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STABILITY OF CONFORMABLE NON-AUTONOMOUS
NON-INSTANTANEOUS IMPULSIVE DIFFERENTIAL EQUATIONS
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Abstract. This paper focus on a type of conformable non-autonomous non-instantaneous impuls-
ive equation. Firstly, we give a kind of non-autonomous conformable Cauchy matrix to present
the solution of linear and nonlinear systems. Then, we investigate the asymptotic stability of lin-
ear homogeneous problem and the exponential stability of linear perturbed problem. Also, one
presents the solution of nonlinear problem and verifies its Ulam-Hyers-Rassias stability.
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1. INTRODUCTION

Since the raise of impulsive equations, many papers based on the impulsive effects
are published [5-7]. With the deepening of the research, Hernandez and O’Regan
firstly introduce the non-instantaneous impulsive differential equations [8] which can
describe the processes in pharmacotherapy systems. Inspired by this work, the basic
theory such as stability, periodicity, controllability are studied in the [3,4,9, 13,15,

,18,20].

There are many papers studying the non-instantaneous impulsive differential equa-
tions without non-autonomous effects. The behavior of the autonomous system de-
pends only on the current state. However, in many systems, the state or behavior
depends not only on the current state, but also on external factors. Hence, the non-
autonomous non-instantaneous impulsive differential equations are worthy to con-
sider. Also, motivated by the raise of conformable derivative in [10] and the relating
works [1, 11,12, 14, 19], we present the following problems:
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(i) Conformable linear homogeneous problem:

DUB(r) =A)B(t), t € (s1,t141], | € No,

B(")  =G")B), €N,

B(r) =G(t)B(t; ), t(t,s1], LEN, (1.1)
B(s") =B(s; ), €N,

Bu) =B, R,

for Np={0,1,2,--- ,w} and N ={1,2,--- ,w}. One sets #; as the impulsive point and
so=U<n <sp-<s<tiy; <---<t, = V. Suppose that 4(-) : U (s;,61+1] —

R™"and G(-): U (f,8]] — R™" are n X n matrices.
1

1=
(i) Conformable linear nonhomogeneous problem:

DUB(1) =A@)B(t)+I(t)B(1), t € (s1,1111], L € No,

Bt =GE")B )+ MB(t), €N,

B(r) =G@)B@t, ) +MB(t; ), t€(t,s], LEN, (1.2)
B(sS) =B(s;), €N,

| B(u)  =B,eR,

oo

where 7(-) : U (s1,t41] = R™" and M; € R™".

(iii) Conformable nonlinear non-autonomous problem:

DUB(r) =A(t)B(t)+z(t,B(1)), t € (s1,t141], [ € No,

B  =a@")B@ )+ L, 1N

B(t) =G@)B(t, )+ L, te(t,s), LEN, (1.3)
B(s[) =B(s;), [N,

B(u) =B, € R",

where z(+,B(-)) : U (s1,t141] x R" — R" and £; € R™.

Section 2 presents the basic theories and introduces the notation of non-autono-
mous conformable Cauchy matrix to present the solution of linear homogeneous
problem. Next, we derive the norm estimation about I'(¢, 1), even obtain many suf-
ficient conditions about linear equations which are asymptotically stable. In Section
3, we use the method of constant variation to present the solution of (1.2) and obtain
its asymptotical stability. Then on this basis, using the classical contracting map-
ping principle, we discuss existence and uniqueness of solution about (1.3). After
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introducing the notation of non-instantaneous impulsive differential equations Ulam-
Hyers-Rassias stability, the sufficient conditions of Ulam-Hyers-Rassias stability of
nonlinear non-instantaneous impulsive equations are also derived.

