we can find
qo € (t1,q1) such that (2.13) is valid and we get a contradiction to (2.12) as before.
In such a way we can argue at each interval (¢;,¢;41], j =1,...,p, and get z < 0 on
J which means that

a1 <z onJ
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The second inequality in (2.11) can be proved similarly putting z = z — ay on J.
Due to (2.11), we have

2 (t) =g(t,x(t)) = g(t,z(t)) for a. e. t € J.
It remains to prove that x fulfils (1.5). It is sufficient to show that
ai(a) < z(a) — h(z(a), w(z())) < as(a), (2.15)

because (2.10) implies (1.5) then.
Suppose on the contrary, that

ay(a) > z(a) — h(z(a), w(x(d))).
Since (2.10) is valid, we get z(a) = «ai(a). Then, by (2.7) and (2.8), we have
0 < h(z(a),w(z(b))) < h(ay(a),w(ai(b))), which contradicts (2.3). The second in-
equality in (2.15) can be proved similarly. This completes the proof. [J

We can easily see that the following modification of Proposition 1 is true.

Proposition 2. The assertion of Proposition 1 remains valid if we replace the con-
ditions (2.7) and (2.8) with

we CYR),w <0onR (2.16)

and
h € C(R?), h is nondecreasing in its second variable. (2.17)

Theorem 1. Let a; and as be lower and upper functions of problem (1.4), (1.5).
Further, suppose that a1 < as on J and that either w' > 0 and h is nonincreasing
in its second variable or w' < 0 and h is nondecreasing in its second variable. Then
there exists a solution x of problem (1.4), (1.5) such that

ar <z <aonlJ (2.18)

Proof. Consider the integral equation
t

x(t) = ala, z(a) — h(z(a), w(x(b)))) +/ 9(s,x(s))ds, (2.19)

a

which is equivalent to problem (2.9), (2.10). Further, define the set
Q= {zeCl): lallc < M),

where M = sup,¢ s | (t)] + supse s |2 ()] + f: A(s)ds and A(t) = sup{|g(t,z)|: = €
[a1(2), aa(t)]}. Clearly €2 is a nonempty, convex, closed and bounded set in C(.J). We
can check that the operator T': Q@ — C(J) given by

t

(Tx)(t) = a(a, x(a) = h(z(a), w(z(b)))) +/ 9(s,x(s))ds

a
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is continuous and that cl(7(2)) is a compact set in C(J) and T maps Q to itself.
Thus, according to the Schauder fixed point theorem, there is a point z € 2 such that

Tx =z,

which means that the function z is a solution of (2.19) and consequently a solution
of (2.9), (2.10). Propositions 1 and 2 imply that x is a solution of (1.4), (1.5) and
satisfies (2.18). O

Now, suppose

as(t) < ai(t) for each t € J, (2.20)
as(t) if z < ast)
at,x) = x if ay(t) <z <ai(t) foreachte Jand z€R (2.21)

Oél(t) if Ozl(t) <z

and consider an auxiliary problem (2.9),

2(b) = a(b, z(b) + h(z(a), w(z(b))))- (2.22)
Proposition 3. Let conditions (2.20), (2.21), (2.6) and
h € C(R?), h is nondecreasing in its first variable, w € C*(R) (2.23)

be satisfied. Let x be a solution of problem (2.9), (2.22) and let a1, ag be lower and
upper functions of problem (1.4), (1.5). Then

ar <x<ayonlJ (2.24)

and consequently x is a solution of (1.4), (1.5), as well.
Proof. This proof is similar to that of Proposition 1. We put

2(t) =x(t) —aq(t) forallt € J

and prove z(t) < 0 for all t € J. In view of (2.22) we have x(b) € [a2(b), a1(b)], which
means that z(b) < 0. Suppose that there is gy € (¢p,b) such that

z(qo) > 0. (2.25)
Since z is continuous on (t,,b], we can find ¢1 € (qgo, b] such that
z(q1) =0 and z > 0 on [go, q1)- (2.26)

