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BOURGAIN-LEBESGUE SPACES
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Abstract. Bourgain initially introduced a specific instance of Bourgain-Morrey spaces to invest-
igate the restriction and multiplier problems in R3. Following this, the concept of Bourgain-type
function spaces garnered considerable attention among researchers. In the paper, we aim to
introduce Bourgain-Lebesgue spaces, and delve into the embedding properties, the Young in-
equality, dilation properties in the spaces. Additionally, we explore the boundedness properties
within Bourgain-Lebesgue spaces concerning local Hardy-Littlewood maximal operators and
their vector-valued counterparts.
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1. INTRODUCTION

Letv € Z and in = (my,my,...,my,) € Z". A dyadic cube Qyj; is defined by

" mp omi+1
va::H[ZV’ v )7

i=1

denote Dy :={Qym: meZ"} and D :=yez Dy. Let 0 < p < g <ocand 0 < r < oo
The Bourgain-Morrey space M, .(D) is the set of all f € L]  (R") satisfying
1
11 » P
o = | ol ([ 110017 ) <.

VEL MEL! or

Here |-||,- is the norm of discrete Lebesgue space .

In [2], Bourgain introduced a function space to study the restriction and multiplier
problems in R3. The function space can now be viewed as a special case of Bourgain-
Morrey spaces. In [4], Hatano et al studied the Bourgain-Morrey space from the per-
spectives of harmonic analysis and functional analysis. They obtain some classical
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results related to the spaces, such as approximation properties in the spaces, interpol-
ation properties between the spaces and the boundedness of operators in the spaces,
as well as the dual of the spaces. Besides, there are some general spaces related
to Bourgain-Morrey spaces, such as Triebel-Lizorkin-Bourgain-Morrey spaces [5]
and Besov-Bourgain-Morrey spaces [ 1]. The Bourgain-Morrey spaces are import-
ant in partial differential equations, for more details we refer the reader to references
[1,6-9] and the references therein.

Our interests are successfully attracted by Example 2.9 in [4]. The example shows
that the Bourgain-Morrey space M,/ (D) is not trivial if and only if 0 < p < g < r < o
or 0 < p < g<r=co Inthecase of 0 < p < g < r = oo, the Bourgain-Morrey space
M (D) coincides with the Morrey space M,/ (R") which is defined by

MIR") = { f € LR : | fllagreny <}

and
1
11 Z
Il 1= sop 015 ([ 1 ay)
Q€D 0

It is well know that M (R") = LP(R") when p = ¢, so the Bourgain-Morrey space
M} (D) is identical with LP (R").

While in the case of 0 < p < g < r < oo, the Bourgain-Morrey space M, (D) can
not be reduced to the Lebesgue space. In the setting, an interesting question is that
how to introduce a corresponding space in the case 0 < p =g < r < co. We try to
answer this question in the paper.

Inspired by the above works, in Section 2, we aim to introduce the Bourgain-
Lebesgue space and delve into the embedding properties of the spaces. Besides, there
are some examples show that Lebesgue spaces and the Bourgain-Lebesgue space
are not contained within each other. In Section 3, the Young inequality and dila-
tion properties are obtained in the Bourgain-Lebesgue space. Section 4 contains the
boundedness and weak boundedness of local Hardy-Littlewood maximal operators in
Bourgain-Lebesgue spaces. In Section 5, we obtain the boundedness of vector-valued
local Hardy-Littlewood maximal operators in Bourgain-Lebesgue spaces.

At the end of the section, we need to explain some conventions on notations. The
C is a positive constant and independent of the main parameters in the formula, but
may vary from line to line. The symbol f < g means f < Cg. The symbol f > g
means f > Cg.

2. THE BOURGAIN-LEBESGUE SPACE AND ITS BASIC PROPERTIES

In order to introduce the Bourgain-Lebesgue space, we have to throw the large
cubes in D away (for more details see Example 1). Let N be the set of nonnegative
integers, B := Uyen Dv. So B contains all the cubes in 2 with the length less than or
equal to 1.
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Definition 1. Let 0 < p < r < oo, the Bourgain-Lebesgue space is defined by

B'LP(R") = {f €L, R"): |fllLr@) <},
where

<Z ||f| 21’(Q)> , re (0700)7
| fll oy = \QcB

su F=oo,
QEI%HfHLP(Q)v
It is easy to know that L”(R") and L (R") are subspaces of B<L? (R"). B~LP(R")
is equivalent to the Wiener amalgam space W (L?,¢) (R") which is important to
consider the problems related to multidimensional summation [10]. We also mention
that the space B~L* (R") is not contained in the Definition 1, because the norm of
B=L>* (R") is equal to the norm of L= (R").
Next example means that the condition “p < r” is needed in Definition 1.

