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STABILITY OF CONFORMABLE NON-AUTONOMOUS
NON-INSTANTANEOUS IMPULSIVE DIFFERENTIAL EQUATIONS
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Abstract. This paper focus on a type of conformable non-autonomous non-instantaneous impuls-
ive equation. Firstly, we give a kind of non-autonomous conformable Cauchy matrix to present
the solution of linear and nonlinear systems. Then, we investigate the asymptotic stability of lin-
ear homogeneous problem and the exponential stability of linear perturbed problem. Also, one
presents the solution of nonlinear problem and verifies its Ulam-Hyers-Rassias stability.

2010 Mathematics Subject Classification: 34A37; 34D20

Keywords: asymptotical stability, non-autonomous, Ulam-Hyers-Rassias stability, conformable
derivative

1. INTRODUCTION

Since the raise of impulsive equations, many papers based on the impulsive effects
are published [5–7]. With the deepening of the research, Hernández and O’Regan
firstly introduce the non-instantaneous impulsive differential equations [8] which can
describe the processes in pharmacotherapy systems. Inspired by this work, the basic
theory such as stability, periodicity, controllability are studied in the [3, 4, 9, 13, 15,
17, 18, 20].

There are many papers studying the non-instantaneous impulsive differential equa-
tions without non-autonomous effects. The behavior of the autonomous system de-
pends only on the current state. However, in many systems, the state or behavior
depends not only on the current state, but also on external factors. Hence, the non-
autonomous non-instantaneous impulsive differential equations are worthy to con-
sider. Also, motivated by the raise of conformable derivative in [10] and the relating
works [1, 11, 12, 14, 19], we present the following problems:
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(i) Conformable linear homogeneous problem:

.



DU
ς B(t) = A(t)B(t), t ∈ (sl, tl+1], l ∈ N0,

B(t+l ) = Cl(t+l )B(t−l ), l ∈ N,

B(t) = Cl(t)B(t−l ), t ∈ (tl,sl], l ∈ N,

B(s+l ) = B(s−l ), l ∈ N,

B(u) = Bu ∈ Rn,

(1.1)

for N0 = {0,1,2, · · · ,w} and N = {1,2, · · · ,w}. One sets tl as the impulsive point and

s0 = U < t1 < s1 · · · < si < ti+1 < · · · < tw = V . Suppose that A(·) :
∞⋃

l=0
(sl, tl+1]→

Rn×n and Cl(·) :
∞⋃

l=1
(tl,sl]→ Rn×n are n×n matrices.

(ii) Conformable linear nonhomogeneous problem:

DU
ς B(t) = A(t)B(t)+ J (t)B(t), t ∈ (sl, tl+1], l ∈ N0,

B(t+l ) = Cl(t+l )B(t−l )+MlB(t−l ), l ∈ N,

B(t) = Cl(t)B(t−l )+MlB(t−l ), t ∈ (tl,sl], l ∈ N,

B(s+l ) = B(s−l ), l ∈ N,

B(u) = Bu ∈ Rn,

(1.2)

where J (·) :
∞⋃

l=0
(sl, tl+1]→ Rn×n and Ml ∈ Rn×n.

(iii) Conformable nonlinear non-autonomous problem:

DU
ς B(t) = A(t)B(t)+ z(t,B(t)), t ∈ (sl, tl+1], l ∈ N0,

B(t+l ) = Cl(t+l )B(t−l )+Ll, l ∈ N,

B(t) = Cl(t)B(t−l )+Ll, t ∈ (tl,sl], l ∈ N,

B(s+l ) = B(s−l ), l ∈ N,

B(u) = Bu ∈ Rn,

(1.3)

where z(·,B(·)) :
∞⋃

l=0
(sl, tl+1]×Rn → Rn and Ll ∈ Rn.

Section 2 presents the basic theories and introduces the notation of non-autono-
mous conformable Cauchy matrix to present the solution of linear homogeneous
problem. Next, we derive the norm estimation about Γ(t,U), even obtain many suf-
ficient conditions about linear equations which are asymptotically stable. In Section
3, we use the method of constant variation to present the solution of (1.2) and obtain
its asymptotical stability. Then on this basis, using the classical contracting map-
ping principle, we discuss existence and uniqueness of solution about (1.3). After
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introducing the notation of non-instantaneous impulsive differential equations Ulam-
Hyers-Rassias stability, the sufficient conditions of Ulam-Hyers-Rassias stability of
nonlinear non-instantaneous impulsive equations are also derived.

2. PRELIMINARY

Set U= [U,V ] and PC(U,Rn) := {B :U→Rn : B ∈C
(
(tl, tl+1],Rn

)
, l = 0,1, · · · ,

there exists B(t−l ) and B(t+l ), l = 1,2, · · · , with B(t−l ) = B(tl)}, where C
(
(tl, tl+1],

Rn
)

is the space of all continuous functions from (tl, tl+1] into Rn endowed with the
Chebyshev PC-norm ∥B∥PC := sup{∥B(t)∥ : t ∈ U}. For ζ = (ζ1, · · · ,ζn)

⊤ ∈ Rn, its

vector norm is ∥ζ∥=
n
∑

l=1
|ζl|. For α ∈ Rn×n, its matrix norm is ∥α∥= max

∥B∥=1
∥αB∥.

Definition 1. (see [2, Definition 2.1]) The conformable derivative of B : U→R is

DU
ς B(t) = lim

ε→0

B(t + ε(t −U)1−ς)−B(t)
ε

, t ≥ U, 0 < ς < 1,

DU
ς B(U) = lim

t→U+
DU

ς B(t).

Remark 1. The conformable derivative DU
ς B(t) exists iff B is differentiable at t

and DU
ς B(t) = (t −U)1−ςB ′(t) for t > U.

Definition 2. (see [2, Notation]) The conformable integral of a function B :U→R
is

IU
ς B(t) =

∫ t

U
B(s)Bς(s,U) =

∫ t

U
(s−U)ς−1B(s)ds, t ≥ U, 0 < ς < 1,

if U = 0, then we write Bς(s,U) as Bς(s).

