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Abstract. The present study uses differential subordination in conjunction with Janowski-type
functions to establish the particular class F (m,n,\,q,D, E) of holomorphic functions in the open
unit disk. This class is associated with the g-analogue multiplier transformation. Using both the
Keogh-Merkes and Ma-Minda’s inequalities and the well-known Carathéodory’s inequality for
functions with positive real parts, an upper bound for the first two initial coefficients of the
Taylor-Maclaurin power series expansion is derived. Also, for the functions in this family, an
upper bound on the Fekete-Szegd functional is provided. Furthermore, for the function G -1 a
similar conclusion is derived for the Fekete-Szego inequality and the first two coefficients when
G € F (m,n,\,q,D,E). Properties regarding partial sums, necessary and sufficient conditions
for functions to be part of ¥ (m,n,\,q,D,E), radii of close-to-convexity and starlikeness for this
class, as well as distortion bounds are also established. The novelty of the results consists in
the investigation of the basic properties of the new class of functions using simple methods, and
the fact that the class is connected with the new above-mentioned g-operator and the Janowski
functions.
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1. INTRODUCTION

The set of functions G of the type

oo

Gm)=n+)Y am”, (1.1)

n=2
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That are holomorphic on the open unit disk U := {n € C: |n| < 1} of the complex
plane are denoted by A4, and the subclass § of 4 refers to functions that are univalent
in U.

Given G, F € A4, the function G is referred to as subordinate to  if there is a func-
tion w(n) € U satisfying w(0) =0, |w(n)| < 1,m € U, known as Schwarz function,
and G(m) = F(w(n)) for all M € U. The mathematical sign used for subordination
is:

G=<F or Ggm)=<FMm).

The following inclusion equivalency holds if the function F € §:
GMm)<Fm) < G0)=7%(0) and §G(U)C F(U).

The starlike and convex functions in U, respectively, are the subfamilies of .S:

S ::{geﬂl:Re{ng/(n)}>0,ne‘u}

Gm)

and
K::{geﬂ:Re{mg,((T?)))/}>0,n€‘U},

respectively. Similarly,

ey .G (n) _ .G ()’

where

_14n
wm—Tg;

Janowski defined in [19] the Janwoski class of functions &* [D,E], an extended
function family of starlike functions. A function G € A is said to be in the family
S*[D,E]if

’ 1+D
ngMm  1+2n (Cl<E<D<1).
gm) 1-Zn

We mention that the above subordination could be written as:

ng (M) _ (D+Dpm)—(D-1) (-1<E<D<),

gm) (E+hpm)—(Z£-1)
where p(1) is an analytical function with a positive real part in U.
The Janowski convex and Janowski starlike functions are obtained by reducing
the above-described classes to the requirement —1 < £ < D < 1. The starlike and
convex functions of order ¥ (0 < ¥ < 1) are obtained for the special cases when
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D:=1-28and E := —1, where 0 <O < 1. These functions were earlier defined
by Robertson in [26], and were considered as:

“(8) Red NG (M)
S(ﬁ).{geﬂl.R { G }>ﬁ,ne‘u},

G M)
= :Red ———~+— .
K (9) {geﬂl e{ Gm) }>ﬂ,ne‘u}

Considering the well-known inclusions $*(8) C § and K (9) C S, it follows from
the familiar Alexander’s duality relation that G € X (9) if and only if T]g/ (m) €
S*(9) for each 0 <9 < 1. Geometric Function Theory (GFT) has been developed
substantially based on the aforementioned families, and several key properties of §
have been examined considering various perspectives.

When 0 < g < 1, [n]q! represents the g-factorial described as (see [18]):

nlgn—1]g---[2]41]4, ifn=1,2,3,...,

1, ifn=0,

The applications of g-calculus across various mathematical fields, as well as in
physics and engineering, are widely recognized.
Jackson [ 18] proposed the g-derivative operator D, of a function G as follows:

G)—G(gm)

9,6G(M) = (1—g)M

(0<g<1;,m#0).
It is clear that
Jim Dy6(m)=g'(n) and D,G(0) = G'(0).

For additional information on the g-derivative operator’s theory D, one can refer
to[l1-13].