Example 1. Let 0 < p < oo and 0 <r < oo. Then ¥, € B'LF (R") if and only if
0<p<r<oo,

Next two embedding properties are obvious of Bourgain-Lebesgue spaces.

Proposition 1. Let 0 < p < r; < rp < oo. Then B"LP (R") C B2LP (R") with
continuous embedding.

Proof. The proposition is due to ["' C I"”? with r; < rp. O

Proposition 2. Let 0 < p; < py < r < oo Then B'LP2 (R") C B'LP! (R") with
continuous embedding.

Proof. The proposition is obtained by || f|| s (g) < || f|lze () for Q € B. O

The following three examples show that Lebesgue spaces L”(R") and Bourgain-
Lebesgue spaces B"L” (R") do not contain each other for 0 < p < r < eo.

Example 2. Let0 < p <r <eo,a€ (n,) and f(x) = ]x]ilfpl -XR,,\B@I)(x), xeR™
Then f € LP(R"), but f ¢ B'LP (R").

Let x € R", we use x; € R to denote the i-th coordinate component of x, then
X = (X1,X2, ..., %p).
_1
Example 3. Let 0 < p < r < oo, f(x) = x; " (Lrez+ X s+1)"(x)), x € R". Then
feBLl(RY), but f ¢ LP(R").

Example 4. Let0 < p <r<e,a€ (0,1) and

fx) = (1—0)"Hx,-“] Y Apksy (), xeR™
i=1

keZ+
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Then
(1) f¢LP(R") and f ¢ B'LP (R"), a € (0, L];
(2) f¢LP(R") but f € B'LP(R"),a € (£,1];

(3) feLP(R") and f € B'LF (R"),a € (1,1).

S =

At the end of the section, we show Bourgain-Lebesgue spaces are complete.
Theorem 1. Let 1 < p < r < oo. Then B"LP (R") is a Banach space.

Proof. We only prove the theorem for 1 < p < r < o because the proof is similar
to the theorem for 1 < p < r = co. The fact is obvious that || - ||z is a norm.
Let { fin}mez+ C B'LP (R") be a Cauchy sequence, it can deduce that { f;, } uez+ is a
Cauchy sequence in L”(Q) independent of Q € B. So, there exist {gp }ges C L7 (R")
such that

Wlll_lgo | fm — &ollLr (@) = 0, uniformly for Q € B,
and

go(x) = 80 (x) a.e., x € O,
where Q) is a k-th subgeneration of Q.

Let Q € Dy and
go(x), x€Q,
folx) =140
0, x¢ 0,
we denote f by
fx):="Y folx), xeR"
0Dy
Now we prove that f € B"L” (R"). Due to the fact

1 1
£l 3o ey = <Z Hé’QHZn(g)) = [Z (nli_l}goHﬁnHu(QO ]

Q€eB QcB
= lim || fnl| grrr (),
there exist a constant C such that
I £l 3rLr(me) < C.
It means f € B"L? (R"). Besides,

5 [|fon = fllartoien = [Z (fim, in =Tl ] -

Q€B

To sum up, B"L” (R") is a Banach space. O
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3. THE CONVOLUTION OPERATION IN BOURGAIN-LEBESGUE SPACES

In the section, some convolution inequalities are obtained in Bourgain-Lebesgue
spaces. We begin with the translation properties in the spaces.

Lemmal. Let 1 < p <r <oo Then

ﬁ 1l grLr@ery < NFC =Ygy < 2" f 1l grrrn » y €R™

Proof. Letv € Nandy € R”, there exist i1 (V,y),m2(V,Y), ..., (V,y) € Z" such
that

on

Ovin =¥ C | Oviinsinn(vy)

k=1
for each m € Z". Let z =x—y, then

VEN mezn Qv(m+mk (v.y)

On the other hand, by a similar way,

rfwm:[ r (/ ‘+y\f(x—y)!"dX>p] <2~z O

veNmeZ"

I
~ =

The following theorem states that convolution operation is well defined in Bourga-
in-Lebesgue spaces.