Lemma 1. A solution B ∈C(U,Rn) of{
DU

ς B(t) = A(t)B(t), 0 < ς < 1,
B(s) = Bs, t > s ≥ U.

is
B(t) = Ξ(t,s)Bs,

where Ξ(·, ·) is the Cauchy matrix for sl < s ≤ t ≤ tl+1.

Set ∥Ξ(t,s)∥ ≤ e
∫ t

s ∥A(θ)∥(θ−U)ς−1dθ, t,s ∈ (sl, tl+1] and ξl = max
t∈(sl ,tl+1]

∥A(t)∥.

Theorem 1. Set B(t,s,Bs) as the solution of (1.1) with B(s) = Bs. Then

B(t) := B(t,s,Bs) = Γ(t,s)Bs, U ≤ s ≤ t,
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where Γ(·, ·) is

Γ(t,s)=



Ξ(t,s), t,s ∈ (sl, tl+1], l ∈ N0;
Cl(t)I−1

l (s), t,s ∈ (tl,sl], l ∈ N;

Cχ(U,t)(t)
χ(U,t)

∏
l=χ(U,s)+2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(tχ(U,s)+1,s),

s ∈ (sχ(U,s) ≤ tχ(U,s)+1], t ∈ (tχ(U,t),sχ(U,t)];

Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)
∏

l=χ(U,s)+2
[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(tχ(U,s)+1,s),

s ∈ (sχ(U,s) ≤ tχ(U,s)+1], t ∈ (sχ(U,t), tχ(U,t)+1];

Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)
∏

l=χ(U,s)+1
[Ξ(tl,sl−1)Cl−1(s−l−1)]I

−1
χ(U,s)(s),

s ∈ (tχ(U,s),sχ(U,s)], t ∈ (sχ(U,t), tχ(U,t)+1];

Cχ(U,t)(t)
χ(U,t)

∏
l=χ(U,s)+1

[Ξ(tl,sl−1)Cl−1(s−l−1)]I
−1
χ(U,s)(s),

s ∈ (tχ(U,s),sχ(U,s)], t ∈ (tχ(U,t),sχ(U,t)].

in which χ(U, t) is the number of the impulsive points between U and t. When

χ(U, t) = χ(U,s), we have
χ(U,t)−1

∏
l=χ(U,s)

= E, where E is the identity matrix.

In particular with s = U,

B(t) := B(t,U,BU) = Γ(t,U)BU (2.1)

=



Ξ(t,U)BU , t ∈ (s0, t1];

Cχ(U,t)(t)
χ(U,t)

∏
l=2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(t1,U)BU ,

t ∈ (tχ(U,t),sχ(U,t)];

Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)
∏
l=2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(t1,U)BU ,

t ∈ (sχ(U,t), tχ(U,t)+1].

Proof. Case 1: χ(U, t) = χ(U,s).
(i) Consider any t,s ∈ (sl, tl+1], l ∈ N0.
If t ∈ (U, t1],

B(t) = Ξ(t,U)BU ,

B(s) = Ξ(s,U)BU .

Next, for t,s ∈ (s1, t2],

B(t) = Ξ(t,s1)Bs1 ,
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B(s) = Ξ(s,s1)Bs1 .

Summarizing, we obtain that
Γ(t,s) = Ξ(t,s).

(ii) Consider any t,s ∈ (tl,sl], l ∈ N,

B(t) = Cl(t)B(t−l ),

B(s) = Cl(s)B(t−l ),

so Γ(t,s) = Cl(t)C−1
l (s).

(iii) Consider any s ∈ (tχ(U,t),sχ(U,t)] and any t ∈ (sχ(U,t), tχ(U,t)+1],

B(t) = Ξ(t,sχ(U,t))B(s+
χ(U,t))

= Ξ(t,sχ(U,t))Cχ(U,t)(sχ(U,t))C−1
χ(U,t)(s)B(s),

so
Γ(t,s) = Ξ(t,sχ(U,t))Cχ(U,t)(sχ(U,t))C−1

χ(U,t)(s).

Case 2: χ(U, t) = χ(U,s)+1.
(i) Consider any s ∈ (sχ(U,s), tχ(U,s)+1] and any t ∈ (tχ(U,t),sχ(U,t)],

B(t) = Cχ(U,t)(t)B(t−
χ(U,t)) = Cχ(U,t)(t)Ξ(tχ(U,t),s)B(s),

so
Γ(t,s) = Cχ(U,t)(t)Ξ(tχ(U,t),s).

(ii) Consider any s ∈ (sχ(U,s), tχ(U,s)+1] and any t ∈ (sχ(U,t), tχ(U,t)+1],

B(t) = Ξ(t,sχ(U,t))B(s+
χ(U,t))

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))B(t−

χ(U,t))

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(sχ(U,t),s)B(s),

so
Γ(t,s) = Ξ(t,sχ(U,t))Cχ(U,t)(s

−
χ(U,t))Ξ(sχ(U,t),s).

(iii) Consider any s ∈ (tχ(U,s),sχ(U,s)] and any t ∈ (tχ(U,t),sχ(U,t)],

B(t) = Cχ(U,t)(t)B(t−
χ(U,t))

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s))B(s+
χ(U,s))

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s))Cχ(U,s)(sχ(U,s))C−1
χ(U,s)(s)B(s),

so
Γ(t,s) = Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s))Cχ(U,s)(sχ(U,s))C−1

χ(U,s)(s).

(iv) Consider any s ∈ (tχ(U,s),sχ(U,s)] and any t ∈ (sχ(U,t), tχ(U,t)+1],

B(t) = Ξ(t,sχ(U,t))B(s+
χ(U,t))
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= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))B(t−

χ(U,t))

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s))B(s+

χ(U,s))

= Ξ(t,sχ(U,t))Cl(s−χ(U,t))Ξ(tχ(U,t),sχ(U,s))Cχ(U,s)(sχ(U,s))C−1
χ(U,s)(s)B(s),

so

Γ(t,s) = Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s))Cχ(U,s)(sχ(U,s))C−1

χ(U,s)(s).

