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Abstract. This paper applies the qualitative theory of differential equations to explore the global
structure of the generalized KdV-Burgers equation, including a complete description of the phase
portrait at infinity and the amplitude estimation of the oscillating shock wave. And based on KCC
theory, the deviation curvature tensor of the generalized KdV-Burgers equation is given. After
determining the Jacobi stability at any point on the traveling wave solution, this paper applies
the Melnikov method to further discuss the chaotic behavior when the dissipative term receiving
periodic perturbations.
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1. INTRODUCTION

For nonlinear partial differential equations, it is very difficult to find its analytical
solutions. A common way to analysis the partial differential equation is to transform
the equation into two-dimensional ordinary differential equations through traveling
wave transformation, and then analyze the traveling wave solutions of the equivalent
system. Traveling wave solutions play a crucial role in nonlinear science, as they can
effectively describe various natural phenomena such as vibrations [4] and propagat-
ing waves [20].

In this paper, we investigate the dynamics of the generalized KdV-Burgers equa-
tion in the following form [24].
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where y # 0 is the dispersion coefficient, 3 is the dissipation coefficient and o # 0 is
the nonlinear term. This equation with n > 1 arises in modeling waves generated by
a wavemaker in a channel and the waves incoming from deep water into nearshore
zones [18]. In fact, if one takes different values for o, B, v, n, the equation (1.1)
includes many equations. For example, the KdV-Burgers equation with n =1 [1],
the Gardner equation with n = 2 [8] and the generalized KdV equation with a closed
orbit when B =0 [6].

The generalized KdV-Burgers equation also has two different traveling wave solu-
tions. One of which is a monotonic shock wave [11]. The other one is an oscillating
shock wave which is difficult to calculate the exact solution. Therefore, further re-
search on the oscillation behavior of the oscillating shock wave is needed. This paper
further explores the case of n = 1. The generalized KdV-Burgers equation is a more
general case, leading to more general conclusions.

KCC theory (or Jacobi analysis) [2, 5, 13] is a geometric method for studying the
stability of dynamic systems. As one of the KCC invariants, deviation curvature
tensor is used to obtain Jacobi stability of the second-order ordinary differential equa-
tion. Nowadays, KCC theory has been applied to many three-dimensional systems,
such as Rabinovich system [16], Yang-Chen system [17], Chen system [12, 19] and
other unusual systems [3, 7, 14,22,23]. In these literatures, there is a close connec-
tion between the deviating curvature tensor and the chaotic behavior of trajectories.
Besides, KCC theory has also been applied in traveling wave solutions [15]. This
provides a new point for studying the dynamic behavior of traveling wave solutions.
It helps to analyze the stability of the traveling wave solution at any point.

The rest of this paper is organized as follows. In Sec. 2, dynamics of the equivalent
plane system near equilibria and at infinity is discussed. A more accurate amplitude
estimation of the oscillating shock wave solution is given for (1.1) and the global
structure diagram is presented. In Sec. 3, Jacobi stability and the deviation vector of
the generalized KdV-Burgers equation is discussed. In Sec. 4, the chaotic behavior of
traveling wave solutions when the dissipative term receiving periodic perturbations
is analytically confirmed by Melnikov method. Conclusions are given in the last
section.

2. GLOBAL ANALYSIS

This section will analyse the global dynamic behavior of the traveling wave solu-
tions of the generalized KdV-Burgers equation.

2.1. equilibrium points

By traveling wave transformation { = x — ct, ¢ # 0, integrating both sides and mak-
ing the constant of integration zero, the generalized KdV-Burgers equation becomes

(04
yu2§+[3u§+n+1u"“ —cu=0. 2.1)
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One can formalize (2.1) into the equivalent planar system.

du _
ag ="

dv B o i, C

— = ——y— "+ —u. 2.2)
gy (n+1)y Y

When 7 is an odd number, the plane system (2.2) has two equilibrium points,
Ey=(0,0) and E| = (%,0). If n is an even number, there has one equilibrium point
Ey = (0,0) for & > 0. For { < 0, there has three equilibrium points Ey = (0,0),

E ((“gﬁ)l ,0> and E» (— (”a‘))] ,o).