Theorem 2. Let 1 < p <r < oo, f € B'LP(R") and g € L'(R"). Then
8% fllgrir@ny < 2" fllmrer e 18l ey -
Proof. 1t is easy to know that

1

* [l ey pron — d '
I Fllariren LGB(/ 1763l le0)] y)]
/ (Z 1FC =)o )rlg(y)! dy,

QcB

where the penultimate inequality is due to the Minkowski inequality for the L”-norm

and the last inequality is because of the Minkowski inequality for the ¢"-norm. By
Lemma 1, we have

&% fllgrro () </RnHf('*Y)||QZ’LP(R")|8()’)| dy < 2" fll ey llgllo oy O3
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By the next lemma, we will show that the Young inequality is true in Bourgain-
Lebesgue spaces. Let a > 0, Q be a cube, denote aQ by the dilation of Q around its
centre by a.

Lemma 2. Let 0 < p <r < ooand a > 0. There exists a positive constant C,

related to a and n such that
1

r

( Y ||f||IiP(an,h)> < Canllfllgror@n)-
veN,nezZn

Proof. Leta € (0, 1], the lemma is obviously correct because aQy;; C Qi forv €
Nand i € Z". Let a € (1,00), there exists B, € Z* such that 2B«~! < g < 2B, For any
Oyii € Bwithv € {0,1,...,B, — 1} and /it € Z", there are at most t(a) := (2P + l)n
cubes in Dy, for example Qu;i, , Qoiy s - - - » Qoﬁ%(a), such that

©(a)
aQvin C | Qoi,-
i=1
So

1
-

<l

( Y ’f‘zﬂ(aQW;l)>
veN,ReZ!

| x ([, rere)

ve{ovla"wﬁafl}
mezZ"

:
oy (e e)
VEN\{0,1,...Bo—1} \/ Qi
meZl

1

(a) »
<Y| X (/ |f<x>|pdx] + 2" f g
i=1 | ve{o,1,....pa—1} \/ Qo
mezZ"
< (Ya@)Ba+2") [| £l grer rr)- O

Now, we state Young’s inequality for Bourgain-Lebesgue spaces.

Theorem 3 (The Young inequality). Let 1 < p <r <oo, 1 < pg<rg<oo 1<
p1 < rp < oo and
1 1 1 1 1 1
—+l=—+4+—, —+1=—+—.
p pPo D1 r nn n
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Then, for f € BLP(R") and g € B LP'(R"), there exists

1f * gllsrrrn) S Nl groreo e gl 3 L1 (r)-

Proof. Let Oy € ‘B, by the Minkowski inequality and the Young inequality for
the LP-norm,

||f*g”LP(QW;l) < Z H (fXQV,ﬁ/) * (gXQwh*wa) HLP(R”)
e

< Y fre.

m ez

where Qv — Qv = {x_x, D X E QuipyX' € Qvﬁz’}-
Due to the fact that Qv — Qvir C 30y (i), We have

‘gXva Oy }Lm (R)

|LP0 R")

1

1 rl
Y rgliom ) S| X [ L el [95ewmmn],, ..
mez" mez" \in' €z L (Rr)

1 1
o n
( Z HfXQ\/mHLPO Rn ) ’ < Z “gX:”vaﬁ“ZPl(R"))

meznr mez"

1 1

r
(Z HfHLpo (Ovit) ) (Z ”é’HLm (30vi) > )
mez" meznr

where the second inequality is due to the Young inequality for the discrete Lebesgue
space ¢". Then

1

( Z Hf*gHIrf(va)>

e veNllgr
L L
0 r
< ( Z HfXvaHLPo R > ( Z ||gHL171 (30vi) )
meznr ven|lpr mezr venN || g
0 0
< Z HfXva LPO(R") Z ”gHLm (30vin) )
el veNII/o el veNli/m

where the last inequality is due to the embedding properties of the discrete Lebesgue
space ¢". By Lemma 2, we obtain

||f*g||r3ru(Rn) S Hf”fzsfou’o(w)”8H£B*ILP1 (R7)- U

Finally, we consider the dilation properties in Bourgain-Lebesgue spaces.
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Theorem 4. Let 0 < p <r < e andt € (0,1]. Then

1 () | grir ey < 2707 || f | 3o geen)-

Proof. The theorem is correct when ¢ = 1, so we only need to prove the case when
t € (0,1). For such ¢, there exists v, € N such that 27V~! <t <27V, So there are
(V4 Ve, t), i (V4 V1), ... e (V+ Vg, t) € 7" such that

Tlmp omi+1 ?
ITI [IZ\:,I lzv ) C kU Ov v, it (VAV 1)
= =1

for each m € Z. Let x =ty, y € Qyjz, then
1

[

14

el <t | X (], £ dx
Ui=1 Qv-tvp ity (v+vi 1)

veN,meZ"
<27 || fll g ey O
The dilation properties become complicated in the spaces when 7 € (1,0).