2. PRELIMINARY
SetU=[U,V]and PC(U,R") :={B:U—-R": Be C((t;,t1+1],R”), [=0,1,---,
there exists B(7; ) and B(1;"), [ =1,2,---, with B(t;) = B(;) }, where C((17,1141],
]R") is the space of all continuous functions from (#,7,1] into R” endowed with the
Chebyshev PC-norm ||B||pc := sup{||B(¢)|| : t € U}. For { = ({1, ,C,) " € R, its

n
vector norm is ||| = ¥ |§|. For a € R™", its matrix norm is ||ot|| = H%II?X |l B||.
=1 =1

Definition 1. (see [2, Definition 2.1]) The conformable derivative of B: U — R is
B(t+¢(t—U)'%) — Bt
DUB() = lim 2UTEC =W 7)) = B(0)
e—0 €
DIB(U) = lim DI B(1).

t—Ut

,t2>U 0<g<,

Remark 1. The conformable derivative ’D;a B(t) exists iff B is differentiable at ¢
and DIB(t) = (1 — U)' B'(¢) fort > U.

Definition 2. (see [2, Notation]) The conformable integral of a function B: U — R
is

3UB(1) = ﬁ; B(s) Be(s, U) — /;(s— W) B(s)ds, 1> U, 0< c< 1,

if U =0, then we write B(s, U) as B(s).

Lemma 1. A solution B € C(U,R") of

{DglfB(t) =A4(t)B(t),0<g< 1,
B(s) =B, t>s5>U.
is
B(t) = E(t,s)By,

where E(-,-) is the Cauchy matrix for s; < s <t <.

Set ||E(t,5)|| < & 1A@NO-W"46 4 ¢ (5 1, 1]and & = max ||4(1)].
t€(sytre1]

Theorem 1. Set B(t,s,B;) as the solution of (1.1) with B(s) = B,. Then
B(t) :=B(t,s,B;) =I'(t,5)Bs, U<s<t,
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where T'(-,-) is

(E<[,S), I,s € (Slutl-i-l]a leNO;
GO (s), t,s € (11,81], LEN;
x(Ut)

C)((‘ll,t)(t) I1 [‘E(tbsl—l)cl—l(s[__])]E(tX(‘ll,S)—H75)7
I=x(U,s)+2

5 € (Sy(ars) < ty(ws)+1)s T E€ (y(w)> Sy(unls
x(Uyt)
I=x(U,s)+2
s € (Sx(‘u,s) < tx(‘ll,s)+l}v re (Sx(‘ll,t)vtx(‘u,t)Jrl];
xX(Ut)
I=x(U,s)+1

$ € (ty(us) Sy(us))> € (Sy(w) by wn+115
wan o
Cuun(t) 11 [h"'(tlysl—l)cl—l(5171)]Ix(u7s)(s)7

I=x(U,s)+1

5 € (by(a) Sy(ws))s 1 € (g Sy(un)]-

E(tsy(un) Gy Sy qrpy) - 11 [E(U,Spl)&q(s;l)]l,z(;m

E(tsy(un) Gy (Syarny) I (& s-1) Goi (5,2 )1E(fy(as)+159),

in which x(U,t) is the number of the impulsive points between U and t. When

X({uvt)_l
x(U,t) =x(U,s), wehave T[] =E, where E is the identity matrix.
l:X(ﬂas)
In particular with s = U,

B(t) :=B(t,U,By) =T(t, U)By

'E(l‘, ‘U)gru, t e (S(),ll];

w(Ur) e
C)((‘ll,t)(t) [T [E,si-1)G-1(s_)]E(t1, U) Ba,

=41f€ (tx(‘u,t)asx(‘u,t)];
X

re (Sx(‘ll,t)7tx(u,t)+1]'

Proof. Case 1: x(U,t) =x(U,s).
(i) Consider any #,s € (s7,t;41], I € No.
Ift € (U1,

Next, fort,s € (s1,12],

()
E(fasx(ﬂ.,z))cx(u,z)(S,Z(m)) 1[12 (E(tr,51-1)C—1(s,_,)]E(t1, U) Bus,

2.1
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B(s) = E(s,s1)By, -
Summarizing, we obtain that
I(t,s) =Z(t,s).
(ii) Consider any t,s € (1;,5], [ €N,
B(t) = G(1)B(t,),
B(s) = Gi(s)B(1),
s T(t,5) = G(1) G\ (s).