The Jacobi matrix corresponding to Ej is

0 1
J(EO):<C _5>7
Yy v

. 2 4
and the eigenvalues are A » = %i Bz;\ .

Similarly, the system (2.2) has the same Jacobi matrixes at £ and E».

0 1
J(EI)ZJ(EZ):<_M B))

Y Y

. 2—4
and the eigenvalues are A3 4 = %i BZM =y

Local phase diagrams of the equilibrium points of (2.2) are depicted in Fig. 1.

If n is an even number, and g > 0, system (2.2) has three equilibrium points Ey
and E », their stability is shown as the table 1.

If n is an even number, and § < 0, system (2.2) has only one equilibrium point
Ey, the stability is shown as the table 2.

If n is an odd number, system (2.2) has two equilibrium points Ey and E|, their
stability conclusions are consistent with Table 1. But there is no equilibrium point
E.
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TABLE 1. Parameter Condition and Equilibrium Point Type for ¢ >0

Condition Ey Ei»
B>2,/ncy stable node
0 <p<2y/ncy stable focus
c>0 B=0 saddle point center
—2/ncy <P <0 unstable focus
¥>0 B < —2/ncy unstable node
B>2—cy stable focus
0<B<2y/—cy stable node
c<0 B=0 center saddle point
—24/=cy< P <0 unstable node
B<—2/=cy unstable focus
B>2y—cy unstable node
0<pB<2y/—cy unstable focus
c>0 B=0 center saddle point
—2/=cy<PB <0 stable focus
¥<0 B<—2/cy stable node
B>2,/ncy unstable focus
0 < B <2y/ncy unstable node
c<0 B=0 saddle point center
—2/ncy<P<0 stable node
B < —2/ncy stable focus

2.2. Dynamics at infinity

In this subsection, one will discuss dynamics at infinity and give the global struc-
ture diagram of the generalized KdV-Burgers equation.

For the limit cycle, it can be proved that there is no limit cycle in the system (2.2).
Due to the equation system (2.1), one has

vu—|—<—Bv—i—Cu—Ocu”H> :—E
Yy v (ntl)y v Y

According to the Bendixson criterion, when B # 0, the system does not have any
closed orbits. Thus, there is no limit cycle.
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TABLE 2. Equilibrium Point Type for ¢ <0

Condition Ey
c>0 For any f saddle point
0 B>2—cy stable focus
V= 0<P<2y/—cy  stablenode
c<0 B=0 center
—2,/=cy< P <0 unstable node
B<—2,/—cy unstable focus
B>2/—cy unstable node
0 <P <2y/=cy unstable focus
c>0 B=0 center
—2/—cy<P <0 stable focus
Y<0 B<—2\/cy stable node
c<0 For any 3 saddle point

2

—l,c=4 —l,c=4 —l,c=4

FIGURE 1. (a) Saddle point - focus - Saddle point (b) Saddle point - cen-
ter - Saddle point (c) Saddle point - node - Saddle point (d) focus - Saddle
point - focus (e) center - Saddle point - center (f) node - Saddle point - node
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For the infinite singularities, Poincaré Compaction Technology is a common tool
to analyze it.
Making u = % v= % dT = i—f, system (2.2) becomes

dz _ n+1

ar -~ "

dw 2_n B n o cz"

— = ——wz'— —. 2.3

dT e sz (nJrl)\(Jr Y 23)
When z = 0, the system (2.3) has no equilibrium point.

Letu = %, V= %, dT = %C, and 7 = 7", it is obtained that

dZ  Z*np  wZna cnwz?
dT vy (n+1)y Y
d ! n+2 2./

l:WZB_|_W oc_cwz_i_z,. 2.4)
ar vy (n+ly v

The origin is an equilibrium point of the system (2.4). Suppose

)

wiB  w'a ew?? nf witly
P2 = + - yq2 =
Yy (n+l)y v Y (n+1)y Y

Assuming that the equation

na,  cnwz’?

