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Abstract. In this paper we study a Bernoulli-type differential equation that replace the usual de-
rivative by a fractal derivative. We show the goodness-of-fit of this model for real data comparing
it with classic models.

2010 Mathematics Subject Classification: 26A24; 28A80; 26A27; 26A33

Keywords: fractal derivatives, Bernoulli differential equation, real data fitting

1. INTRODUCTION

Fractal calculus (also called local fractional calculus) is utilized to handle various
nondifferentiable problems that appear in complex systems of the real-world phe-
nomena. This new calculus was first proposed by Kolwankar and Gangal in 1996
through renormalization of Riemann—Liouville definition [23]. Fractal derivatives
(or local fractional derivative) are defined as a non-Newtonian generalization of the
derivative dealing with the measurement of fractals and play an important role in the
study of anomalous diffusion. There are many definitions of fractal derivatives and
local fractional integrals (see for instance [3, 4, 6, 8, 21]). In this paper we used a
particular version of the definitions given in [12, 13,31]: for a, > 0, let us define
the (B, o)-fractal derivative of a function f at the point 7y by

1P(0) — fP(10)

dr® =1 1% —1

(1.1

if there exists this limit and it is finite. In this case, we say that f is (B, )-fractal
differentiable at ty. Here, the function t* is defined for t € R as t* := ¢[t|*~! and so,
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(t*) = aft|]*1; also, (|t|*) = at*~!. When B = 1, this derivative (1.1) can be viewed
as a fractional derivatives via fractional differences, which are very useful for solving
numerical problems of fractional differential equations (see e.g. [2, 16,20,22,29]).
However, for § # 1, this fractal derivative is not a linear operator and so, it does not
enjoy some desirable properties.

These derivatives engender a new kind of differential equations, referred as fractal
differential equations essentially different from the well-known fractional differen-
tial equations. As of today, many applications of these fractal derivatives are studied,
e.g. the Fokker-Planck equation in modelling phenomena involving fractal time [25]
and the time-space fabric underlying anomalous diffusion [12]. Moreover, in fractal
cosmology it has proved to be a nice derivative to treat certain universe models con-
sidering fractal space-time. Good references on this topic are the books [18,29-31]
and the papers [7,8, 11, 14,21,24,32].

The classic Bernoulli differential equation is a non-linear differential equation of
the form q

) a0 1o 0), nezy,
where a(t) and b(t) are continuous functions. The first discussion of this equation
goes back to Jacob Bernoulli in his work from 1695 [9]. Modern physics indeed uses
Bernoulli differential equations for modelling the dynamics behind certain circuit
elements, known as Bernoulli memristors [17]. The Bernoulli differential equation
also show up in some economic utility maximization problems (see for example [26]).
In the present paper we study Bernoulli-type differential equations of the form
dPy(z
20 a0 60))+ b0 50|, (12)
where Y€ R\ {1}. We solve an initial value problem for the equation (1.2). Finally,
it is shown the effectiveness of a fractal Bernoulli differential model to fit real data
associated with tuberculosis in Mexico.

2. BASIC PROPERTIES

This section summarizes a series of preliminary notions and tools that are required
in the main part of this work (for more details we refer to [5]).

Proposition 1. Let f be a differentiable function at ty. Assume that ty # 0 if o> 1,
and f(to) Z0if 0 < B < 1. Then f is (B,)-fractal differentiable at ty, and the
following formula holds

ds
dr*

B

o

(t0) Itol' %1 £ (10) [P~ ' (t0).

In particular,
dlf

1 )
qal0) =1 lto]' = f" (to).
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Proposition 2. Let c € R and let f be a (B, o)-fractal differentiable function at t.
Then the following statements hold:

i. We have

d's / dBf
dll ( ) f (t())a dr

ii. The function c is (B,o)-fractal differentiable at ty and

dfec
—(t9) = 0.
dto‘(o)

iii. The function cf is (B, a)-fractal differentiable at ty and

dP(cf) g dPf
dr® d o

(t0) = " =5 (10)-

iv. dB/dr® is a linear operator if and only if B = 1.