Case 3: χ(U, t) = χ(U,s)+2.
(i) Consider any s ∈ (sχ(U,s), tχ(U,s)+1] and any t ∈ (tχ(U,t),sχ(U,t)],

B(t) = Cχ(U,t)(t)B(t−
χ(U,t))

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)B(s+
χ(U,s)+1)

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Csχ(U,s)+1(s
−
χ(U,s)+1)B(t−

χ(U,s)+1)

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Csχ(U,s)+1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,s)B(s),

so

Γ(t,s) = Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Csχ(U,s)+1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,s).

(ii) Consider any s ∈ (sχ(U,s), tχ(U,s)+1] and any t ∈ (sχ(U,t), tχ(U,t)+1],

B(t) = Ξ(t,sχ(U,t))B(s+
χ(U,t))

= Ξ(t,sχ(U,t))Csχ(U,t)(s
−
χ(U,t))B(t−

χ(U,t))

= Ξ(t,sχ(U,t))Csχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,t)−1)B(s+

χ(U,t)−1)

= Ξ(t,sχ(U,t))Csχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,t)−1)

×Cχ(U,t)−1(s
−
χ(U,s)+1)B(t−

χ(U,s)+1)

= Ξ(t,sχ(U,t))Csχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,t)−1)

×Cχ(U,t)−1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,s)B(s),

so

Γ(t,s) = Ξ(t,sχ(U,t))Csχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,t)−1)

×Cχ(U,t)−1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,s).

(iii) Consider any s ∈ (tχ(U,s),sχ(U,s)] and any t ∈ (tχ(U,t),sχ(U,t)],

B(t) = Cχ(U,t)(t)B(t−
χ(U,t))

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)B(s+
χ(U,s)+1)

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s
−
χ(U,s)+1)B(t−

χ(U,s)+1)

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,sχ(U,s))
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×B(s+
χ(U,s))

= Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,sχ(U,s))

×Cχ(U,s)(s
−
χ(U,s))C

−1
χ(U,s)(s)B(s),

so

Γ(t,s) = Cχ(U,t)(t)Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s
−
χ(U,s)+1)Ξ(tχ(U,s)+1,sχ(U,s))

×Cχ(U,s)(s
−
χ(U,s))C

−1
χ(U,s)(s).

(iv) Consider any s ∈ (tχ(U,s),sχ(U,s)] and any t ∈ (sχ(U,t), tχ(U,t)+1],

B(t) = Ξ(t,sχ(U,t))B(s+
χ(U,t))

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))B(t−

χ(U,t))

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s)+1)B(s+

χ(U,s)+1)

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s

−
χ(U,s)+1)

×B(t−
χ(U,s)+1)

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s

−
χ(U,s)+1)

×Ξ(tχ(U,s)+1,sχ(U,s))B(s+
χ(U,s))

= Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s

−
χ(U,s)+1)

×Ξ(tχ(U,s)+1,sχ(U,s))Cχ(U,s)(s
−
χ(U,s))C

−1
χ(U,s)(s)B(s),

so

Γ(t,s) = Cχ(U,t)(s
−
χ(U,t))Ξ(tχ(U,t),sχ(U,s)+1)Cχ(U,s)+1(s

−
χ(U,s)+1)

×Ξ(tχ(U,s)+1,sχ(U,s))Cχ(U,s)(s
−
χ(U,s))C

−1
χ(U,s)(s).

Case 4: General kinds of χ(U, t) and χ(U,s).
(i) Consider any s ∈ (tχ(U,s),sχ(U,s)] and any t ∈ (sχ(U,t), tχ(U,t)+1],

Γ(t,s) = Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)

∏
l=χ(U,s)+1

[Ξ(tl,sl−1)Cl−1(s−l−1)]C
−1
χ(U,s)(s).

(ii) Consider any s ∈ (sχ(U,s), tχ(U,s)+1] and any t ∈ (tχ(U,t),sχ(U,t)],

Γ(t,s) = Cχ(U,t)(t)
χ(U,t)

∏
l=χ(U,s)+2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(tχ(U,s)+1,s).
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(iii) Consider any s ∈ (sχ(U,s), tχ(U,s)+1] and any t ∈ (sχ(U,t), tχ(U,t)+1],

Γ(t,s) = Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)

∏
l=χ(U,s)+2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(tχ(U,s)+1,s).

(iv) Consider any s ∈ (tχ(U,s),sχ(U,s)] and any t ∈ (tχ(U,t),sχ(U,t)],

Γ(t,s) = Cχ(U,t)(t)
χ(U,t)

∏
l=χ(U,s)+1

[Ξ(tl,sl−1)Cl−1(s−l−1)]C
−1
χ(U,s)(s).

Thus Γ(t,s) can be written in the form:

Γ(t,s)=



Ξ(t,s), t,s ∈ (sl, tl+1], l ∈ N0;
Cl(t)C−1

l (s), t,s ∈ (tl,sl], l ∈ N;

Cχ(U,t)(t)
χ(U,t)

∏
l=χ(U,s)+2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(tχ(U,s)+1,s),

s ∈ (sχ(U,s) ≤ tχ(U,s)+1], t ∈ (tχ(U,t),sχ(U,t)];

Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)
∏

l=χ(U,s)+2
[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(tχ(U,s)+1,s),

s ∈ (sχ(U,s) ≤ tχ(U,s)+1], t ∈ (sχ(U,t), tχ(U,t)+1];

Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)
∏

l=χ(U,s)+1
[Ξ(tl,sl−1)Cl−1(s−l−1)]C

−1
χ(U,s)(s),

s ∈ (tχ(U,s),sχ(U,s)], t ∈ (sχ(U,t), tχ(U,t)+1];

Cχ(U,t)(t)
χ(U,t)

∏
l=χ(U,s)+1

[Ξ(tl,sl−1)Cl−1(s−l−1)]C
−1
χ(U,s)(s),

s ∈ (tχ(U,s),sχ(U,s)], t ∈ (tχ(U,t),sχ(U,t)],

and Γ(·, ·) is called non-autonomous conformable Cauchy matrix. □

Definition 3. (1.1) is exponentially stable if there are c1 ≥ 1 and c2 > 0 satisfying

∥Γ(t,s)∥ ≤ c1e−c2(t−s), U ≤ s ≤ t.