(iii) Consider any s € (ty(g14),Sy(w,)) and any 1 € (Sy(w) by(w)+1)»
B(r) = E(t Sy(u )3(52—(11,))

[I]

(t, Sy (Lt )Cx (1) (sx ‘u,t))Cx_(rluJ) (s)B(s),
SO
L(,5) = E(t, sy(a10)) Gyawn) (Sx(w) Gy, (5)-
Case 2: x(U,t) =x(U,s)+ 1.
(i) Consider any s € (sy(a1,5),ty(11,5)+1] and any ¢ € (ty(w), Sy(un s
B(t) = Cyarr) (1) Bty q14) = Cyaun) ()E (By(21),5) B(s),
SO
[(t,s) = Cx(‘u,z) (I)E(tx(‘u,t)»s)-

(ii) Consider any s € (Sy(q1,5), ty(w,s)+1) and any t € (Sy g1y by(w)+1)»

9] /'\

B(t) = E(t,Sy(us )Q%(s;((u[))
= E(t,s )CX () (SX )B(t (‘Ut))
= E(t,sy(un) Cuan) Sy ) E (g, 8) Bls),

SO
L(t,5) = E(t, sy () Gy (s;(uvt))E(sx(w),s).
(iii) Consider any s € (ty (1), Sy(1,5)) and any t € (ty(q11), Sy ()l
B(1) = Gy (VBlr )
= Gy(ar) (1) E(
= Gy(un) (1) E(

Iy Sy( ‘UA))Q;(S;(QS))

(]

SO

L(t,5) = Gyaun) (OE () Sy(us) Cuaws) Sy(s)) Gy (9)-

(iv) Consider any s € (ty(q1.5),Sy(u,s)] and any ¢ € (Sy(a)>by(w)+1]s
B(t) = E(I7Sx(u,t))$(sz(u7,))

y(aaa)sSx(1.5)) Gets) (Sy(11.)) Gy (8) B(),

731
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(t,5(210)) Gu) (Sya)
(t,5y(20)) Gy (Sy (1))
(t»sx(ﬂt )Cl( )

Il
(1

o)

(ZQZ(HJ)>

(t(eta) Sy(a15)) B8y 1))

[I]
[I]

[I] Q

I
Q3]

by(ae) s S(ats)) Cus) (Sy(a.5)) Gy (8) B(5)
SO
[(t,5) = E(t, sy () Gyl (S;?(w))
Case 3: x(U,t) =x(U,s)+2.
(i) Consider any s € (sx(fu’s),tx(ru?s)ﬂ] and any ¢ € (lx(fu,z);sx(‘ll.,t)],

B(t) = Gyun (1) Bty q1,))

(]

(tx( Ut) s Sx(U,s) ) Cu(ts) (Sx(‘u,s) ) Cx_( }U7s) ().

= Gyuy) (I)E([x Ut) > Sy (Us)+ 1)3(32(11,3)“)
= Cy(uy) (I)E(tx Ut)» Sy (Us)+ 1)Gx(u,s)+| (S;(‘Zl,s)+l)$(t);(‘u,s)+l)
= Gy (O)E(by(w)> Sy(w,s)+ 1)Cs%(m)+1(S;(u,s)H)E(fx(ﬂ,s)H,S)QS(S)a

SO
[(t,s) = Gy (t)E(tx(‘u,t)7Sx(‘u,s)+1)csx(m)+l (s;(ﬂ7s)+])E(IX(‘U,S)Jrl?s)'
(ii) Consider any s € (Sy(qz,)s ty(w,s)+1) and any 1 € (Sy(w), by(w)+1)»
B(r) = E(, sy(a1,0)) B(s +( )

[I]

(t, sy (s )Csx m)(S;(u, )B(t (fa,t))
(s Sy(2.)) Coggann) (S Ex(ar) s Sy(ann) 1) B(Syiar 1)
(155001) G 500 2l
X Cx ) l(sx us)+1)@( x_(‘ll,s)-i-l)
= E(1,5y(210)) Coyrary) (55 Sx(L) VE(ty(ww)s Sy(at)—1)