The following result shows how to compute the fractal derivative of the product
and the quotient of two functions.

Proposition 3 (Leibniz rule). Let f, g be (B, a)-differentiable functions at ty. Then
the following statements hold:

i. fgis (B,o)-fractal differentiable at ty and

B P &
T8 1) = T o) P(0) + 500 T )

ii. If g(ty) #0, then 1/g is (B, a)-fractal diﬂerentiable at ty and

2 (o)
_ dz

dl‘(x< ) ’g IO ‘ZB
iii. If g(to) #0, then /g is (B,

)
& L (10) 2B (t0) — £ (10) 2 (10)
s (o) 0= |

The next result is a kind of chain rule for the fractal derivatives.

~fractal differentiable at ty and

Proposition 4 (Chain rule). Let g be a continuous and (o, )-differentiable func-
tion at ty and let f be a (B, )-differentiable function at g(ty). Then fogis (B,a)-
fractal differentiable at ty and

dy

(f 0g)(to) = G

LS (0110)) 2 (0.

dt“ dr®
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Let I be an interval with 7y € I and a, 3 > 0. If f is a locally integrable function on
I with respect to the measure |s|*~!ds, let us define the operators

t
L0 = [ el f()ds.
) o s . @1
o, —
K20 = ([ el r5)as) = @),
0

for 1 € I. These operators behave as inverse operators of d'/dr* and dP/dr®, respect-
ively,

d! o B dB op .
3a (LhN) (@) = 5 (RGP (1) (1) = £(0).

3. FRACTAL BERNOULLI DIFFERENTIAL EQUATION

The Bernoulli differential equation is a fundamental theoretical element in the
solution of problems involving nonlinear differential equations. From the practical
point of view, its importance lies in its ability to describe and analyze problems in
Physics, Biology and Engineering, fundamentally, it allows the study of the behavior
of flows in systems where pressure, velocity and height phenomena intervene. It also
serves as a basis for the study of system dynamics, enzyme kinetics and population
dynamics (see [10, 15,28]). This equation has recently been studied in the context of
the global fractional operators [27]. The previous research has been complemented
by studying this Bernoulli differential equation by means of the local operators (con-
formable and non-conformable). Likewise, the research leaves open the possibility
of comparing the scope of both approaches (global and local) in practice (see for ex-
ample [20]). One of the advantages of the local differential operators studied, as well
as the global differential operators (Caputo, Fabricio, etc.) for o € (0,1), is that they
allow to use, generalize and extend many classic results.

Fractal calculus enjoys opening up new lines of research that also generalize many
classic results to distant and multiple areas [19]. The linear operator L% allows to
solve Bernoulli-type differential equation. The following theorem describes an initial
value problem for (1.2).

Theorem 1. Let Y€ R\ {1}, yo € R, I an interval with ty € I, and let a,b be
continuous functions on I. The function

exp (§L2(@)0)) (1 =L (bls)exp ((r— DLE(@)(5) ) () +36 ") )

" g
Yoexp (%L% (a)(z)) (ygv—ﬁ(l — V)L (b(s) exp ((Yy— 1LY, (a)(s))) (1) + 1) 7

ify>1,

3.
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will be a solution of the following initial value problem:
dPy
dre

witht € I, and

(1) = a() v(0)* + () y0) 7, ¥lt0) = yo,

(1 =L (bls)exp (Y= DLE@)(5)) ) () +55 P £ 0,
provided that Y < 0, whereas
P )L (b(s)exp ((r— DLE(@)()) ) (1) +1 40,
as long asy> 1.

Proof. Firstly, let us collect here the equalities that we will use:

T8 (1) = &1 1) 5000+ ) L2 ), 62
L@ =alror o, 63)
(ila (e5) (1) = &0 3;5(;)7 (3.4)

(ftla (LHN) (6) = f(0). (3-5)

Since the case y > 1 is similar, we can assume y < 1. Let us define
2(1) = y(1)P
= exp (L) (1 =12 (b(s)exp (- DLL @) ) ()05 #)
Proposition 2 gives that it suffices to prove that z(¢) satisfies the initial value problem

d'z

)

3o =a0)zO+bOO[", () = ¥
We have
<) = exp (£5 ) 10)) (1928 (b5)exp (7~ D)) ) ) 5 #1) 7
= exp(0) (0 +yg—By> 1/(1-y)
_ B
—p.