The relationship between g-calculus and the theory of univalent functions was
made clear by Ismail et al. [17] who introduced and investigated a specific class of g-
stalike functions. It was Srivastava who established the foundational principles for the
applications of g-calculus within the realm of geometric function theory, as presented
in the book chapter that appeared in 1989 [29]. A recent study [!] highlights some
aspects of the application of quantum calculus in geometric function theory, while
Srivastava’s review from 2020 [30] highlights other breakthroughs.
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The introduction of new g-analogue operators led to a multitude of applications
of g-calculus on univalent functions. Convolution was used by Kanas and Rédducanu
[20] to establish the g-analogue of the Ruscheweyh differential operator. Further
research on the use of this differential operator was conducted by Mahmood and
Sokét [24] and Mohammed and Darus [6]. The same pattern led to the emergence
of the g-analogue of the Séldgean differential operator [ 14], which sparked a number
of applications among very recent ones being [106,22]. Other interesting very recent
studies involving g-analogue operators can be seen in [4, 5, 7].

Recently, Shah and Noor [27] defined the g-analogue multiplier transformation
I"™G:4— Aby

oo

rrGm) :=n+ Y [@Ng)]"am", Me U, (1.2)
n=2
where
[+,
D,(A,q) = R A>—-1,4q€(0,1),meR, ne U (1.3)

Motivated by the recent new studies involving g-analogue operators like [2, 15,32,
], in this article, using the g-analogue multiplier transformation defined in (1.2),
we define a new subclass of 4 given by:

(1.4)

m\
f(m,n,x,q,@,ﬂ:{geﬂ: ligm) ”@“},

rgm) 1+En

where -1 <E<D<I1,A>—-1,g€(0,1) and m € R.
Specializing the parameters D and ‘£, one can obtain the particular cases

f(m7n77")(171_2a7_1) = f(m,n,l,q,oc),

and
F (m,n,h,q,1,—1) = F (m,n,A,q,0).

The study described in this paper focuses on investigating several coefficient proper-
ties of this subclass. The study starts in the next section with the assessment of the
Fekete-Szego problem. In addition, the following sections establish the outcomes of
partial sums, specific properties, and coefficient estimates.

2. THE FEKETE-SZEGO FUNCTIONAL BOUNDS FOR THE CLASS
j-—(m’ n? ?\" q? QD? f)

In order to assess the Fekete-Szego type inequality for G € F (m,n,A,q, D, E) the
next already established results will be employed (the first part is due to Carathéodory

[9D:
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Lemma 1 ([21,23]). If P(M) = 14 pin + pon? +--- € P where P the class of
functions P € 4 withRe P(n) > 0 and P(0) = 1, then

Ipa] <1,n>1, 2.1)
and for h € C we have
|p> — hpi| < 2max {1;]1 —2h|}. (2.2)
Ifh e R, then
—4h+2, ifh<0,
|p2—Tpt| < {2, ifO<h<1, (23)

4h—2, ifh>1.

or one of its

If h>1o0r h <0, (2.3) remains valid if and only if Pi(n) =

rotations. 5
1
When 0 < h < 1, then the equality (2.3) remains valid if and only if P,(1) = i tgz

or one of its rotations.
When h = 0, equality equality (2.3) remains valid if and only if

14+c¢\ 1+n I1—c\ m+1
= <c<
Ps(m) ( 2 )—n+1+< 2 ) 1+m (0<e<l)
or one of its rotations.

Theorem 1. If G € 4 has the form (1.1) and G € F (m,n,\,q,D,E), then

|D—E|
az| < m R (2.4)
= g @ahag)

D%
S S @) @3 ) @)

{ 25— p  (D—F) ([ @2k )"~ [@2(0,q)") }
x max | 1; )

D—_—E ([®2(A, q)]™ — [q>2(7v7Q)]n)2

and for a complex number T, we have

[@3(A ;)(]m@—_[iz(x K max {1;|0(t, D, E)[}, (2.6)

‘a3 —‘Ca%‘ <

where
112z (D—F) ((@:2(hq)" "~ [@2(0q)")
D—E ([@2(0.))" ~ (@20 q)]")?
2D~ ) (D31 )" = [@3(2,))")
([P2(A,q)]" = [@2(A,q)]")

O(t,D,E):=

)
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and ®,(\,q) is given by (1.3).

