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EXTENDING A THEOREM OF DATKO FOR EVOLUTIONARY
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Abstract. In this note, we extend Datko’s result in the paper [4, 1972]. In particular, the expo-
nential stability of evolutionary families is characterized by its pointwise trajectories in which
the norm mapping of each pointwise trajectory lies in a Banach function space.
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1. INTRODUCTION

The concept of an evolutionary family arises naturally from the well-posed
theory of non-autonomous abstract differential equations on R or R, it is also a
quite natural generalization of strongly continuous semigroups. Readers can refer to
Engel and Nagel [0], Chicone and Latushkin [2], Pazy [15], Daleckii and Krein [3]
for this topic. In this note, X is a real or complex Banach space with a norm || - || and
Iiseither Ror R,.

Definition 1. A family of bounded linear operators (U (¢,s)),>s on a Banach space
X is an (strongly continuous and exponentially bounded) evolutionary family on /
(means t,s € I) if

(i) U(t,t) =Id and U(t,r)U(r,s) =U(t,s) forallt > r>sandt,r,s € 1.
(ii) The map (¢,s) — U(t,s)x is continuous for every x € X.

(iii) There are constants K¢ > 0 such that ||U (¢, s)x|| < K% ||x|| for all £ > s and
xeX.
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Notice that a strongly continuous semigroup (7'(¢));>o naturally gives rise to the
evolutionary family U (¢,s) = T'(t —s) for t > s and t,s € I. Among the many inter-
esting types of stability of evolutionary families, of interest in this note is the expo-
nentially stable evolutionary families because such families are very useful when we
study nonlinear problems associated with those families.

Definition 2. An evolutionary family (U (t,s)),>s on I will be called exponentially
stable if there exist constants K7, 0 > 0 such that ||U(t,5)x|| < Kje=®*=%)||x|| for all
xeXandr > s.

By properties of (i) and (iii) from Definition 1, the exponential stability of evolu-
tionary families is equivalent to the uniformly asymptotic stability of those families,
see [4, Lemma 1]. To study the exponential stability of evolutionary families, there
are two basic approaches. One is based on Perron’s method, for instance [14]. The
other is based on Datko’s result, for example [18]. In [4], Datko pointed out that an
evolutionary family (U(t,s)),>s is exponentially stable on R, if and only if for each
X € X there exists a constant M(x) > 0 such that

/ U (¢, 10)x]de < M(x) forall 70> 0.
fo

In case the evolutionary family (U(,s));>s>0 is a strongly continuous semigroup
that means U(t,s) = U(t —s,0) fort > s >0 or U(t,s) = T(t —s) with (T())r>0
is a strongly continuous semigroup, this result was extended by Pazy in [15] for the
Lebesgue spaces L”(R..) with p € [1,e) and by Neerven in [18]. Neerven’s result
covers a wide class of function spaces. However, it only holds for strongly continuous
semigroups. In addition, another limitation in Neerven’s result is that it only offers
a sufficient condition for exponential stability of strongly continuous semigroups,
and his result is valid only for complex Banach spaces. In this case, we mention
[19, Theorem 1.1] as an interesting application for Datko’s result and Pazy’s result.

Using the idea of replacing the squared function in the integral with a function
of two variables that satisfies some certain conditions, Rolewicz [16, Theorem 2]
had generalized Datko’s result. With that same idea, Megan et al. extended Datko’s
result for linear skew-product semiflows and skew-evolution semiflows on Banach
spaces in [ 11, Theorem 3.4] and [17, Theorem 1], respectively. In [13, Theorem 4.1
and Theorem 4.2], Megan et al. characterized the uniform exponential stability of
periodic evolution families by the belonging of the associated trajectories to Banach
sequence spaces and Banach function spaces having unbounded fundamental func-
tions. In [12], Megan et al. characterized the uniform exponential stability of general
evolution families on the half-line by the ownership of their associated trajectories to
Banach function spaces that belong to a broad class of function spaces.

In[!, Theorem 0.1], Buse used normed function spaces, which were the same as in
[18], to give a more general result for the evolutionary family on the half-line. More
precisely, this result improves Theorem 4.2 in the paper [18]. Furthermore, Datko’s
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result was also extended to nonuniform behavior of evolutionary family in papers [5]
and [9].

Follow the second approach in studying the exponential stability of an evolution-
ary family, our purpose is the generalization of Datko’s result for an evolutionary
family on the line or the half-line and a broader class of function spaces. To accom-
plish this task, we introduce the concept of Banach function space in Subsection 2.1.
Using the concept of Banach function space, we get the expected results which are
stated in Subsection 2.2. Our results hold for both Banach spaces over complex and
real fields. Because we provide both necessary and sufficient conditions for the ex-
ponential stability of the evolutionary family, the class of Banach function spaces in
this note is smaller than the class of function spaces in [18]. However, it is still very
wide and most of the known function spaces belong to the class of Banach function
spaces that we define in this note.