Note that 1/(1 —7y) > 0and y/(1 —y) > 0 if and only if y € [0, 1); if Y < 0, we have
the hypothesis (1 —7v)Lg (b(s) exp ((y— 1)L%(a)(s))) (t) +ygfﬁv £0.
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Since a and b are continuous functions on /, (3.5) implies

a .
2 (L(@) (1) =al),
dl

(L (ps)exp (Y= DLE@)(5) ) ) () = br) exp (Y= DLE (@) (1)).

By the above relations, in view of (3.2), (3.3) and (3.4), we obtain

3712@ ;l(x(exp( 2(@)0)) (1 -9 ()exp (- DLL@(E) ) () +3577) "7
Fexp (L ”"»*1(( DL (bls)exp (- DLE@)() ) 0+ #) ")

=alew(t ( VL (bls) exp(<v—1>L:;§<a><s>))<r>+y5‘m)”“’”

+CXP( ) 1— 'Y‘ —’Y)L, (b( )exp (('Y 1)L06( )(s )))(I)-Fygiﬁy‘l/(liwil
(=) P( (1= DL (@) (0)
=a(t) exp L(X ) (b(s eXp(( —1) (;(a)( ))>( )+yg BY)I/I Y)

Y- 1)L;
_py| Y/ (1=Y)
+b(t) exp (YL (a ><r>)\< VL (bls)exp (Y= DL (@)(5)) ) (1) + 55 ]
= a(t)z(t) +b(1)|z(t)|".
O
If the function b or a is identically zero, Theorem 1 has the following consequences.

Corollary 1. Let yg € R, I an interval with ty € I, and let a(t) be a continuous
function on I. Then the function

1
y(0) =voexp (g Lia)(1)
is a solution of the initial value problem

dfy

0 =a) (60" () =y

Corollary 2. Ler Y€ R\ {1}, yo € R, I an interval with ty € I, and let b(t) be a
continuous function on 1. The function

gy I/ (B=BY)
(A=vzeO+-47) ", i<,
1/(B-By
(b Pa—yLE®m+1) T iy,
is a solution of the initial value problem

el

O =bObO. )=,

y(t) =
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with
(= DLEB)O) +35 P #0,
provided that Y < 0, whereas
w0 (=L (B) W) +1£0,
as long asy> 1.
If the functions a(¢) and b(r) are constants, we have the following result:

Proposition 5. Letye R\ {1}, yo,a,b € R with a # 0. The function

_ 1/(B—Bv)
o) (OEPb)ew@aonee—g)-5) " <,
B - "5 5\ 1/ (B=BY)
o (14587P Y exp (a1 = (=) P E) L iy,

is a solution of the initial value problem

dy

d,oc(’):“(Y(t))BJFHY(f)’BY, y(to) = Yo,

when t > ty, and the following assumption are required:

(5742 ) exp (a1 - (*—1§)) 2 #0,

ify<O0, and
b _pb
(145872 Yexp (a1 =) (i~ 1)) =55 P2 20,

ify> 1.

Proof. Without loss of generality we can assume that Y < 1. The case when y> 1
is analogous. We have

L%(a)(1) = a/toc\so‘lds — a8,

0]
Theorem 1 yields

20 =exp (5 8(@)0) (1 -0 (penp (- D2 @) ) (™)

a

P (E(f"‘ —IS‘)) (b(l —7)L; (exp ((y=1)a(s* _zg))) (1) + yg—ﬁv) /6=
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Since