Proof. Our aim is to demonstrate that the relations (2.4), (2.5) and (2.6) remain
valid for G € F (m,n,A,q,D,E). Considering G € F (m,n,A,q, D, E), we have:

1" Gn) _ 1+Dn
p*Ggm) 1+EN

which yields

L Gm) _ 1+ Dw(n)
tem) 1+EwM)

Since w (M) can be written as:

1-h(M)  pMm+pm*+psn’+--

—Gwm), (-1<E<D<1).

win) = 1+h(M) 24 pm+pm?+pm>+---
we get:
1 1
Gwm) =143 (D=E)pm+ 3 2(D-E)p=(1+E)pi) 0+, 27)
and therefore
Im)»
GO (@ahg)]" — [@2(hg)
I;"G(M)
+ (([P3(2,q)]" = [@3(R,9)]") a3
(@200 "~ (@2 )" ) @)W 28
If we compare the first coefficients of (2.7) and (2.8) we have:
D—E
= m n Y 29
= @ @ahg)) 22
4= @_f[ (2.10)

2([®3(A, )" = [@3(M,9)]")

2 liee  [(@-5) (@000~ [@2009))
X |\ p2——= - m 2 )
2 ([@2(A,9)]" = [®2(,q)]")
and by using (2.1) in (2.9) and (2.2) in (2.10) we get:
|D—Z|
[@2(A,q)]" = [@2(X )]
D%
([@3(A,q)]" = [@3(A,q)]")

laz| < 2

|Cl3|§2
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xmax{l; }

122D (D-E) ([@2(hq)"" ~ [@2(hg)])

D-E ([@2(h,q)]" ~ [@2(,q)]")°
In addition, from (2.9) and (2.10), we have
2 |D—E| 2
— = - - — ,D,E)|, 2.11
= @ g P2 PP B @D

where

vz (D=5 (@00 - [@:009)")
R ™ (g~ eha)])
L D) (@30 )" - [@3(h)]")
([@2(A,q)]" — [@2(A,q)]")°

The necessary results are now obtained if we apply (2.2) in (2.11). Furthermore,
we obtain our inequality for real T by applying (2.3) to the previously mentioned
(2.11). g

Theorem 2. If G € A is given by (1.1) and G € F (m,n,\,q,D,E), then for any
T € R we obtain:

(2.12)

1_2K(T7@7 Z:)7 l..fT S Oy,
1, ifor <1<0y,
27((17 Q)’E) - 17 l:f’C > (O

D E|
[@3(2,q)]" = [@3 (A, q)]"|

‘a3 —Ta%‘ <

where K (t,D,E) defined by (2.12) and

_ ([@a(h )" — [@a(h )"’
(D—E) ([®3(h,q)]" — [@3(A.)]")

(2D (@091 - @:000)) 1
(@200, 9))" — [®2(2,q)]")° D—E |’

and

([@2(2,q)]" — [®2(A9)]")’
(D—E) ([@3(A q)]" = [@3(A. q)]")

((Q) ) ([cpz(x, g)"" - [Cbz(?»,q)]z”) D—2F — 1)
y :

Oy =

([®2(A, q)]" = [@2(A, q)]")? oz

Proof. For real 1, using Lemma 1 and equation (2.12), we get:
2
2|[®3(R,q)]" — [P3(M.q

a3 —ta3| = T |p2 = P1K (1, D, E)]
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2@ ()] — (@3 (g if0< K (D) <1,

1D E| —4%K (t,D,E)+2, if K(1,D,E) <0,
47((17@,2:)—2 1f_‘]((f5’@’¢z;)21

D—E —2%K(1,D,E)+1, if KX(1,D,E)<0,
= |’"7 | iyl if0<17(( JE) <
(@3 (A, q)]" — [®3(A,q)]"| 2K (t,D,E)—1 if h> K (t,D,E).

where X (T, D, E) defined by (2.12).

If
K (t,D,E) <0,

then

1+ (D-E) ([Cbz(?» Q)" = [ @21, ‘1)]2")
D, E
K (v, )= D_E ([@2(h, )" — [@2 (M, q)]")?
KDl [20a))
([P2(2,q)]" — [@2(A,9)]")

and we have

([@2(Aq)]" = [@2(X,9)]")°
(D—E) ([®3(A,q)]" —[®3(X, 9)]")
(D—E) ([@2(L))" " —[@2 (M) 1+E
( ( : c ) _ ) =0j.

