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Abstract. In this paper, we are concerned with the Wolff-type equation
1
oo Z T i up =1 dt
u,-=/ (W —, u; >0 forieZ",
0 t”*BY t

where n > 1, min{B, p} > 0, y> 1 and By < n. Such an equation is related to the study in the
theory of nonlinear PDEs and mathematical physics. Here we study the existence of positive
super-solutions and obtain the critical exponent of the Serrin type.
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1. INTRODUCTION
Let u = (u;);czr be a nonnegative sequence. The Wolff potential of u is (cf. [4])

1
© (T o iil<tli\ 7T d
Wﬁ,y(l/t)(l') :/O < JEZL,|j <t”j) ! l, (1.1)

=By t

where n > 1, B > 0, and v > 1. In this paper, we study the existence of positive
super-solutions of the equation

w = Wy (u?) (i), i€, (1.2)

where n > 1, min{B, p} >0, y> 1 and By < n. A sequence u = (u;);cz» is called a
positive super-solution of (1.2), if u satisfies

(1.3)

ui >0 for all ieZ",
u;i < oo when |i| <R for any R>0,

and (1.2) with ‘=" replaced by ‘>’ holds.
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Recently, the authors in [ 1 1] obtained an optimal summability of positive solutions
of the equation (1.2) by means of regularity lifting lemma and a Wolff-type inequality.
Then, they also derived the decay rate of u; when |i| — eo.

It is easy to see that (1.1) is one of the discrete forms of the Wolff potential of a
locally integrable nonnegative function f

= dy] ™
Wey(f)(x) ::/0 [W] ﬂ

t

This potential can be used to study nonlinear PDEs, such as 4-harmonic equations
and k-Hessian equations. According to results in [0, 7, 15], if infr- u = O, there exists
C > 1 such that some positive solution u of the Lane-Emden equation

Lu=u’, u>0in R"

satisfy
C™ "Wy (uP) (x) < u(x) < CWpy(uP)(x), xR (1.4)

Here B = 1 and Y= g when Lu = —div(A(x,u,Vu)) or Lu = —div(|Vu|7~>Vu), and
B=2k/(k+1)and y=k+1 when Lu = 6;(D*(—u)). In view of (1.4), the following
Wolft-type integral equation

u(x) = K(x)Wa(u”(y))(x), u>0 on R" (1.5)

comes into play in those work. Here, a function K(x) is called double bounded, if
there exist positive constants ¢ and C such that ¢ < K(x) < C for all x € R".
When K(x) =n—o, y=2and B = /2, (1.5) is reduced to

i(y)d
u(x):/ m, u>0 on R" (1.6)
R Jx—y|" ¢
In addition, (1.6) is the Euler-Lagrange equation satisfied by the extremal functions
of the Hardy-Littlewood-Sobolev inequality (cf. [3, 12, 13]).
For the coupling system

u(x) = W (v7) (x)
{ v(x) = W;;J(up)(x), (1.7)

Chen and Li [2] proved the radial symmetry for the integrable solutions. Afterward,
Ma, Chen and Li [14] used the regularity lifting lemmas to obtain the optimal integ-
rability and the Lipschitz continuity. Based on these results, [16] obtained the decay
rates of the integrable solutions when |x| — oo.

The main result in this paper is the following theorem.

Theorem 1. The Wolff-type equation (1.2) has a positive super-solution if and

. n(y—1)
only if p > By -
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Remark 1. When § = /2 and y = 2, the discrete form of (1.7) is reduced to

q
V.

u; = N .Jn_aa
jezn itj ’l - J‘
4

Vi= i i
jetmizi 1= 11

This system is associated with the best constant of the discrete Hardy-Littlewood-
Sobolev inequality (cf. [5]). Theorem 1 is consistent with Theorem 1.3 in [10].
Although Corollary 2.1 in [14] provides a Wolff-type inequality, the Euler-Lagrange
equation corresponding to this extremum function is not (1.2). In fact, we have not
found the Euler-Lagrange equation that satisfies the extremum function of the in-
equality corresponding to (1.2) at present.

Remark 2. The existence results and the critical exponents of integral equations
(1.5), (1.6) and (1.7) can be seen in [, 8, 9].