Lemma 2. (see [16]) Let a nonnegative piecewise continuous function B(t) sat-
isfies the inequality

B(t)≤ B+
∫ t

U
ν(s)B(s)ds+ ∑

U<tl<t
αlB(t−l ), l = 0,1, · · · ,m,

where B ≥ 0, αl, ν(t) > 0, tl are the first kind discontinuity points of the function
B(t). Then the following estimate holds:

B(t)≤ B ∏
U<tl<t

(1+αl)e
∫ t

U ν(s)ds.
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3. LINEAR HOMOGENEOUS PROBLEM

In this section, we present the stability of linear homogeneous problem.
Let ξ = max

l∈N0
ξl .

Lemma 3. For any t ∈ (sχ(U,t), tχ(U,t)+1], there is

∥Γ(t,U)∥ ≤ e
ξ

ς
[((t−U)ς−(sχ(U,t)−U)ς)+

χ(U,t)−1
∑

l=0
((tl+1−U)ς−(sl−U)ς)] χ(U,t)

∏
l=1

∥Cl(s−l )∥.

and for any t ∈ (tχ(U,t),sχ(U,t)], there is

∥Γ(t,U)∥ ≤ e
ξ

ς

χ(U,t)−1
∑

l=0
((tl+1−U)ς−(sl−U)ς)

∥Cχ(U,t)(t)∥
χ(U,t)−1

∏
l=1

∥Cl(s−l )∥.

Proof. By (2.1), for any t ∈ (sχ(U,t), tχ(U,t)+1],

∥Γ(t,U)∥= ∥Ξ(t,sχ(U,t))Cχ(U,t)(s
−
χ(U,t))

χ(U,t)

∏
l=2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(t1,U)∥

≤ e
ξ
χ(U,t)

ς
((t−U)ς−(sχ(U,t)−U)ς)∥Cχ(U,t)(s

−
χ(U,t))∥

χ(U,t)

∏
l=2

[e
ξl
ς
((tl−U)ς−(sl−1−U)ς)

×∥Cl−1(s−l−1)∥]e
ξ0
ς
(t1−U)ς

≤ e
ξ

ς
[((t−U)ς−(sχ(U,t)−U)ς)+

χ(U,t)−1
∑

l=0
((tl+1−U)ς−(sl−U)ς)] χ(U,t)

∏
l=1

∥Cl(s−l )∥.

For any t ∈ (tχ(U,t),sχ(U,t)],

∥Γ(t,U)∥= ∥Cχ(U,t)(t)
χ(U,t)

∏
l=2

[Ξ(tl,sl−1)Cl−1(s−l−1)]Ξ(t1,U)∥

≤ ∥Cχ(U,t)(t)∥
χ(U,t)

∏
l=2

[e
ξl
ς
((tl−U)ς−(sl−1−U)ς)∥Cl−1(s−l−1)∥]e

ξ1
ς
(t1−U)ς

≤ e
ξ

χ(U,t)−1
∑

l=0
((tl+1−U)ς−(sl−U)ς)

∥Cχ(U,t)(t)∥
χ(U,t)−1

∏
l=1

∥Cl(s−l )∥.

□

Definition 4. The solution B(t) of (1.1) is locally asymptotically stable if there
exists δ > 0 such that ∥BU∥< δ, it holds

lim
t→∞

∥B(t,U,BU)∥= 0.

If δ is arbitrary, then B(t) is globally asymptotically stable.
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For the next theorem, we assume that sl and tl+1 satisfy

(tl+1 −U)ς − (sl −U)ς ≤ η < ∞, l = 0,1,2, · · · . (3.1)

and define ζ = sup
l≥1

max
t∈(tl ,sl ]

∥Cl(t)∥.

Theorem 2. Assume that (3.1) holds. If
η

ς
+

1
ξ

lnζ < 0, (3.2)

then (1.1) is asymptotically stable.

Proof. Combining Lemma 3 with (3.1), one has

∥Γ(t,U)∥ ≤ e
ξ

ς
[((t−U)ς−(sχ(U,t)−U)ς)+

χ(U,t)−1
∑

l=0
((tl+1−U)ς−(sl−U)ς)]

ζ
χ(U,t)

≤ e
ξ

ς
[((t−U)ς−(sχ(U,t)−U)ς)+

χ(U,t)−1
∑

l=0
η]

ζ
χ(U,t)

≤ e
ξη

ς eχ(U,t)( ξη

ς
+lnζ).

By (3.2), there is
eξ( η

ς
+ 1

ξ
lnζ)

< 1,
so

lim
t→∞

∥Γ(t,U)∥ ≤ e
ξη

ς eχ(U,t)( ξη

ς
+lnζ) → 0.

□

Theorem 3. Suppose that

lim
t→∞

χ(U,t)

((t−U)ς−(sχ(U,t)−U)ς)+
χ(U,t)−1

∑
l=0

((tl+1−U)ς−(sl−U)ς)

:= ρ < ∞. (3.3)

If ϑ = ξ

ς
+ρ lnζ < 0, then (1.1) is asymptotically stable.

Proof.

∥Γ(t,U)∥ ≤ e
ξ

ς
[(t−U)ς−(sχ(U,t)−U)ς)+

χ(U,t)−1
∑

l=0
((tl+1−U)ς−(sl−U)ς)]

ζ
χ(U,t)

≤ eϑ[((t−U)ς−(sχ(U,t)−U)ς)+∑
χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)]

× elnζ

(
χ(U,t)−ρ[((t−U)ς−(sχ(U,t)−U)ς)+∑

χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)]

)
.