1<

(@20 )" (@2 ()]") D—E
If
K(t,D,E) > 1,
then
vz (D) (@000~ (@200, q>]2")
KX,D,E
DB g (@200 )" = [ @201, 9)]")?
L U2=B) ([0 — [Ps(Mq)])
([@2(0,q)]" — [@2(hq)]")?
and we get

([@2(19)]" — (@200 9)]")’
) ([P3(Mq )]m [@3(2.q)]")
E)

(D—
(D—E)([@2(Lg) "~ [@2(M))") | D—=2FE—1Y\
X< (@ z(x o %M)]) tp_g )T
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3. CHARACTERIZATION PROPERTIES

We will introduce some characteristic properties of the functions G € F (m,n,
A,q,D,E) by using the techniques that Silverman introduced in [28]. These prop-
erties include partial sums results, necessary and sufficient conditions for functions
to be part of F (m,n,\,q,D,E), radii of close-to-convexity and starlikeness for this
class as well as distortion bounds.

Theorem 3. If G € 4 has the form (1.1) and G € F (m,n,\,q,D,E), then

Y (1-E)[@;(q)" + (D~ 1) [ @) au| < D~ E|, (1)

=2
where ® (A, q) is given by (1.3).
Proof. Letting G € F (m,n,A,q,D,E), by (1.4) we deduce that

L"Gm) 1+ Dw(n)

- ) T] € ﬂ?
Lhgm) Tl
with w (1) a Schwarz function, meaning that:
LM -irGm) | g
DI G ()~ E15*G(n)

Thus, the above relation leads us to
1" Gm) — I G(n) '
DIGFGM) LI G)
_ | Yo ([ q)]" = [®;(A.q)]") an’
(D—E)N+L7, (D[P, q)]" — E[@;(Aq)")am/
i (@A q))" = [@(A.q)]") |a; | K~
T D E| - L7 (D@ q)]" — E[@; (M q)]") |a;| ki~

<1,

and taking k — 17, a simple computation yields (3.1). O

Example 1. For
|D—E]|

GO =Nt L BB g+ (0 D@ P

such that E l; =1, we get
j=2
Y ((1-E)[@;(hg)]" + (D 1) [@;(h)]") |

J=2
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=Y (1 - 2) [, (L))" + (D— 1) [®;(hq)]")

j=2
|D—E| S
X o —~li=|D—-E|) {;=|D—-E|.
DRt @ DEagn. P EHL =P
Then G () € F (m,n,A,q,D,E).
Corollary 1. Consider G € F (m,n,\,q,D,E) described by (1.1). We have:

|D—E|
1-E)[@;(Aq)]" +(D—1) [@;(A,q)"’
where ® (A, q) is defined by (1.3).

|aj| < ( forj>2,

Theorem 4. For G € F (m,n,\,q,D,E), then
D —E|
=B @l + o= D@tgr =19
<r+ |D—T| r.
— (1-E)[ @A )" +(D—1) [@2(A,q)]"

For the function defined by

Sy D -

GO ) s )+ (D~ 1) g

the approximation is sharp.

r—

N5 Inl=r<1, (.2

Proof. For [n| =r < 1 we have

oo

n+ Y amn’
=2

j=

G| = <ml+Y gl =r+ Y ajlrl’.
=2 =2

J

J

Moreover, since for || =r < 1 we get ri < 12 for all J > 2, the above relation implies
that

Gm)| <r+r7Y |aj]. (3.3)
j=2
Similarly, we get
GO =r—=r"Y |a;]. (34)
j=2

From the relation (3.1) we have

L (1= £) @) + (D~ D) [#,0.9)) o] <97

J



STUDY ON A SUBCLASS OF HOLOMORPHIC FUNCTIONS 25

but
(1= E) [@2(M,q)]" + (D —1) [q)z(k’q”n)g‘“f‘
< (1= 22,00 0)" + (D~ DI q)]) o] <D
Therefore, " 3 o
j;zaj < (1—E) [@2(x,q)|]m+(g|;_ D@l (3.5)
and using (3.5) in (3.3) and (3.4) we get the desired result. 0

The next distortion theorem for the family F (m,n,A,q, D, E) could be similarly
obtained:

Theorem 5. If G € F (m,n,\,q,D,E), we have:

2|D—E| ,
1- m nk < n
(=B @:ta)+ (- Bt = 19 V]
21D - | )

(1-E) [@2(A,q)]" + (D —1)[P2(A,q)]"

The equality holds if the function is E given by (3.2).