Theorem 5. Let 0 < p <r <coandt € (1,00). Then there exists a positive constant
C,,; related to n and t such that

1 (t) | grier) < Cost ™7 || f | 3o geen)-

Proof. Fort € (1,), there exists v, € Z* such that 2V~! <t < 2%, Let x =ty,

y € Oy, then
v, —1 i
P d
Yy </Qm|f(ty) y) ]

v=0 mezZ"

Y ¥ (f e dy)’:]

V=V mezZ"

T

@) rrrmey <

T

+

When v € N\{0,...,v; — 1}, similar to the proof of Theorem 4, there are 77 (v —
Vi, 1), (V—Vy,1), ... e (V —Vy,t) € Z" such that

el omp omi+1 '
H [tz\ﬁ?t 12v > - U QV—V,,r?l+171k(V—Vt,t)7
k=1

i=1
for each m € Z". Then

[i ¥ ([ o dy);]

V=V, ez mn

1
y

<=

<o [i L (f irwr dx);]

v=0meZ"

L2 7| fll grorwe)-
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When v € {0,...,v, — 1}, we know that

n |
Vvl gy (H [t’;’,tm’; )) <2V,

i=1

So, there are at most Y(z) := (2" +1)" cubes in Dy, for example Quz,, Qojys - - -
,Qomy(,>, such that

i=1

(0

nmp mi+ 1\

H{tzv,t w— ) < U Qo
i=1

YOVt || fll o )-

1F ) | mrao ey < OVEVe+27) 2|1l gz ey O

4. THE BOUNDEDNESS OF LOCAL HARDY-LITTLEWOOD MAXIMAL OPERATORS
IN BOURGAIN-LEBESGUE SPACES

The Hardy-Littlewood maximal operator and its local versions are important in the
theory of function spaces. In the section, we investigate the boundedness and weak
boundedness of local Hardy-Littlewood maximal operators in Bourgain-Lebesgue
spaces. Let f € Lioc(R") and Q C R”" be a cube, the Hardy-Littlewood maximal
operator M is as follows

1

(M)W= swp o [0l xeR
QCR" xeQ ’Q‘ o

Let £(Q) be the length of Q, we restrict £(Q) to be less than or equal to one, then the

local Hardy-Littlewood maximal operator M, is defined by

1
(Moe) )= swp = [ |fO)| v xe R,
ocrxeo |0l Jo
0(0)<1
In addition, the definition of the Hardy-Littlewood maximal operator associated with
B, denoted by Mz, is

1 n
(M) (@)= s /Q FO)ldy,  xeR"

QeBxeQ
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It is easy to know that
(Mz[) (x) < (Mioef) (x) < (M[f)(x),  ae xeR",

so Mg is a bounded sublinear operator in L? (R"),1 < p < oo.
Next, we prove that Mg is bounded in B"LP(R") for 1 < p < r < co.

Theorem 6. Ler 1 < p < r < . The Hardy-Littlewood maximal operator Mg is
bounded in B"LP(R").
Proof. Let Q € B,
J1:= %o, f2:= fXrn0-
Then f = f1 + f» and
HMrBfIHLP(Q) 5 ||f1||LP(R”) = HfHLI’(Q)

It means
1

BrLr(R") S <Z ”f‘&(g)) = ”f”@"LP(]R”)‘

QB

195 11|

Let x € Q, k € Z, Qy be the k-th dyadic parent of Q, then |Qy| = 2"%|Q| and

I - Y
My fo) (x) < sup —— dy< Y g, (= .y
(363)5) < sup 5 [ 110 < o (1g7) Wlwran

where Iy, = 1if Or € B, Ip, = 0if Qx € D\ B. So we have

19 £3]| g < X2 I f v
k=1

Let Q:={Qx € B: Q€ B}, then

nk __ nk

1
woan < L2 0 Y 10y | S 1Al
=) k=1 oeQ

where the penultimate inequality is due to the fact that there are at most 2% dyadic
cubes in B such that their k-th dyadic parent is Q.
To sum up, we obtain

HM’Bf‘ BrLP(R") S HM@fl‘ BrLP(R") + HMf?f2|
Thus we finish the proof. 0

19412

s < 1f 3@

Denote o € {0,1,2}" by o := (01, 002,...,0,), o; € {0,1,2},j=1,2,...,n. Let

n

v =11

Jj=1

mi+% mi+1+%
P Y ’
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DY :={0%, : meZ'}, and By := Uyeny DY, as well as Dy := Uyez DY By the
notations we know that B o) = B and Dy, . o) = D.