Using (3.3), for any enough large t, one has∣∣∣∣∣∣ χ(U,t)

((t−U)ς−(sχ(U,t)−U)ς)+
χ(U,t)−1

∑
l=0

((tl+1−U)ς−(sl−U)ς)

−ρ

∣∣∣∣∣∣≤− ϑ

2lnζ
.
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Then

elnζ

(
χ(U,t)−ρ[((t−U)ς−(sχ(U,t)−U)ς)+∑

χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)]

)
= e

lnζ[((t−U)ς−(s
χ(U,t)−U)ς)+∑

χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)]

(
χ(U,t)

((t−U)ς−(s
χ(U,t)−U)ς)+∑

χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)

−ρ

)

≤ e−
ϑ

2 [((t−U)ς−(sχ(U,t)−U)ς)+∑
χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)].

Hence,

lim
t→∞

∥Γ(t,U)∥ ≤ e
ϑ

2 [((t−U)ς−(sχ(U,t)−U)ς)+∑
χ(U,t)−1
l=0 ((tl+1−U)ς−(sl−U)ς)] → 0.

□

4. LINEAR PERTURBED PROBLEM

This section considers the stability of (1.2) by Γ(·, ·).
We firstly study the following problem:

DU
ς B(t) = A(t)B(t)+ j(t), t ∈ (sl, tl+1], l ∈ N0,

B(t+l ) = Cl(t)B(t−l )+ml, l ∈ N,
B(t) = Cl(t)B(t−l )+ml, t ∈ (tl,sl], l ∈ N,
B(s+l ) = B(s−l ), l ∈ N,

(4.1)

where A(t), Cl(t), sl, tl are defined in (1.1), ml ∈ Rn and j ∈C(U,Rn).

Theorem 4. A solution B ∈ PC(U,Rn) of (4.1) with B(U) = BU ∈ Rn is

B(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s) j(s)(s−U)ς−1ds

+
∫ t

sχ(U,t)

Γ(t,s) j(s)(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(t,sl)ml.

Proof. When t ∈ [s0, t1], we set

DU
ς B(t) = A(t)B(t), (4.2)

and Lemma 1 implies that the solution of (4.2) is

B(t) = Γ(t,U)BU .

Let BU = BU(t),

DU
ς B(t) =DU

ς Γ(t,U)BU(t)+Γ(t,U)DU
ς BU(t)

= A(t)B(t)+Γ(t,U)(t −U)1−ςB ′
U(t)

= A(t)B(t)+ j(t),

and then

B ′
U(t) = Γ

−1(t,U) j(t)(t −U)ς−1,



738 Y. DING

BU(t) =
∫ t

U
Γ
−1(s,U) j(s)(s−U)ς−1ds+BU .

Then

B(t) = Γ(t,U)

[∫ t

U
Γ
−1(s,U) j(s)(s−U)ς−1ds+BU

]
= Γ(t,U)BU +

∫ t

U
Γ(t,s) j(s)(s−U)ς−1ds.

When t ∈ (t1,s1],

B(t) = C1(t)B(t−1 )+m1

= C1(t)Γ(t1,U)BU +C1(t)
∫ t1

U
Γ(t1,s) j(s)(s−U)ς−1ds+m1.

When t ∈ (s1, t2],

B(t) = Γ(t,s1)B(s1)+
∫ t

s1

Γ(t,s) j(s)(s−U)ς−1ds

= Γ(t,s1)C1(s1)Γ(t1,U)BU +Γ(t,s1)C1(s1)
∫ t1

U
Γ(t1,s) j(s)(s−U)ς−1ds

+Γ(t,s1)m1 +
∫ t

s1

Γ(t,s) j(s)(s−U)ς−1ds

= Γ(t,U)BU +
∫ t1

U
Γ(t,s) j(s)(s−U)ς−1ds+

∫ t

s1

Γ(t,s) j(s)(s−U)ς−1ds

+Γ(t,s1)m1.

If the following equality holds:

B(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s) j(s)(s−U)ς−1ds

+
∫ t

sχ(U,t)

Γ(t,s) j(s)(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(t,sl)ml,

for t ∈ (sχ(U,t), tχ(U,t)+1], then

B(t) = Cl(t)B(t−
χ(U,t)+1)+mχ(U,t)+1

= Cl(t)
[

Γ(tχ(U,t)+1,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(tχ(U,t)+1,s) j(s)(s−U)ς−1ds

+
∫ tχ(U,t)+1

sχ(U,t)

Γ(tχ(U,t)+1,s) j(s)(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(tχ(U,t)+1,sl)ml

]
+mχ(U,t)+1, t ∈ (tχ(U,t)+1,sχ(U,t)+1].
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Hence, for t ∈ (sχ(U,t)+1, tχ(U,t)+2],

B(t) = Γ(t,sχ(U,t)+1)B(sχ(U,t)+1)+
∫ t

sχ(U,t)+1

Γ(t,s) j(s)(s−U)ς−1ds

= Γ(t,sχ(U,t)+1)Cl(sχ(U,t)+1)Γ(tχ(U,t)+1,U)BU

+Γ(t,sχ(U,t)+1)Cl(sχ(U,t)+1)
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(tχ(U,t)+1,s) j(s)(s−U)ς−1ds

+Γ(t,sχ(U,t)+1)Cl(sχ(U,t)+1)
∫ tχ(U,t)+1

sχ(U,t)

Γ(tχ(U,t)+1,s) j(s)(s−U)ς−1ds

+Γ(t,sχ(U,t)+1)Cl(sχ(U,t)+1)
χ(U,t)

∑
l=1

Γ(tχ(U,t)+1,sl)ml

+Γ(t,sχ(U,t)+1)mχ(U,t)+1 +
∫ t

sχ(U,t)+1

Γ(t,s) j(s)(s−U)ς−1ds

= Γ(t,U)BU +
χ(U,t)

∑
l=0

∫ tl+1

sl

Γ(t,s) j(s)(s−U)ς−1ds

+
∫ t

sχ(U,t)+1

Γ(t,s) j(s)(s−U)ς−1ds+
χ(U,t)+1

∑
l=1

Γ(t,sl)ml.