(1—-y)Ly (exp ((y— l)a(sa—tg)))(t) =(1-7) /toc|s|°‘716xp ((y—1)a(s*—1g))dr

fo
_ t
= 71 oufs|®a(y—1)exp (a(y—1)(s* —1§)) dr
fo
s=t

=— {exp (a(y— 1)(s“—t8‘))L:lO
= é(l —exp (a(Y— 1)<fa_t(()x)))7

we conclude that

Y1) =exp (% (e —t8‘)) (b(l —7)L (exp ((y=1)a(s _zg))) (1) + yg—ﬁy) /(B
=exp (g —15)) (2 (1-exp(aty— (e~ §))) +o5 ) 1/(8-By

- ((ygfﬁug)exp (a1 =) (1% — 1)) 72)1/@73 ]

0

We have the following consequence of Proposition 5 when Yy=2,a=A and b =
—B, which solves a kind of fractal differential equation.

Corollary 3. Let yy,A,B € R with A > 0 and yoB > 0. The function given by the
expression

0 =x0((10 %) e (—ate ) )

is a solution fort > ty of the initial value problem

@(,) = (v@)*(A-Br®)"),  ¥(t0) =0

dre
Proof. By Proposition 5, we need to prove that the function
B B
u(t) = (1 —ygg) exp ( —A(tOc —tg)) +ygg

is not O for every t > #y. Since A > 0 and ypB > 0, we have that ygB /A >0 and

B

0A(1—exp(—A(t°‘—t8‘))) >0, t>1.

u(t)=exp(—A(*—15)) +y
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4. A REAL DATA FITTING WITH MATLAB

First we will graph the solutions to the following initial value problem for the
fractal Bernoulli differential equation by varying o and B:

p
=100, @

y(0)=1.

In Figure 1, black curve is related to the usual derivative (B = 1,a0 = 1). The yel-
low, green, blue, red and brown curves correspond to the following (o, ) values:
(1.1,1.5), (1.8,3.0), (1.5,0.8), (0.2,0.7) and (0.4,2.1), respectively.

We also plot the solutions to the following equation

dy

(1) =200)P = [y(0)"* 4.2)

with the same initial condition as the problem (4.1). In Figure 2, black curve is
also related to the ordinary derivative (B = 1,0 = 1). However, in this case the yel-
low, green, blue, red and brown curves correspond to the following (o, ) values:
(0.7,1.0), (1.5,1.0), (1.2,1.4), (0.7,0.8) and (0.8, 1.5), respectively.

0 B S RS
0.0 0.5 10 15 2.0

FIGURE 1. Fractal Bernoulli differential model (4.1) for arbitrary
values of o and 3
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FIGURE 2. Fractal Bernoulli differential model (4.2) for arbitrary
values of o and 3

In [20], the authors proposed a generalized conformal fractional derivative G§
given by the formula

ot — hela—T
(63 1)(1) = pim PO

—0 h ’

and applied it to study a Gompertz model. In addition, a real data set on tuberculosis
in Mexico was studied and used to solve the inverse problem to estimate the order
of the proposed fractional derivative and compare it with the usual derivative and
other fractional derivatives (e.g. Khalil and Caputo derivatives). The results they
yielded were surprising because the proposed fractional conformable approximation
minimizes the error in the adjustments of the parameters associated to the Gompertz
model. In what follows we will see that a particular fractal Bernoulli differential
equation best fits the data set studied in [20]. For this study we used the same data
of the percentage of people with tuberculosis in Mexico between the years 1990 and
2015 [1].

Figure 3 shows the data associated with the percentage of people with tuberculosis
in Mexico (black asterisk) and the corresponding fits to the Gompertz model

D _ 0.2008-y(1)n (y(l,)> , “3)
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Final values: G=0.98017 L=0.96492
1 T T T T T T T * T *
* * %

* *

0.9

0.8

0.7

Models

0.6

0.5

Gompertz growth
Logistics growth
%  Data set

Time

FIGURE 3. Data and estimates of tuberculosis infectious using
Gompertz and logistics models

and logistics model
dy(r)

dt
both with initial condition y(0) = 0.335. Using Matlab we have written a script to
obtain numerical calculation of the solution of fractal Bernoulli differential equations.
For its implementation we used the efficient ode45 function based on an explicit
Runge-Kutta formula, the Dormand-Prince pair. We arrive that the following fractal

Bernoulli differential model:

=0.2008-y(r) (1 —y(t)), (4.4)

0.9
d dt{ ff ) _ <1 - (;99) - [0.087(y(1))** +0.008(y(1))*%], 4.5)
¥(0) =0.335,

best fits the data of the percentage of people with tuberculosis in Mexico with respect
to the previous models (see Figure 4).