In view of (2.1) we have
Z(t) =2 (t) — o (t) > g(t,z(t)) — g(t,a1(t)) = 0 for a. e. t € [qo,q1)-
Therefore

q1

0< [0t = 2(a) - 2(a0) = ~+(ao),
q0

which contradicts (2.25). Similarly, we can proceed to the initial point a = ¢y3. To

prove the first inequality in (2.24), we work with
z(t) = aa(t) — z(t) for each t € J.
Due to (2.24), we have
2 (t) = g(t,z(t)) = g(t,z(t)) for a. e. t € J.
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Finally, we need to prove
as(b) < z(b) + h(z(a), w(z(d))) < az(b). (2.27)
If a1 (b) < (b) 4+ h(z(a), w(x(b))), then z(b) = a1(b) and
0 < h(z(a), w(z(b))) < h(ai(a), w(en (b)),
which contradicts (2.3). For the first inequality in (2.27) we argue similarly. O
Theorem 2. Let oy and ay be lower and upper functions of problem (1.4), (1.5).

Further, suppose that a1 > ag on J and that h is nondecreasing in its first variable.
Then there exists a solution x of problem (1.4), (1.5) such that

ar <x <o onlJ (2.28)

Proof. Starting with the integral equation

a(t) :Oé(byx(b)+h(x(a)7w(fv(b))))+/b g(s,x(s))ds

and using Proposition 3 instead of Propositions 1, 2, we can argue as in the proof of
Theorem 1. O

3. Relation between impulsive problem (1.1)-(1.3) and problem (1.4),
(1.5)

Consider the impulsive functions I; € C*(R), I; #0,j=1,...,p, and define func-
tions w; : R —R,i=0,...,p:

wo = idR,
w1 = Ila
wy = Ir(11) = Ix(wn), (3.1)
Wp—1 = Ip—1(wp-2),
w = wp = Ip(wp—1).
Further, having f € Car(J x R), define
ﬂzqf’i";)ﬂ”)) for t€ [a,tq]
0
o) for ¢ e (1,1
g(t,z) = w; () or ¢ € (hta] for z € R. (3.2)

Ftwy(2) o t € (tp,b]

wy, (x)

Conversely, having g € Car(J x R), define
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g(t,wo_l(u))wé(wo_l(u)) for t € [a,ti]

Ftu) = g(t,wit (w)wh (wyH(w))  for t € (t,to] for u € R (3.3)

g(t,wy !t (w)w) (wy ' (u))  for t e (ty,b]

Theorem 3. a) Let u be a solution of problem (1.1) - (1.8) and let g be defined by
(3.1), (3.2). Then a function x given by

wy H(u(t)) for t€la,ty]
2(t) = wi H(u(t)) for t € (t1,12] (3.4)

wy,  (u(t)) for t e (tp,b],

is a solution of problem (1.4), (1.5).
b) Let x be a solution of problem (1.4), (1.5) and let f be defined by (3.1), (3.3).
Then a function u given by

wo(z(t)) for tE€la,ty]
u(t) = wy(z(t)) for teE (t1,ts) (3.5)

wy(z(®)) for te (t,.b],

is a solution of problem (1.1) - (1.5).
Proof. a) Let u be a solution of problem (1.1) - (1.3). Then, in view of (3.4) and
(3.2)

'

- (xi =g(t,xz(t)) for a. e. t € (t;,tix1),

) fwiz(h))
) wix(t)

i =0,...,p. Since u(a) = z(a) and u(b) = wy(x(b)) = w(x(b)), we have by (1.3),
h(z(a), w(z (b)) =0.
Nexct, a(t;+) = wy  (ult;+)) = wy (L (u(t;)) = wi, (7 L ;) = wy (ult) =
x(t;), 7 =1,...,p. This together with u € AC* implies x € AC(J) and therefore
is a Solution of (1.4), (1.5).
b) Let « be a solution of (1.4), (1.5). Then, by (3.5) and (3.3), v/(t) = wj(z (t))x'(i)
t 1)

ywmmwumZMwammaw<w»ﬁ: tu(t)) fora. e. ¢ € (t tis
yee s D

We have z(a) = u(a), w(z(b)) = wp(x(b)) = u(b) and then h(u(a),u(b)) = 0. Finally,
u(tj+) = wj(z(t;+)) ij(ﬂf(tj)) = Ij(wj—l(w(t‘ ) = Liuts)), j =1, p-