Using mathematical induction, the solution of (4.1) is:

B(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s) j(s)(s−U)ς−1ds

+
∫ t

sχ(U,t)

Γ(t,s) j(s)(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(t,sl)ml.

□

Then, the solution of (1.2) is

B(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s)J (s)B(s)(s−U)ς−1ds (4.3)

+
∫ t

sχ(U,t)

Γ(t,s)J (s)B(s)(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(t,sl)MlB(t−l ).

Theorem 5. Assume that (1.1) is exponentially stable. If

limsup
t→∞

χ(U, t)
t

= ϖ < ∞, sup
t∈U

(t −U)ς

ςt
= ρ < ∞,

limsup
t→∞

∥J (t)∥< δ, limsup
l→∞

∥Ml∥< δ,
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in which ϖ , ρ and δ satisfy

U psilon = c2 − c1δρ−ϖ ln(1+ Jδ)> 0,

then (1.2) is exponentially stable.

Proof. Since the exponential stability of (1.1), one has c1 ≥ 1 and c2 > 0 with

∥Γ(t,s)∥ ≤ c1e−c2(t−s),U ≤ s ≤ t.

When t ∈ [U, tlU+1], lU ∈ N, JU = max
t∈[U,tlU+1]

∥J (t)∥ , MU = max
l∈{1,2,···lU}

∥Ml∥,

(4.3) gives

∥B(t)∥ ≤ c1∥BU∥+ c1JU

∫ t

U
∥B(s)∥(s−U)ς−1ds+ c1MU

χ(U,t)

∑
l=1

∥B(t−l )∥.

With Lemma 2, we yield

∥B(t)∥ ≤ c1∥BU∥(1+ c1MU)χ(U,t)ec1JU
(t−U)ς

ς

≤ c1∥BU∥(1+ c1MU)χ(U,t)ec1JU
(tlU+1−U)ς

ς =CU∥BU∥,
in which

CU = c1(1+ c1MU)χ(U,t)ec1JU
(tlU+1−U)ς

ς .

For J (t)∥ ≤ δ and ∥Ml∥ ≤ δ with any t > tlU and χ(U, t) > lU , taking the norm of
(4.3), there is

ec2t∥B(t)∥ ≤ (c1 + c1)∥BU∥+ c1δ

χ(U,t)−1

∑
l=lU

∫ tl+1

sl

ec2s∥B(s)∥(s−U)ς−1ds

+ c1δ

∫ t

sχ(U,t)

ec2s∥B(s)∥(s−U)ς−1ds+ c1δ

χ(U,t)

∑
l=lU

ec2sl∥B(t−l )∥

≤ c̃1∥BU∥+ c1δ

∫ t

U
ec2s∥B(s)∥(s−U)ς−1ds+ c1δ

χ(U,t)

∑
l=1

ec2sl∥B(t−l )∥,

where c1 = c1CU
lU−1
∑

l=0

∫ tl+1
sl

ec2s∥J (s)∥(s−U)ς−1ds+c1CU
lU
∑

l=0
ec2sl∥Ml∥, c̃1 = c1+c1.

Summarizing, we have

ec2t∥B(t)∥ ≤ c∥BU∥+ c1δ

∫ t

U
ec2s∥B(s)∥(s−U)ς−1ds+ c1δ

χ(U,t)

∑
l=1

ec2sl∥B(t−l )∥,

for any t ≥ U, in which c = max{c̃1,CUec2tlU }.
According to Lemma 2, we obtain

ec2t∥B(t)∥ ≤ c(1+ c1δ)χ(U,t)ec1δ
(t−U)ς

ς ∥BU∥,
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so

∥B(t)∥ ≤ ce−
(

c2−c1δ
(t−U)ς

ςt − χ(U,t)
t ln(1+c1δ)

)
t∥BU∥.

Due to

liminf
t→∞

(
c2 − c1δ

(t −U)ς

ςt
− χ(U, t)

t
ln(1+ c1δ)

)
≥ c2 − c1δρ−ϖ ln(1+ c1δ) = ϒ > 0,

we can find t1 > U and

c2 − c1δ
(t −U)ς

ςt
− χ(U, t)

t
ln(1+ c1δ)≥ ϒ

2
,

for t ≥ t1. Hence, when t ≥ t1, we obtain

∥B(t)∥ ≤ ce−
ϒ

2 t∥BU∥.
□

5. NONLINEAR PROBLEM

This section presents the Ulam-Hyers-Rassias stability of (1.3).
The solution of (1.3) is:

B(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s)z(s,B(s))(s−U)ς−1ds

+
∫ t

sχ(U,t)

Γ(t,s)z(s,B(s))(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(t,sl)Ll. (5.1)

Then, we present the condition: (H1) z ∈ C(U×Rn,Rn) and there is a Lz > 0 satis-
fying:

∥z(t,B1)− z(t,B2)∥ ≤ Lz∥B1 −B2∥, t ∈ U, B1, B2 ∈ Rn.

Theorem 6. Assume that (H1) holds. If system (1.1) is exponentially stable and

Lzc1
(V −U)ς

ς
< 1,

then (1.3) has a unique solution.