2+ p2 = 0 has the solution z = @(w) = c;w+cow? +- -,

one has
ciw+ <62+Bcl> w? + <C3+Bczcc1) w4 ... =0.
Y Y v
One can get
0 o
Cl=Cr=Cy=-+-+-=2(¢C = C = — .
1 =C2=20C3 n+1 yCnt2 CES,
Thus, there is 7/ = — (nfl)ywnﬂ 4,
The equation (2.4) becomes
7 2nB  wldno cnwe? _ no? JEE
ar vy (n+1)y Y (n+1)2p2
One obtains that
B, (n+2)o , .y 2¢ , 2nB, no. . 2nc
2wt (@)= +7—Ww"  ——wi+—z+ W — —wz
(P2t la2)e] Y (n+1)y Y Y (n+1)y Y

Y
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(a) (b)

FIGURE 2. For = 1,y=1,n=4, the phase diagrams near the singularity
at infinity: (a)c =4, o = 8§; (b)c = —4, o = —8.

eE

() C> (b) C< (©)Bp=0

FIGURE 3. The global structure diagram of system (2.2) when 7 is an odd number.

and

402 n(n+2)
A= bn+1+4(m+1)a2n+3 72 [1 ( —i—l) ]>0.

Therefore, the singularity is an unstable node when 7 is an odd number, as shown
in Fig. 2. For n is an even number, the sufficient small domain of the singularity
consists of a hyperbolic sector and an elliptical sector. If o@ and 'y have the same sign,
the hyperbolic sector is above the elliptical sector. Otherwise, the elliptical sector is
above the hyperbolic sector. Due to n being an even number, the image below the
V-axis is symmetrical from the image above the V-axis.

Combining the conclusions of Section 2.2 and Theorem 1, the global phase dia-
gram corresponding to each situation is shown in Fig. 3 and Fig. 4.

2.3. Amplitude estimation

In order to understand the dynamic behavior of the generalized KdV-Burgers equa-
tion, one further analyzes the amplitude of the oscillating shock wave.
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@ ® ©

(@ y=1n=4a0=38, (b) y=1,n=4,0=38, ©y=1,n=4a=38,
c=—-4p=1 c=—-4p=9 c=—-4pB=0

dy=Ln=40=8, e)y=1n=4,0=38,
c=4,p=1 c=4,p=9

= Wy=Ln=40= @Ory=Ln=4a=
~8,c=—4B=9 —8,c=—4,p=0

FIGURE 4. The global structure diagram of system (2.2) when n is an
even number.

2
For convenience, one fixes Y > 0, > 0, ¢ > 4Bsz and transfers the focus to the

1
origin. Let v(s) = u({) — (%) ", we have

1\ n+1 1
(n+1)c\n" B (n+1)ec\")
YWas + Bvs + 7+1 <v+ (Oc clv+ " =0. (2.5)
1\ ntl
Let expand <v+ (%) "> )

1 n+1 ntl
<v+<(”“)c>"> :v"+1+---+c::ﬂv<nzl)c+<(”“)C) T

(04 (04
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Substitute equation (2.6) into equation (2.5),

Yas + Bvs + %f(v) +ncv =0, 2.7
where
ntl il i\ ntl
om0 (1))

Then v(s) has a series of peaks and valleys. So one can set the first and largest wave
peak up and obtain the initial value condition

1)c\n
w(0)  =uo— ()", 2.8)
vs(0) =0.
Therefore, equation (1.1) becomes an initial value problem
Was +Bvs +nev = — 55 f(v),
(n+1)c % (2.9)
v(0) :uo—( o > ,v5(0) = 0.
On the one hand, the problem
W (s)2s + Pw?(s)s +new =0,
N (2.10)
wo (5)(0) —ug— <(n—i(-xl)c> w2 (0) =0,
has a solution w°(s). Because of the parameter condition ¢ > %, the solution is
_B 1 Vaney—p?
w(s) = e [(uo — (L)) by o VARV B
o 2y
1
B(uo — (M>) /Ancy— B2