(tistiva), i
tion of (1.1) -
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4. Lower and upper functions method to problem (1.1)-(1.3)

4.1 Increasing impulsive functions
Let us suppose
I;eC'(R), I;>0, j=1,...,p (4.1)

Definition 3. A function o, € AC* (02 € AC*) is called a lower (upper) function of
problem (1.1) - (1.3), provided the conditions

(ol(t) = f(t,o:(1))(=1)" >0 for a. e. t € (tj,tj41), j=0,...,p, (4.2)
(oi(tj+) = Li(oi(t;)(=1)" >0, j=1,....p, (4.3)
h(oi(a),o:(b))(—=1)" >0, i=1,2 (4.4)

are satisfied.

Theorem 4. Suppose that (4.1) holds.
a) Let o1 and o9 be lower and upper functions of problem (1.1) - (1.3) and let g be
defined by (3.1), (3.2). Then functions oy and ag given by

wo Hoi(t))  for t€a,ty]
ai(t) = wy H(oi(t))  for t€ (ti,ts] (45)

wy, ! (oi(t)) for t € (tp,b].

are lower and upper functions of problem (1.4), (1.5).

b) Let oy and as be lower and upper functions of problem (1.4), (1.5) and let f be
defined by (3.1), (3.3).

Then functions o1 and oo given by

wo(a;(t))  for t € [a,ty]

wl(ai(t)) fO?” te (tl,tg}

oi(t) = (4.6)

wp(ei(t)) for te (tp,b],
are lower and upper functions of problem (1.1) - (1.8).
Proof. We will prove the assertion for lower functions only. Choose arbitrary j €

{1,...,p} and i € {0, ...,p}. Let o1 be a lower function of (1.1) - (1.3).
Then

oAW)  _ fhou()
wiloa(0) = wilon (1)

Since 01(a) = aq(a) and o1(b) = wp(a1 (b)) = w(ay (b)), we have

ai(t) = =g(t,a1(t)) for a. e. t € (t;,tiy1).

1

Further, oy (t;+) = wj_l(al(tj—i—)) <w; (Ii(o1(t

Thus o is a lower function of (1.4), (1.5).

Now, let a; be a lower function of (1.4), (1.5). Then o
4

wi(en(t))g(t, a1(t)) = wilw; (01(1)))g(t,w; (01(1)) = fl(
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(tistiv1).
As before, we have

Finally, 01 (tj+) = wy (011 (tj+)) S wj(
So, oy is a lower function of (1.1) - (1.3). O

Theorem 5. Let o1 and og be lower and upper functions of problem (1.1) - (1.3)
and let (4.1) be fulfilled. Further, let one of the following conditions be satisfied:

(1) 01 <09 on J and h is nonincreasing in its second variable;
(2) 02 <01 on J and h is nondecreasing in its first variable.

Then there exists a solution of problem (1.1) - (1.3) lying between o1 and og on
J.
Proof. We will investigate only the case o1 < 09 on J. The second case can be proved
similarly. Consider problem (1.4), (1.5), where g is defined by (3.1), (3.2). We can
see that f € Car(J x R) implies g € Car(J x R), and that, according to (4.1), we get
w € CY(R), w' > 0. Theorem 4 implies that the functions a1, aa given by (4.5) are
lower and upper functions of (1.4), (1.5).
Since the functions w;, ¢ = 0,...,p, are increasing, it follows that a; < ay on J if and
only if 07 < 09 on J. Therefore, by Theorem 1, problem (1.4), (1.5) has a solution z
which satisfies (2.18). Thus, in view of Theorem 3, the function u given by (3.5) is a
solution of (1.1) - (1.3) and 03 <u <oz on J. O