Proof. We set a mapping P : PC(U,Rn)→ PC(U,Rn),

(P B)(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s)z(s,B(s))(s−U)ς−1ds

+
∫ t

sχ(U,t)

Γ(t,s)z(s,B(s))(s−U)ς−1ds+
χ(U,t)

∑
l=1

Γ(t,sl)Ll,
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and

∥(P B)(t)− (P B)(t)∥

≤
χ(U,t)−1

∑
l=0

∫ tl+1

sl

∥∥Γ(t,s)(s−U)ς−1[z(s,B(s))− z(s,B(s))
]∥∥ds

+
∫ t

sχ(U,t)

∥∥Γ(t,s)(s−U)ς−1[z(s,B(s))− z(s,B(s))
]∥∥ds

≤ Lz

(χ(U,t)−1

∑
l=0

∫ tl+1

sl

c1e−c2(t−s)(s−U)ς−1ds

+
∫ t

sχ(U,t)

c1e−c2(t−s)(s−U)ς−1ds
)
∥B −B∥PC

≤ Lz

(∫ t

U
c1(s−U)ς−1ds

)
∥B −B∥PC

≤ Lzc1
(V −U)ς

ς
∥B −B∥PC, (5.2)

for ∀ B, B ∈ PC(U,Rn).
Then (5.2) implies that

∥(P B)(t)− (P B)(t)∥ ≤ LP∥B −B∥PC,

in which

LP := Lzc1
(V −U)ς

ς
,

so
∥(P B)− (P B)∥PC ≤ LP∥B −B∥PC.

Hence, (1.3) has a unique solution. □

Next, we refer to Ulam-Hyers-Rassias stability of (1.3).
Set ε > 0, κ > 0 and µ ∈ PC(U,R+) be a nondecreasing function, and

∥DU
ς B̃(t)−A(t)B̃(t)− z(t, B̃(t))∥ ≤ εµ(t), t ∈ (sl, tl+1], l ∈ N0,

∥B̃(t+l )−Cl(t+l )B(t−l )−Ll∥ ≤ εκ, l ∈ N,

∥B̃(t)−Cl(t)B(t−l )−Ll∥ ≤ εκ, t ∈ (tl,sl], l ∈ N.

(5.3)

Set
D := PC1(U,Rn)

⋂
l∈N

C1((sl, tl+1],Rn).
Definition 5. We set a solution B ∈ D of (1.3) is Ulam-Hyers-Rassias stable if for

each ε > 0 and for each function B̃ ∈ D satisfying (5.3) with B̃(U) = BU , there is a
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cz,N,µ > 0 satisfying

∥B̃(t)−B(t)∥ ≤ cz,N,µε
(
µ(t)+κ

)
, t ∈ U.

Remark 2. (5.3) has a solution B̃ ∈D iff there exists G ∈
⋃

l∈N0

C1
(
(sl, tl+1

]
,Rn
)

and

g ∈
⋃

l∈N
C
(
(tl,sl],Rn

)
satisfying

(i) ∥G(t)∥ ≤ εµ(t), t ∈
⋃

l∈N0

(sl, tl+1], ∥g(t)∥ ≤ εκ, t ∈
⋃

l∈N
(tl,sl];

(ii) DU
ς B̃(t) = A(t)B̃(t)+ z(t, B̃(t))+G(t), t ∈ (sl, tl+1], l ∈ N0;

(iii) B̃(t+l ) = Cl(t+l )B(t−l )+Ll +g(tl), l ∈ N;
(iv) B̃(t) = Cl(t)B(t−l )+Ll +g(t), t ∈ (tl,sl], l ∈ N.

We suppose that the following conditions hold:

(H2) ω := sup
t∈U

χ(U,t)
∑

l=1
e−c2(tχ(U,t)+1−sl) < ∞ holds.

(H3) There is a ψ > 0 satisfying∫ t

U
e−c2(t−s)µ(s)(s−U)ς−1ds ≤ ψµ(t), t ∈ U.

Theorem 7. Suppose that (H1), (H2) and (H3) hold. If (1.1) is exponentially
stable and

c1Lz max
{

ψ,κ
(V −U)ς

ς

}
< 1 (5.4)

is satisfied, then (1.3) is Ulam-Hyers-Rassias stable.

Proof. Let B(t) be a solution of (1.3) and B̃ ∈ D be a solution of (5.3) with
B̃(U) = BU .

Consider
DU

ς B̃(t) = A(t)B̃(t)+ z(t, B̃(t))+G(t), t ∈ (sl, tl+1], l ∈ N0,

B̃(t+l ) = Cl(t+l )B(t−l )+Ll +g(tl), l ∈ N,

B̃(t) = Cl(t)B(t−l )+Ll +g(t), t ∈ (tl,sl], l ∈ N.

(5.5)

The solution B̃(t) of (5.5) with B̃(U) = BU has the following expression:

B̃(t) = Γ(t,U)BU +
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s)
[
z(s, B̃(s))+G(s)

]
(s−U)ς−1ds

+
∫ t

sχ(U,t)

Γ(t,s)
[
z(s, B̃(s))+G(s)

]
(s−U)ς−1ds

+
χ(U,t)

∑
l=1

Γ(t,sl)
(
Ll +g(sl)

)
= (P B̃)(t)+ f̃ (t),
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in which

f̃ (t) =
χ(U,t)−1

∑
l=0

∫ tl+1

sl

Γ(t,s)G(s)(s−U)ς−1ds+
∫ t

s(U,t)

Γ(t,s)G(s)(s−U)ς−1ds

+
χ(U,t)

∑
l=1

Γ(t,sl)g(sl).

Combining (H2) with (H3), there is

∥ f̃ (t)∥ ≤
χ(U,t)−1

∑
l=0

∫ tl+1

sl

∥Γ(t,s)∥∥G(s)∥(s−U)ς−1ds

+
∫ t

s(U,t)

∥Γ(t,s)∥∥G(s)∥(s−U)ς−1ds+
χ(U,t)

∑
l=1

∥Γ(t,sl)∥∥g(sl)∥

≤ εc1

(∫ t

U
e−c2(t−s)µ(s)(s−U)ς−1ds+

χ(U,t)

∑
l=1

e−c2(t−sl)κ

)

≤ εc1

(
ψµ(t)+

χ(U,t)−1

∑
l=1

e−c2(tχ(U,t)−sl)κ+κ

)
≤ εc1 max{1+ω,ψ}

(
µ(t)+κ

)
, t ∈ (tχ(U,t), tχ(U,t)+1]. (5.6)