4ncy— B2 2y

On the other hand, the nonlinear initial value problem

{ywéf +PBwi+ew™ =0,

2.11
WH0) = 0w (0) = — % f(v), @1

has the solution

W**(S,l) _ —6_%'(S_l) 2oy

(n+1)\/mf(v(l))sln >y (S l).
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The solution of the initial value problem (2.9) is

S
00S)—|—/W
0

To obtain the upper bound of w(s), one discusses the upper bound of w?(s) and

Jo W (s, 1)d.
For w(s), one takes the derivative of the part within the parentheses,

e (DN Ay =B Ay — B
(o () s

o 2y 2y

Ty 2y
After simplification, it can be obtained that tan -~ 4"26 i s = LA
i \/ 4ncy—p?

From this, it can be obtained that

sin ~ dey— Bz B and cos —~ 4nCY_st— Y 4ncy—[32
2y = Vancy 2y o Vaney

So the maximum value of w(s) is

1

(e < e <uo_ (<n+1>c>i> N S )

o Vancy Vaney— B2 Vancy
(2:12)
Let f(v) < (v+ ((" Deyiyntl < ug*!, the upper bound of fj w**(s,1)d is
s 2oy _Be [ B
w (s,10)dl < ug e ZYS/ v(V)|ez'du. (2.13)
fy e < s [ )
According to the existence and uniqueness of the solution, one has
N
w(s)| = W) < )+ [ w (s, 2.14)
0

According to Gronwall inequality and returning to the original situation, one can get

wozenf syt ool )] )

(uo DY) VAT] (1)
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The amplitude of the generalized KdV-Burgers equation is

0 4oy B B
1o iy e 1o (B3
(o — (5" ey

It can be seen that the oscillating shock wave is exponentially stable, and the spiral
will converge to the equilibrium point at this speed.

X

Remark 1. When n becomes a variable, the calculation process is different from
the case when n = 1. This paper makes changes in the selection of the maximum wave
amplitude and calculates the amplitude estimation of the KdV-Burgers equation with
n as a variable.

3. JACOBI ANALYSIS

In this section, Jacobi stability of the traveling wave solutions at any point of the
trajectory is analysed on the basis of KCC theory. In addition, the deviation vector is
calculated.

3.1. KCC theory and Jacobi stability

In the subsection, one introduces the basic concepts of the KCC theory, including
nonlinear connection, Berwald connection, deviation curvature tensor and the defin-
ition of Jacobi stability, et.al. [9][21]. The Einstein summation convention is used
throughout.

Let (x') = (x',x%,...,x") € R" and (') = (y',¥?,...,y") € R". The coordinates y'
are defined by y' = dx’/d{. One considers second-order differential equations of the
form

d’x'

dg?
where (x',y',{) € Q C R" x R" x R, Q is an open connected set, and each function
G'(x,y,() is C* in a neighborhood at any point.

The coefficient of the nonlinear connection N’ is defined by N; = i = dG' /dy/. The
value of N are closely related to the linear stablhty of the equlhbrlum point [10].

One considers the disturbed trajectories x'({) of the system (3.1) as

#(C) =x'(C)+n&'(©), 3.2)

where |n| is a small parameter, and £/({) are the components of a contravariant vector
field defined along the path x'({). Substituting Eq. (3.2) into Eq. (3.1) and taking the

+2Gl(xy7§)_07i:1727'”7’17 (31)
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limit  — 0, one obtains the equation in the form
dZE_,’ d& BG‘

NI J = 33
Converting to the KCC covariant differential, Eq. (3.3) becomes
D2§i i
a0 =P/, (3.4)
where
P 299 2G'G! ) N/N'+ il 3.5
= 25 20 Gty g NN+ G-

and G’l = ON: /y is Berwald connection coefficients. The tensor P’ is called the
second KCC 1nvar1ant or the deviation curvature tensor. The tra]ectorles of (3.1) are
Jacobi stable if and only if the real parts of the eigenvalues of the deviation curvature
tensor P; are strictly negative everywhere. Otherwise, the trajectories are Jacobi un-
stable.
According to the formula (3.5), one can get KCC differential invariants:
2

4
P G0 p= bt dey
2y’ AT
Therefore, the following propositions can be proved.

N_

Proposition 1.