2. BANACH FUNCTION SPACES AND MAIN RESULTS
2.1. Banach function spaces

In the monograph book [10, Chapter 2], Massera and Schiffer introduced several
classes of function spaces that play a fundamental role in studying differential equa-
tions. Based on the concepts of function spaces given by Massera and Schiffer, we
have collected some basic properties to give the notion of Banach function space.
This definition method is also similar to that in [7, Section 2].

Definition 3. Let B be the Borel c-algebra and let u be the Lebesgue measure on
R. A vector space E of real-valued measurable functions on R is called a Banach
function space if

(E,|l-||g) is a Banach space and || - || g guarantees the property: if @, € E and ¢,
is real-valued measurable function such that | (7)| < | ()| almost everywhere
on R then @; € E and H(Pl HE < H(szE,

ii. the characteristic function ), € E for all [a,b] C R and inficg [|X}; 4411/l > 0;

iii. there is a constant M > 1 such that

/|(p )|dr < HX”("”|E for all ¢ € E and [a,] C R; @.1)
[a,b] | E

iv. the function A, @ defined by (A19)(¢) = f”l ¢(t)dt belongs to E foreach ¢ € E;

v. E is Tr-invariant and there exists a constant N > 0 such that ||7¢|| < N for all
T € R, where T is shift operator on E defined by (7:¢)(t) = ¢(¢ + 1) forr € R.
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Denote by Lj joc(R) space of real-valued locally integrable functions on R. A
family of seminorms defining the topology of L joc(R) is given by

{pn: n € Zand p,(9) = /nn+1 |(p(t)|dt} _

Then, L; joc(R) is a Fréchet space. Therefore, by (2.1) then E < Lj joc(R).

By direct inspection, it can be easily seen that class of Banach function spaces
includes the Lebesgue spaces L?(R) with p € [1, ], the Lorentz spaces L(R) with
P,q € [1,00], the Orlicz spaces, etc, and the space

t+1
M(R) = {<P € Ly 1oc(R): sup lp(7)]dt < oo}
teR J1
with the norm |||y := sup,cg [ |@(t)|dt. By (2.1) and the item ii. in Definition
3, we have the estimate
lpllm < e, (2.2)

infyer (| X1l
for all ¢ € E. Thus, E — M(R).
Throughout this note, function X p(¢) @ has the domain R and defines as follows:

o(r), ifreD(9),
(Xp(e)®) (1) =
0, otherwise,

where D(¢@) C R is the domain of the function @.

2.2. Main results
Let (U(t,s)):>s be an evolutionary family on /. For 7y € I and x € X, put
8rox(t) = ||U(2,10)x|| for t > 1.

Because the evolutionary family is strongly continuous, X, «)8,x IS measurable
function. By the properties of the Banach function space, the exponential stability
of the evolutionary family will now be characterized by its pointwise trajectories.
First, we give the necessary condition.

Theorem 1. Let E be any Banach function space. If (U(t,s));>s is exponentially
stable on I, then for each x € X the function X .8 x belongs to E and there is a
constant M(x) > 0 such that

HX[zo,oo)gtO,xHE < M(x),
forallty €l
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Proof. First we show el € E. Put

t o0
v(t) :/ efa(tfr)X[o,l}(T)dT‘*‘/ efa(rft)X[OJ](T)dT
t

Then,
e M (e*—1) .
— if t>1,
_ ) (1= .
V(1) =4 —5—, if 1 <0,
e @ L 1e 0 g e (0,1).

Therefore, ¢*/ ( ) > 1=¢ for all r € R. On the other hand,

e t+k+1

T)dt+ —o(t1) T)dt
k+1 o) k;) o © X(0,11(7)
& [TF t+k+1
sre / Tdt+ ) e / T)dt
k;) 1—(k+1) Xio.) (7 Z %j0.1)(7)
= Ze (T k1 (Arxpa) () + Y e (Ti(Aixo,) (1) =: 9().
k=0
This implies that
—oft] e < o
e 1< 1_e,mv(t) < l_eia(p(t) forall t € R.

We also have the following estimates.