<1+

Proof. We shall skip the proof since it closely resembles the arguments presented
in Theorem 4. 0

The next result deals with the fact that a convex combination of functions from the
class F (m,n,\,q, D, E) belongs to the same class, as follows:

Theorem 6. Consider G; € F (m,n,\,q,D,E) having the form:

Gm=n+Yam, i=123.. m (3.6)
=2

j
Then H € F (m,n,\,q,D,E), where

H(m):= Z{cig,-(n), and ;ci =1

Proof. Applying the outcome of Theorem 3 we write:

oo

Y (1=E)[®;Aq)]"+(D—1)[®@;(A,q)]") |a;| < |D— ],

=2
and, in addition,

Hm =Y (n Y, ai.m’) ) (z) .
=2 j=2 \i=1

i=1 j
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Therefore

(1-E)[®;(Aq)]" +(D—

N agki

T
[\

IN
™=
s

I
—
~.
U
(S}

(1=E)[@;(A,@)]" + (D= 1) [@; (A, q)]") \a,,j]] Ci

[
s
@
ﬁ
S

=|D— Z]ch—\@—f\,

thus H(n) € F (m,n,\,q,D,E). O

Regarding the arithmetic means of the functions of the family ¥ (m,n,A,q, D, E)
the next result holds:

Theorem 7. When G; € F (m,n,\,q, D, E) have the form seen in (3.6), we obtain:

g(n) _THL Z (Zazm ) m nv)\'qu D’E)a (37)

with function G being the arithmetic mean of G;, i =1,2,3,...,m.

Proof. Using (3.7) we get
1 m

f’,fl Z(n+2aljn>n+;<;iai,j>n’}

i=1 1:1

_1
m
and to prove that G () € F (m,n,\,q, D, E), according to the Theorem 3, it suffices
to demonstrate that:

Y (1= ) [0, q))" + (D~ 1) [0 q)]") (;ZH) <|p-z)

j=2 i=1

A quick calculation reveals that:

Y ((1- %) [@;(h )" + (D 1) [, (1 iw)

=

Z(Z E) [@; (A, q)]" (@—1)[<I>j(7»,q)]”)}au!)
<1i|@ E| = D E|,

therefore G € F (m,n,\,q,D,E). O
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Theorem 8. When G € F (m,n,\,q,D,E), we have that G € $*(9) (0< 9 < 1),

| <A,
o (=) (1= )@, )" + (D= 1) [, )] 77
= (j—0)|D—E| '
Proof. Consider G € F (m,n,\,q,D,E). Then G € S*(9) if:
ng’'m)
-1l <1-%.
G(m)
By applying a simple calculation, we deduce:
(L0 4!
§<1_6> lay| P < 1. (3.8)

Since G € F (m,n,\,q,D,E), considering (3.1) we have:

i (1-E)[®;Aq)]"+(D-1)[®;(A q)]"
D —E|

|Clj| < 1.
=2

Inequality (3.8) is true when:
= j—ﬂ> laj| ™!
Tg ) el
;2(1—19 /

(1-)[@,hg)]"+(D-D[®,(ha)" |
<,-_Z‘2 D— @

)

which implies that

(1= (1-B) (@, )] + (D 1) [, ()]
mf << D () >

or, equivalently

< (OB Ra 2 DRG0l )

|D—E|(j ")
hence, the family is starlike. O

Theorem 9. Any function G € F (m,n,\,q,D,E), is a close-to-convex function
of order & (0 <9 < 1), n| <k,

<(1 —9)((1=2)[*;(g)]" +(D—1) [d>,~<x,q>1n>> :
J1D—E] :

Proof. Let G € F (m,n,\,q,D,E). If G is a close-to-convex function of order ¥,
then we can write:

k> = inf
j>2

G'(M)—1| <1,
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equivalently written,
- J ‘ ‘ | j—1
——la;|mf < L.
J._Zg 1-9"/
Since G € F (m,n,\,q,D,E), using (3.1) we obtain:
i (1-E)[®;A.q)]" +(D-1)[®;(X.q)"
D - E]|

{Clj‘ < 1.
j=2
Inequality (3.8) is true when:

oo

: S (1=E) @)+ (D —1)[®;(hq)"
jgliﬂ|aj|m‘j 1<j_z:2( ) [P ( Q)|]@‘f_‘(£| )[®P;(A,q)] ‘aj

Y

which implies that

! < <(1—ﬁ) [(1-Z) [‘bj(}g)_] E:T(@—l)[‘bj(%,q)] ]>7

or, equivalently

n| < <(1 —9)[(1-E)[®;(1, )"+ (D— 1) [®; (A q)]" ) -

J1D—E|
which yields the desired result.