Table 1 shows the fitting errors of the studied models: the mean absolute error
(MAE) and the mean squared error (MSE). It should also be noted that the fitting
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Final values: B=0.98828

* % " * X 4
* ¥
~
0.9 /// |
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i)
[0}
o
o
=

06 —

05 —

* Fractal Bernoulli differential model
% Data set
04 % —
Kk
¥
0.3 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time

FIGURE 4. Data and estimates of tuberculosis infectious using the
fractal Bernoulli differential model (4.5)

errors of the generalized Gompertz model proposed in [20] were relatively larger
than those obtained by our model (4.5). The MAE and MSE had values of 0.0416
and 0.0027, respectively.

Fitting errors

Models MAE MSE
Gompertz growth (4.3) 0.0495 0.0047
Logistics growth (4.4) 0.0614 0.0057

Fractal Bernoulli differential model (4.5) 0.0329 0.0020
TABLE 1. Fitting errors for the studied models

The script is shown below:

function fbernoulli
global alpha beta
%$%% Set parameters
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alpha=1.4 ; % FILL IN A VALUE FOR ALPHA
beta=0.9; % FILL IN A VALUE FOR BETA
$%% Solve equations
pt = linspace(0,20,100); % Generate t for p
p = (alpha/beta)*pt.” (alpha-1); % Generate p(t)
Tspan = [0 20]; % Solve from t=0 to t=20

= 0.335; % y(t=0)=
[T L] = ode45(Q@(t,1) myode2(t,1l,pt,p),Tspan, IC)
%%%Errors
err2=immse ([0.335,0.36,0.355,0.39,0.45,0.628,0.78,0.74,0.73,0.8,0.93,0.965,
0.94,0.96,0.96,0.945,0.985,0.96,0.973,0.955,0.99], [0.335,deval (oded5 (@ (t,1)
myode2 (t,1,pt,p),Ispan,IC),1),deval (oded5(@(t,1l) myode2(t,l,pt,p),Tspan,IC),2),
deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),3),deval (oded5(Q@(t,1)
myode2 (t,1,pt,p),Ispan,IC),4),deval (ode45(Q@(t,1l) myode2(t,1,pt,p),Tspan,IC),5),
deval (oded5(@(t,1) myode2(t,l,pt,p),Tspan, IC) 6),deval (oded5(Q@(t, 1)
myode2 (t,1,pt,p), Tspan,IC),7),deval (oded5(@(t,1l) myode2(t,1,pt,p),Tspan,IC),8),
deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),9),deval (oded5(Q(t,1)
myode2 (t,1,pt,p),Ispan, IC),10),deval (oded5 (@ ( ;1) myode2(t,1,pt,p),Tspan,IC),11),
deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),12),deval (oded5(Q@(t,1)
myode2 (t,1,pt,p), Tspan,IC),13),deval (oded5(Q@(t,1l) myode2(t,1,pt,p),
Tspan, IC),14),deval (oded5(Q@(t,1l) myode2(t,1, pt,p
Tspan, IC),15),deval (oded5(Q@(t,1) myode2(t,1,pt,p),
Tspan, IC),16),deval (oded45(@(t,1) myode2(t,1,pt,p
deval (oded5(@(t,1) myode2 (t, l pt,p),Tspan, IC),18
myode2 (t,1,pt,p), Tspan,IC),19),deval (oded5(@(t,1
Tspan, IC),20)])
mae2=mae ([0.335,0.36,0.355,0.39,0.45,0.628,0.78,0.74,0.73,0.8,0.93,0.965,
0.94,0.96,0.96,0.945,0.985,0.96,0.973,0.955,0.99], [0.335,deval (oded5 (@ (t,1)
myode2 (t,1,pt,p),Tspan,IC),1),deval (ode45(Q@(t,1l) myode2(t,1,pt,p),Tspan,IC),2),
deval (ode45(@(t,1) myode2(t,l,pt,p),Tspan,IC),3),deval (oded5(E(t,1)
myode2 (t,1,pt,p), Tspan, IC),4),deval (oded5(Q@(t,1l) myode2(t,1,pt,p),
Tspan, IC),5),deval (ode45(@(t,1l) myode2(t,1, pt p),Tspan, IC), 6),
deval (oded5(@(t,1) myode2(t,l,pt,p),Tspan,IC),7),deval (oded5 (@ (t,1)
myode2 (t,1,pt,p), Ispan,IC),8),deval (oded5(Q@(t,1l) myode2(t,1,pt,p),Tspan,IC),9),
deval (oded5(@(t,1) myode2(t,l,pt,p),Tspan,IC),10),deval (oded5 (€ (t,1)
myode2 (t,1,pt,p),Ispan, IC),11),deval (oded5 (@ ( ;1) myode2(t,1,pt,p),
Tspan, IC),12),deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),13),
( 14
1
p
18
1