Y e T (Mg lle+ Y e ™ Tk(Axgo. ) e < Z e 2N | Arxo e
k=0 k=0 =0
2N

=1_ — 1A X0, |-

So, function series @ is absolutely convergent in the Banach functlon space E. There-
fore, p € E and

2N A1xpo,lle
<
ol < Ao

By the item i. in Definition 3, we get el € E and
2N Ao lle
(1—e )2~
Because (U(t,s))> is exponentially stable on /,
(Xt o0)&0.) (1) < K1y (1) 471
< Ki |[X[(T-pe ) (1), (2.3)

le ]| <
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for all # € R. By the items i., v. in Definition 3 and (2.3), we obtain X[ «)8s.x € E

and )
2N“Kal|Arxjo.lle
%0,00) 0.6l E < (1—e—a)[2 LR

forallzy € 1. ]

In sufficient condition, we need to add a constraint of Banach function space.

Theorem 2. Let E be a Banach function space such that tlir+n %[0l = . If for
oo ’

each x € X, the function X, «)81,x belongs to E and there exists a constant M (x) >0
such that

HX[zo,oo)gtO,xHE < M(x),
for all ty € I, then the evolutionary family (U (t,s)),>s is exponentially stable on I.

Remark 1. Tt is easy to see that the Lebesgue spaces LP(R) with p € [1,e0) and
the Lorentz spaces L”4(R) with p € [1,00),g € [1,0] satisfy the constraint above.
Thus, Theorem 1 and Theorem 2 are an extension for Datko’s result in the paper [4,
Theorem 1]. This constraint is not to be missed; moreover, it also appears naturally
in the proof of the theorem. On the other hand, we can give a simple example below
to see that the condition IETOO %[04/l = e can not be omitted.

In R?, consider E = L= (R) and the evolutionary family (U (t,s));>s on I, in which

Ult,s) = <cos(t—s) —sin(t—s)>.

sin(t —s)  cos(t—s)

Obviously, the evolutionary family (U(z,s));>s is not exponentially stable on /. For
each x € R? and #y € I, we have

8ix(1) = IU (2, 0)xl[p2 = [Ixl[g2, ~ for 7 >1o.
Therefore, ||X[t0,oo)gto,x”L°°(R) = ||x||g2 for all 7y € I.

Proof. For tg € I and t > 19, for each x € X then mapping @, . is defined as
follows:

HU(&ntO)va if &E [t()vt]v

t.to.x i =
Prao(5) 0, if &¢ [to,1].

Then, @4« € E and
1910612 < [ X100 810,21 E < M (x). 2.4)
We now construct a family of functions {®; ,, } determining by
¢l‘,l() . X — R Wlth @[JO (.x) - H(‘Pt-,[vaHE'

It is easy to see that &; 4, is a seminorm on X. On the other hand, we have

Pri0x(8) < Kec(tit())X[to,t] &)1,
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for all € € R. Thus, ®; ;, (x) < Kel~0) 1Xt0.1 | E]1x]|- S0, @1 44 is @ continuous seminorm
on X. Moreover, by (2.4), the family of continuous seminorms {®; ;, :to € I, > to} is
pointwise bounded. Applying uniform boundedness principle (see Appendix), there
exists a constant C > 0 such that

D 4 (x) < Cllx]], (2.5)
forallx e X and ty € 1,1 > 1.
For £ € [19,t], we have
eS| U (t,00)x]| = e IU (1,E)U (& t0)x]] < KU (&,10)x]-
Therefore,
Lo (e INU (1, 10)x]| < Ky (8,
forall & € R. So,
i.ge™ £ NU (2, 00)x]| < KC|lx]).

By (2.2),
KCM

—C(t—-)
e Ult,tg)x|| < -
||X[IOJ] ||M|| ( 0) H 1nf‘c€R||X[r;c+l]||E

I,

foralltg € I and t > 1y.
Fort >ty + 1, we have
1
o™ > [ e =
t—1

1—e¢

C

Thus,
KCMc

(1 - e_c) infregr HX[T,‘H—]] HE
forall fp € I and r > to + 1. Because the evolutionary family (U (¢,s)),>s is exponen-
tially bounded, there exists a constant C; > 0 such that

1U (2, 20)x]| < C|x]],

1U(#,20)x]| < [l

forallxe X and g € I,t > 1.
For § € [to,t], we have ||U(t,t0)x|| < C1||U(&,0)x||. Therefore,
Xlto.] @)U (#,20)x]| < C19r1x(8),
forall & € R. So,
X1 lENIU (2, 20)x]| < CiClx]],
for all 7y € I and ¢ > ty. On the other hand,

X[0,t—10] (€)= Xlto.1] (E+10) = (TloX[to,t])(é)-
Therefore, [|X[0,—1)llE < N[ X[ l|l£- So,
NC,C

U (2,10)x]| < ———|Ix]],
1X0.1—10) 1 E
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for all o € I and t > f5. Because of tliT |X0,qllE = oo, the evolutionary family
—> o0

(U(t,s)):>s is exponentially stable on /. O

The following corollaries are a minor weakening of Theorem 2 for special evolu-
tionary families.