The notation Mgz, means the Hardy-Littlewood maximal operator associated with
By, and is defined by

(M f) (¥) = sup fQ, Lirola.  cer.

Q€ By x€Q
By a similar methods of Theorem 6, we have

ansy

Corollary 1. Let 1 < p < r < . The Hardy-Littlewood maximal operator Mg, is
bounded on BLLP (R").

To establish the boundedness of the Hardy-Littlewood maximal operator Mg, in
the space B"LP(R"), it is essential to demonstrate the norm equivalence between the
spaces B"LP(R") and ‘BLLP (R").

Lemma 3. Let 1 < p <r <ooand o€ {0,1,2}". The norms of ‘B"LP(R") and
By LP (R™) are equivalent.
Proof. Let QY- € By, there exists 7 (v, ), 2(V, ), . .., 7iton (V, ) € Z" such that
2)1

0% € | Qv (v.)-
k=1

Then we have

1
on v
”f”%w<R"><k_Zl< L "f"ZP(QVWM)) <2l lgiree).

veN, ez

By a similar way,
[ flzrr ey < 2" fll By (Re)-
Thus
%Hf”@&m(ﬂv) < g ey < 2°1F | 3yee ey -
Thus we finish the proof. g
Based on Lemma 3, we state the following theorem.

Theorem 7. Let 1 < p < r < co. The Hardy-Littlewood maximal operator Mg, is
bounded in B"LP (R").

Local Hardy-Littlewood maximal operators can be dominated by a sum of a se-
quence of Hardy-Littlewood maximal operators { Mg, }c {0,1,2}» as follows

Mocf ,S Z M’Baf .

ae{0,1,2}"
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This fact leads to the conclusion that the local Hardy-Littlewood maximal operator is
bounded in B"LP(R").

Theorem 8. Let 1 < p < r < oo. The local Hardy-Littlewood maximal operator
Moc is bounded in B'LP (R™).

We now aim to prove the local Hardy-Littlewood maximal operator M, is bound-
ed from Bourgain-Lebesgue spaces to weak Bourgain-Lebesgue spaces.

Definition 2 (The weak Bourgain-Lebesgue space). Let 0 < p < r < oo, the weak
Bourgain-Lebesgue space B"LP>(R") is defined as

BLI=(RY) 1= {f € Ll (R") : ||flarwrm(an) <}

loc

where
1

11l o eny 2= (Z Hsz‘*""(Q)) !
QcB
1£llzr=(g) = inf{C>0: A" |[{x € Q: | f(x)| > A} < C"}.

It is easy to see that || f|
following theorem.

#rire=®r) < || fl|#r1r(rn). By Theorem 8 we can state the

Theorem 9. Let 1 < p < r < oo. The local Hardy-Littlewood maximal operator
Moc is bounded from B'LP (R") to B"LP=(R").

We proceed to prove the Hardy-Littlewood maximal operator M is bounded from
B'L'(R") to B"LY>(R") for 1 < r < oo

Lemma 4 (see Lemma 2.1.5 in [3]). Let {Q1,0>,...,0k} be a finite collection of
open cubes in R". Then there exists a finite subcollection {Qj,, ..., Qx.iz} of pairwise
disjoint cubes such that

k 1
Uai|<3"Y 19l
i=1 r=1

Inspired by Theorem 2.1.6 in [3] and with the help of Lemma 4, we obtain the
following lemma.

Lemma 5. Let f € L'(R") and Q C R", then

n

3
xeQ: ()W) >af[ < [ 170 d.
‘ { } ‘ o {xEQ: (Mf)(x)>(x}
Proof. The proof is similar to Theorem 2.1.6 in [3], so we omit it here . ([l

By Lemma 5 we know that the Hardy-Littlewood maximal operator M is bounded
from B"L' (R") to B'L'>(R").
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Theorem 10. Let 1 < r < . The Hardy-Littlewood maximal operator M is
bounded from B'L' (R") to B"L!=(R").