4.2 Decreasing impulsive function
Let us suppose
I;€C'R), I; <0, j=1,...,p. (4.7)

Definition 4. A function o1 € AC* (02 € AC*) is called a generalized lower (upper)
function of problem (1.1) - (1.3), provided the conditions

(ol(t) — f(t,o: () (1) >0 fora. e t€(tj,tjit1), j=0,...,p, (48)

(oi(tj+) = Li(oa(t))(=1)™ >0, j=1,...,p, :
h(oi(a),o:(0))(=1)" >0, i=1,2. (4.10)

Theorem 6. Suppose that (4.7) is satisfied.

a) Let o1 and oy be generalized lower and upper functions of problem (1.1) - (1.8)
and let g be defined by (3.1), (3.2). Then a1, ay given by (4.5) are lower and upper
functions of (1.4), (1.5).

b) Let oy, ao be lower and upper functions of (1.4), (1.5) and let [ be defined by
(3.1), (3.8). Then o1, oo given by (4.6) are generalized lower and upper functions of
problem (1.1) - (1.3).

Proof. We can use the arguments from the proof of Theorem 4 having in mind that
conditions (3.1) and (4.7) imply that

(=1)w; >0,j=0,....,p. (4.11)
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We will prove the assertion a) for oa, only. So, choose arbitrary j € {0,...,p} and
consider a generalized upper function oz of (1.1) - (1.3). Then
5(1) f(t,03(t))
b (t) — gt an(t)) = 220 f — (oh(t) — f(t,09(t
for a. e. t € (tj,tj+1).
Further, choose j € {1,...,p} and suppose that j is odd. Then, by (4.9), o2(t;+) <
I;(02(t;)), and in view of (4.11) we have

wi H(oa(t;+)) = wit (L(oa(t)))-

Therefore, az(tj+) = w; ' (o2(t;+)) > w; ' (Li(o2(t)))) = wili(oa(t;)) = aalt;
Similarly for j if it is even. As in the proof of Theorem 4, we get h(az(a), w(az(b)))
0. 0

(~1)
[ (an(®)]

Theorem 7. Let 01 and oo be generalized lower and upper functions of problem
(1.1) - (1.3) and let (4.7) be fulfilled. Further, let one of the following conditions be
satisfied:

(1) (o1 —02)(=1)" <0 on (t;,tit1] fori=0,...,p and h is nonincreasing (non-
decreasing) in its second variable if p is even (odd);

(2) (01— 02)(=1)* >0 on (t;,tis1) fori =0,...,p and h is nondecreasing in its
first variable.

Then there exists a solution of problem (1.1) - (1.3) lying between o1 and o9 on
J.
Proof. We follow the proof of Theorem 5 working with (—1)%w;, i = 0, ..., p and using
Theorem 6 instead of Theorem 4. O

We can also study, instead of problem (1.4), (1.5), problem (1.4),
=0,

h(w(z(a)), (b)) (4.12)
where g € Car(J x R) is given by
W for t e (tp,b]
L) for t € (t,_1,t
g(t,x) = Wit for tElnt] R, (4.13)
ﬂ%(”x()w)) for t € [a,ti]
where
wo = idR,
o= Ifi’ 1 1
wy =1y (I; )*12 (w1), (4.14)
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Working with problem (1.4), (4.12) we can prove the following modification of Theo-
rem 7.

Theorem 8. Let o1 and o2 be generalized lower and upper function of problem (1.1) -
(1.8) and let (4.7) be fulfilled. Further, let one of the following conditions be satisfied:

(1) (o1 —02)(=1)P7* <0 on (t;,t;s1] fori =0,...,p and h is nonincreasing in
its second variable;

(2) (o1 — a2)(=1)P~" > 0 on (t;,tip1] for i = 0,...,p and h is nondecreasing
(nonincreasing) in its first variable if p is even (odd).

Then there exists a solution of problem (1.1) - (1.3) lying between o1 and oo on J.
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