Remark 3. Another discrete Wolff potential of a nonnegative Borel measure ® is

(cf. [4])

[ o(Q) }

Wﬁ,y("))(x) = Z W

0eD
where D = {Q} and Q = 2/(k+[0,1)"), i € Z, k € Z". The corresponding discrete
equation of the Wolff type is
u(x) = Wpy () (x) + f (x),

where f € L] (R") is a nonnegative function. The existence results and the critical
exponents can be seen in [15].

Xo(x),

Clearly, the discrete equation of (1.5) is

1
=)
°° Br-n dt
i =Ci ) ? tvt—, ieZ” 1.8
u c/0< uj> T , (1.8)

jEZ’lv‘j_i‘<l

where c; is a double bounded sequence. Namely, there is a constant C > 1 such that
C'<¢ <CforallieZ".
Theorem 1 is a corollary of the following two lemmas.

Lemmal. Ifp > HFETB}{), (1.8) has positive solutions for some double bounded c;.

Lemma 2. [f0<p < "’ETB;) (1.8) has no positive solution satisfying (1.3) for any
double bounded c;.
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2. PROOF OF THEOREM 1
Proof of Lemma 1.
Let 0 be a positive constant which will be determined later. Inserting
vi=(1+i*)° 2.1
into Wp y(v”)(i), we obtain

DY/ /2 .12\ —p0,By—n 1 dt
Woo (7)) = [ 1L (1 1Ry rer
L !

= 1 dt

+ [T (el e

/2 ,-ZM t

=1 (l) +12(i).

When |i| < R for some R > 0, then u; is proportional to Wg ,(u”)(i). So we also only
consider suitably large |i|.

Clearly, when r € (0,i|/2), |j —i| <t implies |i|/2 < |j| < 3]i|/2. Therefore, we
can find positive constants ¢ and C such that

c /2 sy dt . C /2 By dt
7])9/ tY*l—Sll(l)Sipe/ -t —,
el i

(1+i? ! (1+1il? !
Namely,
c(1+1iP) 375 < 1 (1) < o1+ [i2) 575 22)
Take the slow rate
- PT 2.3)
p—Y+1
There holds By < 2p6 < nby p > "ﬁa) In addition, when ¢ > |i| /2,
{jez|j—il<t} c{jeZ"|j| <3t}
Therefore, ]
o/ n—2pBN\ T _
Thus,
c(1+ i3 < 1)+ B < (1 +1iP) 50 (2.4)
Set
ci o= (1+ i) 57 (1 (0) + (0]

Then [, (i) + L (i) = ¢;v; in view of (2.1) with (2.3). In addition, (2.4) implies that c;
is double bounded. Thus, v; is a solution of (1.8).
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Similarly, we also find a fast decaying solution. In fact, taking

n— Py

20 —
0 y—1

I

n(y=1)
n—By

from p > , we also have
2p06 > n,

and

Py—n _ Br—2p0
yv—=1 " y=1
When ¢ > 2]i|, there holds

{jezh|j—il<t}>{jezZ|jl <1}
Therefore,
. © .zfeLBY*"dt ©° ﬁ“{;”dl‘ '27117]37
OEY IS MIRETORE Py e RO
20l 325 t 2lil t
On the other hand,

Y a+ih™<s Yy

LiI<1,]j—il<t ljI<1

and by (2.6), there holds
Y o+ < Y a+iH) P <c
[iI>1,]j—il<t [jI>1
Therefore,

1
hii _/°° Zji<n i< L D) PP+ o e (L D)7\ 7 de
iz n—PBY p

n—pBy

gC/ A o1 4Py
lil/2 t

Combining with (2.8), we get

_ Py _ by
c(1+ i) 301 < B(i) < C(1+[i?) %D
This result, together with (2.2) and (2.7), implies

213

(2.5)

(2.6)

Q2.7)

(2.8)

_ n=By _ n=By
c(1+ i) 720 < (i) + B(i) < C(1+]i?) 0. 29

Set
n—py

ci = (14 i) 0 [1(i) + L (i)].