Proof. Let Q € B, by Lemma 5, we have

n

3
{xeo: (N >a}[ < [

3n
fO)dy < —=|flloio)-
feo (Mf)(x)m}\ 2l a” L1(0)

Thus
1M || 1) < 3" 1AMt )

which means

1211

BrLL=(R?) < 3an”$fL1 (R")-
Thus we finish the proof. U

By the fact that (Mo f) (x) < (M f) (x) for a.e. x € R” and Theorem 10, we have
the following corollary.

Corollary 2. Let 1 < r < oo. The local Hardy-Littlewood maximal operator My
is bounded from B'L' (R") to B"LY>(R").

By the way, the constant 3” in Lemma 5 can be replaced by 1 if we only focus on
the Hardy-Littlewood maximal operator M.

Corollary 3. Let f € L' (R") and Q € ‘B, then

1
x€Q: (Mpf) () >a}| < [ 70 d
i J 0 J{xeQ: (Maf)(x)>a}
Remark 1. The method used in Theorem 6 fails to prove the boundedness of the
Hardy-Littlewood maximal operator M in B"L?(R"). We do not know whether the
Hardy-Littlewood maximal operator M is bounded on B"L?(R").

5. THE BOUNDEDNESS OF VECTOR-VALUED LOCAL HARDY-LITTLEWOOD
MAXIMAL OPERATORS IN BOURGAIN-LEBESGUE SPACES

In the last section, we focus on the boundedness of vector-valued local Hardy-
Littlewood maximal operators in Bourgain-Lebesgue spaces.

Theorem 11. Let | < p <r <o, 0 < g < oo and {fi}icz+ be an sequence of
functions contained in Lf, (R"). Then

(i r%ﬁw) < (iw)
i=1 i=1

BrLr(R) BrLP(R)
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Proof. LetQ € B,ic 7",

Ji1 = fixo, fiz = fiXgmo-

Then f = fi 1+ fi2. By the Fefferman-Stein vector valued inequality, for example see

(5.6.25) in [3], we have
o o 0 o 0
(Z | Mz fi1 }q> < (Z | fi1 |q> = (Z ’fi\q>
- vie) 1IN ZEON i)

< (;w)

Let k € Z*, Qi be the k-th dyadic parent of Q, then |Qy| = 2"¥|Q|. For all x € Q,
1 Y §
& / fi(v)] dy,
Ok

(Mzfi2) (x) = sup —= i)l dy <
l 0ies |0l Jono ™ \k;l | Okl

where Ip, = 1if Qx € B, Iy, = 0if O € D\ B. By the Minkowski inequality and the
Holder inequality, we have

1

=

So

eI

o)

BrLr(RY) BrLr (R

1

- ) X q % - IQk % . ) ‘
(i_ZIMMgfl,z)( )\) §;<Qk\> (;!ﬁ\q>

Lr(Qk)

¥ [Mafia]? <y () (L)
i=1 7 k=1 | Okl i=1

So

<=

LP(Qx)
It means

1 r r

(Z‘Mﬂfi,z‘q> 522%7% Y I, (Z ’fi\q>
=1

— k=1 0eQ i=1

< (;w) |

BrLP(R")

Lr(Qk)

where the inequalities are due to Q := {Q € B : Q € B} and the fact that there are
at most 2% dyadic cubes in B such that their k-th dyadic parent is Qy.
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By the fact | M3z fi| < |Mzfii|+|Mzfi2|, we have

1

oo q oo
Y M il S LAl : m
= B Lr(R") = BrLr(RY)
By the similar argument in the proof of Theorem 11 and the equivalent norms of
B'LP(R") and BLLP (R"), we have the following corollary.

Corollary 4. Let 1 < p <r <o, 0 < g <o and {fi}icz+ be an sequence of

functions contained in L, .(R"). Then

oo q oo
) | My, fil S| LA
i=1 i=1

BrLr(R?) BrLr (R

q

Then we have the boundedness of vector-valued local Hardy-Littlewood maximal
operators on B"LP(R").

Theorem 12. Let 1 < p < r < oo, 0 < g < o and {f;}icz+ be an sequence of
functions contained in L .(R"). Then

loc
1 1
(=) q oo q
Y (Mo fi]? S X 1A
=1 BrLp(RN) = BrL(RY)
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