Using (5.1) and (5.6), we get

∥B̃(t)−B(t)∥ ≤ ∥ f̃ (t)∥+∥(P B̃)(t)− (P B)(t)∥
≤ εc1 max{1+ω,ψ}

(
µ(t)+κ

)
+ c1Lz

∫ t

U
e−c2(t−s)∥B̃(s)−B(s)∥(s−U)ς−1ds. (5.7)

Set

h(V ) := sup
t∈U

∥B̃(t)−B(t)∥
µ(t)+κ

,

and combining (5.7) with (H3), one has

∥B̃(t)−B(t)∥ ≤ εc1 max{1+ω,ψ}
(
µ(t)+κ

)
+ c1Lzh(V )

∫ t

U
e−c2(t−s)(µ(t)+κ

)
(s−U)ς−1ds

≤ εc1 max{1+ω,ψ}
(
µ(t)+κ

)
+ c1Lzh(V )

[
ψµ(t)+

∫ t

U
κe−c2(t−s)(s−U)ς−1ds

]
≤ εc1 max{1+ω,ψ}

(
µ(t)+κ

)
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+ c1Lzh(V )

[
ψµ(t)+κ

(V −U)ς

ς

]
≤ εc1 max{1+ω,ψ}

(
µ(t)+κ

)
+ c1Lzh(V )max

{
ψ,κ

(V −U)ς

ς
}
(
µ(t)+κ

)
, t ∈ U. (5.8)

(5.8) implies

h(V )≤ εc1 max{1+ω,ψ}+ c1Lzh(V )max
{

ψ,κ
(V −U)ς

ς

}
.

Then,

h(V )≤ ε
c1 max{1+ω,ψ}

1− c1Lz max
{

ψ,κ (V −U)ς

ς

} ,
so

∥B̃(t)−B(t)∥ ≤ ε
c1 max{1+ω,ψ}

1− c1Lz max
{

ψ,κ (V −U)ς

ς

}(µ(t)+κ
)

≤ cz,N,µε
(
µ(t)+κ

)
, t ∈ U, (5.9)

and cz,N,µ =
c1 max{1+ω,ψ}

1−c1Lz max
{

ψ,κ (V −U)ς

ς

} > 0.

Since (5.9) is satisfied for any V > 0, (1.3) is Ulam-Hyers-Rassias stable. □

Example 1. We set s0 =U = 3
2 , t1 = 2, V = 20, ς= 1

2 , sl = l+ 3
2 , tl+1 = l+2, l =

1,2, · · · , and

A(t) =
( 1

2(t − sl) 0
0 1

4(t − sl)

)
, Cl(t) =

(
1
20 +

1
20

t−tl
sl−tl

0
0 1

20 +
1

20
t−tl
sl−tl

)
,

BU =

(
1
0

)
, z(t,B(t)) =

( cos t
e7 (B1(t)+1)

cos t
e7 B2(t)

)
, Ll =

(
1
0

)
.

Now χ(U, t)= ⌈t⌉−2. For sχ(U,t)< t ≤ tχ(U,t)+1 and sχ(U,s)< s≤ tχ(U,s)+1, χ(U, t)>
χ(U,s), there is

Γ(t,s)≤

 e(t−1)
1
2 −(sχ(U,t)−1)

1
2 0

0 e
1
2 (t−1)

1
2 − 1

2 (sχ(U,t)−1)
1
2

( 1
10 0
0 1

10

)

×
χ(U,t)

∏
l=χ(U,s)+2

(
1

10 e
1
4 0

0 1
10 e

1
8

)

×

 e(tχ(U,s)+1−1)
1
2 −(s−1)

1
2 0

0 e
1
2 (tχ(U,s)+1−1)

1
2 − 1

2 (s−1)
1
2


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=

(
e

1
2 (t−⌈t⌉+ 1

2 ) 0
0 e

1
4 (t−⌈t⌉+ 1

2 )

)(
1
10 e

1
4 0

0 1
10 e

1
8

)⌈t⌉−⌈s⌉−1

×

(
e

1
2 (⌈s⌉−s) 0

0 e
1
4 (⌈s⌉−s)

)
.

Hence

∥Γ(t,s)∥ ≤ 10e
1
2 (

1
10

e
1
4 )⌈t⌉−⌈s⌉ = 10e

1
2 (e

1
4−ln10)⌈t⌉−⌈s⌉ ≤ eln10+ 1

2 e−(ln10− 1
4 )(t−s).

The system is exponentially stable with c2 = ln10− 1
4 and c1 = eln10+ 1

2 .
Note

sup
t∈U

χ(U,t)

∑
l=1

e−(ln10− 1
4 )(χ(U,t)+2−l− 3

2 ) ≤ e
1
4 −ln10

2

1− e
1
4−ln10

,

so (H2) holds and ω ≤ e
1
4 −ln10

2

1−e
1
4 −ln10

.

Let µ(t) = t
3
4 ,κ = 1, and we have∫ t

3
2

e−(ln10− 1
4 )(t−s)s

3
2 s−

1
2 ds =

∫ t

3
2

e(ln10− 1
4 )(s−t)sds ≤ t

1
4

ln10− 1
4

≤ t
3
4

ln10− 1
4

,

so (H3) holds with ψ = 1
ln10− 1

4
.

Then,

Lzκ
(V −U)ς

ς
=

2
√

20
e7 < 1,

so (1.3) has a unique solution from Theorem 6.
Also,

Lz max
{

ψ,κ
(V −U)ς

ς

}
< 1,

and (5.4) are satisfied.
Theorem 7 implies that (1.3) is Ulam-Hyers-Rassias stable with

cz,N,µ =
c1 max{1+ω,ψ}

1− c1Lz max
{

ψ,κ (V −U)ς

ς

} =
eln10+ 1

2 ( e
1
4 −ln10

2

1−e
1
4 −ln10

+1)

1− 2
√

20eln10+ 1
2

e7

= 26.87.
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