4. THE COEFFICIENT INEQUALITIES FOR G~ € F (m,n,\,q, D, E)

1
According to the "Koebe one quarter theorem” [10], there is a disk with radius 1

in the image of U through any function G € S. Consequently, an inverse function

G ! for each G € § exists and satisfies:

67 (Gn)=n (e G(g'0m) = (vl < (G n() >y ).

When both G and G~! are univalent in U, a function G € 4 is referred to as bi-
univalent in U. It is important to remember that the set of bi-univalent functions is
not empty. The bi-univalent function family includes, for instance, the functions 1,

Ln’ —log(1—n), and llog sl

but the Koebe function is not included.
1— 2 1—m

oo

Theorem 10. Considering G € F (m,n,\,q,D,E) and G~ '(w) =w+ ¥ dn",

n=2
we have:

1D - |
[@2(7\,, Q)]m - [CDZO\'a Q)]n ’
1D - Z|
[CI)3(}\’7 Q)]m - [q)g(x, Q)]

|da| =

|| = 7 max{1;| X (2,D,E) -1},
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and for any h € C, obtain:
|D—E|

52
45 =] < T = st
- [1; K (2,0,2) 1= EL @)l ~ ahoa)) ] |
([(I)2(}‘7 Q)]m - [(I)Z(}Vv Q)]n)
where
vz (D) (@) - [‘1’2(7»61)]2")
2,D,E
R ) ™ (st — Baha))
L UD=E) (@31 0)]" = (@52 ")
(D200 )" — [@2 (A, q)]")?

Proof. Since

G 'w)y=w+ i d,w",

n=2
is the inverse of the function G, it can be seen that
n=6"(GM)=6(G"'m), Ml <r(g). 4.1)

From (1.1) and (4.1), we obtain that

n=g"' (n+Zann”>, M| <ro(G), (4.2)
n=2

therefore from (4.1) and (4.2) we get:

T]+(a2+d2)n2+(a3 +2a2d2—|-d3)n3+... =1, n|<rn(G). 4.3)
Equating the corresponding coefficients of the relation (4.3), we conclude that

d2 = —dajy, (4.4)

d3 = 2d5 — as. (4.5)
First, from the relations (2.9) and (4.4) we have
D—E

e @ g @)

To find |d3|, from (4.5) we write:
|d3] = |as — 23],
hence by using (2.11) for real T = 2 we deduce that:
|ds| = {ag —2a%‘
B |D— E|
2([@3(2, q)]" — [®3(X.q)]")

p2
P2 — 717((27 Q)va)
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- 1D~ E| max {1; _
" 2([@3 (A, )" = [@3(Mq)]") (1K (2,D,E) 1]},

where

g (D=5 (@) - (@22 )™
D) ™ T (ot — Batha))
2D~ ) (D31 g)" ~ (@301, 0)]")
([@2(A, )" — [@2(A,q)]")°

For any complex number £, a simple computation gives us that:

D—E 3
b= = S T — gl (”2 —Z K@ E)
—h (D2 pi
4([@a(h )" — [@2(hq)]")
D—E
T2 (@)~ B (Mg (0
P g0 )0 p (P BN (@300 0)" [¢3<x,q>1">]> |
" <p2 2 [K( DB ([@2(A, q)]" — [@2(,q)]")°

After using Lemma 1 and (2.1), and considering modulus on both sides of (4.6), we
D -
@3(X,9)]" — [®P3(A, q)]"
(D-E) ([P3(A 9)]" = [@3(A,q)]")

determine:
X max { 1; p ) }
([@2(2,9)]" — [®2(X,9)]")

and this completes our proof. O

|d3 — hdj | < [

K(2,D,E)+h -1

5. CONCLUSIONS

The study on the generalized differential operator I A given by (1.2), used for
introducing the new subclass of 4 given by (1.4), contains information that may
serve as a basis for future research efforts on introducing other new classes of analytic
functions.

Furthermore, we hope that this study will inspire other researchers to develop this
concept further for new families that can be obtained by applying the concept of
subordination with connection to specific probability distribution series [3,31] or
with generalized telephone numbers[8, 25].
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