Then, there also holds

_ Py
L)+ L) =ci(14]i]?) 200 = ¢,



214 H. HUANG AND T. ZHOU

in view of (2.1) with (2.5), and ¢; is bounded in view of (2.9). Thus, v; is also a
solution of (1.8).

Proof of Lemma 2.

Suppose that u solves (1.8). We will deduce a contradiction.
Step 1. Let

n(y—1)
0 — 7 2.10
<p< n—By (2.10)

By ndt c
upzc | v —=-—r,
2i i

From (1.8) it follows

n—fy
v—1

1
) . _li 1| —Pado ld ©  By—pa dl,
ch/ (ng|b\ ) A—ZC/ o di o1
2| =By t 2l t

When “{%1 € (0, n%y], we have By— pag > 0. Eq. (2.11) implies u; = . This

contradicts with (1.3).

Next, we consider the case = He( Bﬁy, - BY> Now (2.11) leads to

> &
ui_Wa

since Z‘j|<1u? > ¢, where ap = . By this estimate, we have

where a; = Y “opa0— ﬂ Write

L 1YEYI k=12, (2.12)

We claim that there must be ko > 0 such that a;, < 0. This leads to u; = oo, which is

impossible.
k—1
1+‘p—H~+<lj> ] br_
y—1 v—1 v—1

In fact, by (2.12) we get
If %1 =1, then we can find a large k¢ such that

ay =

k
_ p
ap=|——1| ap—
(1)
Y

If Y—Ll € (1,.” [3“{) then using ag — 5 BH_] < 0 which is implied by (2.10), we can find
a large kg such that

p oo GEDR L By
Ak = v—1 ao —
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ko
p By By
= = - <0.
(Y—1> <a0 p—v+l)+p—v+1_

Ify%le(O,l),lettingk—>oo,weget
()t
ay = % ap— _'YLI l:i'Y — _BY < 0.
v—1 1 Yy—-1 p—vy+1

v—1
Thus, there must be ko such that a;, < 0.

Step 2. Let p= "r(li_ﬁ;) We deduce the contradiction if u is a positive solution of
(1.8).
Let R > 0. Clearly, when 7 € (R/2,R) and |i| < R/4, there holds

{jezhlj—il <t} D {jeZ%]jl <R/4}.

From (1.8), it follows that

R By—n
uiZc/ ( Z ug)ﬁtg—lg

R/2 |j—il<t ’ t
1
R By-—n n-p !
ZC/ ( Z uf)Yl]tYy‘dthvaY< Z uf) )
R/2 | ji<k/4 ! <R/4
Therefore, we get
By=n r
W >RV (Y ul)i (2.13)
ljI<R/4
Summing for |i| < R/4 and noting p = ”IEZ_B;), we get
By—n p
W RTT(Y DY a)TT e Y )
lil<Rr/4 liI<R/4  |jl<R/4 lil<Rr/4

Here ¢ > 0 is independent of R. Letting R — oo and noting p > 7Y— 1, we have
Y uf <o (2.14)
jezr
Summing (2.13) for R/8 < |i| < R/4 yields
By—n 2
R (Y DY Wl
R/8<|i|<R/4 R/8<[i|<R/4  |j|<R/4

By p= ”lg“fﬁ;), it follows

P 2%
u; > C( Z Mj)y b
R/8<|i|<R/4 |jI<R/4
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where ¢ > 0 is independent of R. Letting R — oo, and noting (2.14), we obtain
Z uﬁ-’ =0,
jezn

which contradicts with (1.3).

Proof of Theorem 1.

Necessity. Replacing (1.8) by (1.2) in the proof of Lemma 2, we easily see that
(1.2) has no super-solution when p € (0, "iﬁ_ﬁ;)]

Sufficiency. By Lemma 1, we assume that v; solves (1.8) for some ¢;. Since c; is
double bounded, we can find a constant by > 0 such that ¢; > by for all i € Z".

Set u; = Av;, where A > 0 will be determined later. Thus, by (1.8),
uj > AboWp y(A"Pul) (i) = bohl*%WM(up)(i).

Take A = b(l)/[p/(y_l)_l]. Then bokl_Y*Ll = 1 and hence u; is a super-solution of (1.2).
The proof is complete.
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