Corollary 1. Let E be a Banach function space such that tliT %[0, llg = oo and
—>+too 7

(T (t))i>0 be a strongly continuous semigroup. If function Yo ..go.x belongs to E for
each x € X then (T (t));>0 is exponentially stable, where g (t) = ||T (t)x|| fort > 0.

Remark 2. This corollary is more general than Pazy’s result in [15, Chapter 4,
Theorem 4.1].

Proof. For 1y € Rand x € X, we have g, (t) = ||T (t —t9)x|| for ¢ > t,. Therefore,
(Xitg.00)810.0) (1) = (X[0.0)80.6) (t = 0) = (T4 (X[0,0)80.x) ) (1),
fort € R. By the item v. in Definition 3, we get X[, «)81,.» € E and
1 Xjto,00) 8102 |E < N[ X[o.00)80x /|, forall 7o € R.
By Theorem 2, (T'(¢));>0 is an exponentially stable semigroup. O

Next, we will give the exponentially stable characterization for a periodic evolu-
tionary family.

Definition 4. An evolutionary family (U(z,s));>s is said to be periodic with a
period T >0ifU(t+T,s+T)=U(t,s) forallt > sandt,s € I.

Corollary 2. Let E be a Banach function space such that tET %[0, |lg = o and

(U(t,s))>s be a periodic evolutionary family with period T > 0. If the function
X[T,0)8T.x belongs to E for each x € X, then the evolutionary family (U(t,s));>s is
exponentially stable on I.

Proof. By the periodicity of the evolutionary family (U(z,s));>s on I so we just
need to consider 7o > 0. We will repeat manner of the proof in Theorem 2 to obtain
(2.5) as follows.

Replace #y with T and discuss the same as in the first paragraph in the proof of
Theorem 2, there exists a constant D > 0 such that

D7 (x) < Dl|x]|,
forallx € X andt > T. Forty € [0,T) and ¢ € (t,T], we have
Pri0(8) < Xjo,] (€)Ke x|,
for all § € R. Therefore, ¢ s« € E and || @ ,/[z < Ke" ||x0. 71|l x]|. Fort > T,

Prio,(8) < Xjo,71 (E)Ke ™ [lx|| + X7, (B)|U (&, T)U (T 10)x]],
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for all £ € R. Thus, ¢, » € E and
19100, < KeT 0.7yl [|¥]| + @1 7 (U (T 10)x) < Ke™ (|07l + D) 1.
Forty > T and t > 1y, we can write fo = nT + T withn € Nand T € [0,T). Then,
1U(&,t0)x[| = |U(&,nT +1)x|| = |[U(§ —nT,0)x|| = [|U(E —to+7,7)x[],
for § € [to,t]. Put

_ U@, if E€ [t —to+1],
We(8) = {o, if &¢ [t,r—19+1).

Then, @4, +(§) = (T-ty+tWrx)(E) for all & € R. Because of T € [0,T) so Y € E,
hence @, « € E and

110,412 < NKeT ([[xj0,11]l + D) 1.
So, for all #p > 0 and 7 > 1, then @4, € E and

19e0.xllE < NKe™ ([l xpo.71ll2 +D) x|

Therefore,
D, 4, (x) < NKe" (|07l + D) |«

for all x € X and #y > 0,¢ > #9. The next step, by the same discussions as in the proof
of Theorem 2 we deduce that the evolutionary family (U(t,s));>s is exponentially
stable on /. O

APPENDIX

For completeness, we restate here the boundedness principle for a family of con-
tinuous seminorms.

Let X be a Banach space over the field K (K =R or C). A mapping p: X — R is
a seminorm on X if p(6x) = |0|p(x) and p(x+y) < p(x) + p(y) for all x,y € X and
0 € K. As is known, a seminorm p is continuous on X if and only if p is continuous
at 0. Moreover, if A is a bounded linear operator on X then p4(x) = ||Ax|| for x € X
is a continuous seminorm on X.

Let A be an index set. A family of continuous seminorms {p): A € A} on X is
called

e pointwise bounded if for each x € X there exists a constant M(x) > 0 such
that py (x) < M(x) for all A € A;

e uniformly bounded if there is a constant M > 0 such that p; (x) < M||x|| for
alAe Aand x € X.

A similar proof to the uniform boundedness principle for a family of bounded
linear operators (see Kreyszig [8]), we get a version of the uniform boundedness
principle for a family of continuous seminorms.
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Uniform boundedness principle. Lez {p) : A € A} be a family of continuous seminorms
on X. If this family is pointwise bounded then it is also uniformly bounded.

Obviously, this version is more general than the old version in functional analysis.
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