, Tspan, IC),17),
,deval (oded5 (@ (t,1)

)
)
)
)I
)
)
)
) myode2(t,l,pt,p),

),

)

)
deval (oded5(@(t,1) myode2 (t, l pt,p), Tspan, IC) ) ,deval (oded5 (@ (t, 1)
myode2 (t,1,pt,p),Ispan, IC),15),deval (oded5 (@ ( ;1) myode2(t,1l,pt,p),
Tspan, IC),16),deval (ode45(@(t,1) myode2(t,1,pt,p),Tspan,IC),17),
deval (oded45(@(t,1) myode2 (t, l pt,p), Tspan, IC) )
myode2 (t,1,pt,p),Ispan,IC),19),deval (oded5 (@ ( , 1)
Tspan, IC),20)])
%%% Plot results
figure;
plot(T,L,"green’,0,0.335,"k*",1,0.36,"k*",2,0.355,"k*",3,0.39,"k*",4,0.45,
"k*',5,0.628,"k*",6,0.78,"k*",7,0.74,"k*",8,0.73,"k*",9,0.8,"k*’,10,0.93,
"k*',11,0.965,"k*",12,0.94,"k*",13,0.96,"k*",14,0.96,"k*’,15,0.945,
"k*’,16,0.985,"k*",17,0.96,"k*",18,0.973,"k*",19,0.955,"k*",20,0.99,"k*");

,deval (oded5(@(t, 1)
myode2 (t,1,pt,p),
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title('Plot of y as a function of time’);

xlabel (' Time’);

ylabel ("Models’);

legend(’Fractal Bernoulli differential model’,’Data set’)
function dl\mathrm{d}t = myode2 (t,1,pt,p)

global beta

f = interpl (pt,p,t); % Interpolate the data set (pt,p) at time t
dl\mathrm{d}t =

f.*(abs(l)) " (l-beta)*0.1*(0.87*1"beta+0.08*1" (0.7*beta))*(1-(1/0.99));

5. CONCLUSIONS

The advantage of using fractal differential equations in general is that we can in-
corporate the variable order of this operator, unlike ordinary differential equations
where the simulation and modeling is referred only to the time variable. Thus we
have a theoretical-practical panorama that is much broader, more general and richer
than that of ordinary differential equations, and which has demonstrated its effect-
iveness and efficiency in the solution of multiple problems. In this work we studied
Bernoulli-type differential equations using fractal derivatives. We were able to show
the goodness-of-fit of a particular fractal Bernoulli differential model for the study of
real data related to tuberculosis in Mexico. This last fact is remarkable because with
such fractal derivatives the curve fit is better than with classic models using usual
derivatives. The question of finding a fractal model that further minimizes the fitting
error of the data remains open to us. As future work, we plan to use Bayesian stat-
istics to estimate the alpha and beta orders with the aim of finding an optimal model,
following the ideas of the paper [16].
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