(1) If B and y have the same sign, the equilibrium points are linear stable.
(2) If B and v have different signs, the equilibrium points are linear unstable.

From equation (3.5), the Jacobi stability of any point on the system (2.2) orbit can
be obtained. When 7 is an odd, we can obtain Proposition 2.

Proposition 2.

Q8 If 2> 0andu< (B +‘;‘7> the orbit of the system (2.2) is Jacobi unstable.
Otherwzse the orbit is ] acobl stable.

@ If5 L <0and u< (ﬁ +4;¢y> the orbit of the system (2.2) is Jacobi unstable.
OtherWlse the orbit is Jacobi stable.

When 7 is an even, we can obtain Proposition 3.

Proposition 3.

20y 20ty
system (2.2) are Jacobi unstable. Otherwise, the orbits are Jacobi stable.
Q) If % > 0, B2+ 4cy < 0, the orbits of the system (2.2) are Jacobi stable.

3 If % <0, B2 44cy > 0, the orbits of the system (2.2) are Jacobi unstable.

1 1
(1) If% >0, B2 +4cy>0and — (BZHCY) "<u< (BZHCY) ", the orbits of the
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1 1
4) If% <0, B*+4cy<0, and — (%Y) "<u< (%Y)n , the orbits of the

system (2.2) are Jacobi stable. Otherwise, the orbits are Jacobi unstable.

Remark 2. When o and ¢ have different signs, system (2.2) does not have bounded
traveling wave solutions.

One discusses the deviation curvature tensor at the equilibrium points.

B2 +4cy

Proposition 4. At the point Ey, it is obtained that P = g

(1) Ify>0and c > —%, the equilibrium point Ey is Jacobi unstable.
Q) Ify>0andc < —%, the equilibrium point Ey is Jacobi stable.
2

3) Ify<Oandc> —E—Y, the equilibrium point Ey is Jacobi stable.
@ Ify<0Oandc< —%, the equilibrium point Ey is Jacobi unstable.

Similarly, one can analyze the Jacobi stability of equilibrium point E ,.

B2 —dncy

Proposition 5. At the point E », it is obtained that P = g

(1) Ify>0andc > 4%, the equilibrium point E\  is Jacobi stable.

Q) Ify>0andc < 4%, the equilibrium point E\ > is Jacobi unstable.

3) Ify<0andc> %zy, the equilibrium point E\ » is Jacobi unstable.
@) Ify<Oandc> 4%, the equilibrium point E\ » is Jacobi stable.

When 7 is an odd, the boundary line P = 0 will go through the following stages.
In the first stage B < —2,/cnY, the boundary line appears to the right side of the two
equilibrium points. As B gradually increases to 2,/cny > § > —2,/cny, the boundary
moves between two equilibrium points. Specially, when P increases to 0, the linear
stability of equilibrium points changes. As 3 continues to increase to 3 > 2, /cny, the
boundary line will move back to the right of the equilibrium points.

When 7 is even, in the first stage B < —2,/cny, the boundary line appears out-
side the two equilibrium points. As [ gradually increases to 2,/cny > B > —2,/cny,
the boundary moves between the equilibrium points E;» and Ey. Specially, when
B increases to 0, the linear stability of equilibrium points changes. As [ continues
to increase to B > 2,/cny , the boundary line will move back to the outside of the
equilibrium points. This conclusion can correspond the type of equilibrium points
mentioned earlier.
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3.2. Dynamic behavior of deviation vectors

In this subsection, the dynamic behavior of deviation vectors is analyzed. Accord-
ing to the equation (3.3), the dynamical equation of the deviation vector is

e pd ¢
d§§+5d2+< —Y>§:0. oY

For convenience, one makes v > 0,3 > 0. About other situations, conclusions can be
obtained similarly.

3.2.1. Dynamic behavior of deviation vectors at Ey

For equilibrium point Ey(0,0), according to expression (3.6), it can be obtained

that § :
d 0 Bd 0 C
+ == 0, 3.7
ag Tyat oy G-

According to the initial conditions &y(0) = 0,&y(0) = &gy, The solution of the equa-

tion (3.2) is
exp (_MWC) —exp <_B_ 252+4CYC> Ce>-E

4y
. 2
o= gexp (- 52), -k 69
. 2
exp <—%C> sin(—p? — 4cy)¢, c< —B—Y.
3.2.2. Dynamic behavior of deviation vectors at E1 »

For equilibrium point E} 2(@ 0), it can be obtained that

d’¢; | Bdt

dg oy dg
Similarly, one utilizes initial conditions &; (0) = 0,&;(0) = &;;. The solution of the
equation (3.4) is

exp (—B+ B2_4ncyc> —exp <_B_WC> > B

72‘; —0. 3.9

2y 4y

— 2
&= Cep (-5, =B @310

. 2

exp <—%C) sin(—B? +4ncy)C c< %/'

4. MELNIKOV ANALYSIS OF CHAOTIC BEHAVIORS

In this section, one begins by the equation (2.1) when the dissipation term is peri-
odically disturbed.

un+l

Yuzg + B(1 +Scos i)

il —cu=0. 4.1)
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one transforms the equation (4.1) into an equivalent planar system.

du
ac ="
dv B L c
— = ——(1438coswl)v— Wt Zu 4.2)
d Y (n+1)y Y
When B is small enough, one can define € = —B as disturbance amplitude. So the

system (3.6) can be transformed into the following form.

au_
ac— "

dv o 41 C

o W+ Zu4e(dcosly —v). 4.3)
g (n+1)y Y ( @)

For equation (4.3) without disturbance, one obtains Hamiltonian function

vVi_ € o n+2
2 o T )"

Let H = 0, the explicit expression for the homoclinic orbit can be obtained as

wl0) - ((wmmm)gwhﬁc,_i <w+mfwz>c>"sechzctanhc> |

200 200

Therefore, Melnikov function for the homoclinic orbit go({) becomes

M= [ a0)Beoswly(qo) ~ (o)}t

where
v(qo) = —i(W);seChﬁCtanhC.
M= % <W—1)2(013—|—2)c> ' [/Z SSech%CtanhZCcosw(C+Co)dC
—/oo sech%Ctanh2 Cdg] .

It is clear that the homoclinic Melnikov function M has simple zeros for
cos®({+ &) = % This means the equation (4.1) has chaos in the sense of Smale
horseshoe.
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5. CONCLUSION

This paper analyzes the cases where n is an odd and an even respectively and
devotes to the dynamic behavior of traveling wave solutions of the generalized KdV-
Burgers equation. The global structure diagrams of the system (2.2) under different
parameters are sketched. An amplitude estimation of the generalized KdV-Burgers
equation (1.1) is obtained. The KdV-Burgers equation is a special case when n = 1.
Therefore, the obtained results are more accurate and universal. The conditions of
Jacobi stability of the system (2.1) at any point on the trajectory are obtained. When

vY>0andc < —E—i, ory<O0andc> —E—i, the equilibrium point E is Jacobi stable,

2 2
and for y> 0 and ¢ > A%Y, ory<Oandc< f—ny, the equilibrium points Ej > are Jacobi
stable. For the equation (2.1) with the dissipative term receiving periodic perturba-
tions, it is discovered that the system is chaotic in the sense of Smale horseshoe when

18] > 1.
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