X C)( Ut)— ( ﬂy)+l) (tX(US)+1’ )Q;(S)v

[I]

I
]
[x]

(2t) > Sy(TUt)—1)

~

SO

[(t,s) = E(t, sx(‘th))CsX w) (s;(rut))g(tx(fur) Sx(‘a,z)—l)
XCxuz ‘le+1) ( us+17)
(iii) Consider any s € (tx(‘u 5) x(‘lls)] and any ¢ € ([x(’u 1) Sx(‘llt)]

B(1) = Gy ()Bliy; )

= Cy(us (I)E(tx(zu s Sy (Us)+ ])Q(S;(us) )
- Cx Ut (t)E(tx Ut) s Sx(Uys)+ I)Cx(u $)+ 1( X(ﬂs)ﬂ)g(t;(ﬂ,s)ﬂ)
- Cx Uyt (t)E(tx Ut) s Sx(U,s)+ I)Cx(ﬂ,s)ﬂ( X(ﬂ7s)+1)E(tx(‘a,x)H»Sx(u,s))
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x
= Gy ()E(By(ar)s Sy(ws)+1) Cutrs)+1 Sy qr.5) 41 E () 415 Sy(21,5))
X Gu(tts) (Sygaus)) Cyfas) (8) B(S):

SO

- ~1
X Cy(a1,5) (Sx(‘U,S))CX(ﬂ,S) (s).
(iv) Consider any s € (ty(q15),Sy(u,s)] and any ¢ € (Sy(q)>ty()+1]s

B(s7

:4

E(ty(as)+15Sx(w5)) Cultes) (Syransy) Coans) (8) B(S),
SO
L(t,5) = Gyraun (Syar0) Bty (awn) Sy(ars)+1) Cyars)+1(8y 1 5) 1)

X E(ty(aws) 11> 5x(1s) Cutt) (Syarsy) Gy (8-

Case 4: General kinds of ¢ (U,¢) and (U, s).
(i) Consider any s € (ty(1,5), Sy(11,5)) and any t € (Sy(q1)s by(ws)+1)»

x(Uyt)

[(t,s) = E([asx(‘ll,t))cx(‘ll,t) (5;(117;)) H [E(tlasl—l)cl—l(sl__l)]Cx_(IU’S) (s)-
I=x(U,s)+1

(ii) Consider any s € (sx(uvs),tx(u’s”]] and any ¢ € (IX(HJ)’SX('UJ)]’
x(Ut)

L(t,5) = Cuun(®) [ [E,s-1)Go1(s_)]E (g ars)41,5)-
I=x(U,s)+2
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(iii) Consider any s € (Sx(ﬂ7s)7tx(ﬂ7s)+]] and any ¢ € (SX(‘UJ)’ZX(’U-,[)'*‘I}’

x(Ust)

L(t,s) = E(tsyan) G Syy) - TT (B s21) Goa (s D)E (g +1,5)-
I=x(U,s)+2

(iv) Consider any s € (tx(ﬂ’s),sx(ﬂ’s)] and any 7 € (tx(ut),sx(ﬂ’,)],

x(Ust)

L(t,s) = Gun@) [T [Elsim1) G105 Cyapg (5)-
I=x(U,s)+1

Thus I'(z,s) can be written in the form:

E(t,s), t,s € (s1,t141], I € No;

G()C 7 (s), t,5 € (t1,51), L EN;;
xao o
Cx(‘l],t)(t) I1 [L(tlyslfl)clfl(31_1)]':'(tx(‘ll,s)+l,S),
I=x(U,s)+2
s € (Sx(‘lLs) < l‘x(‘u,s)HL re (tx(‘ll,t)asx(‘ll,t)];
_ B x(ue) o
:'(t’s%(‘u,t))q((‘uJ)(sx(ra,t))lix(l‘z} )+2[:'(tluslfl)a71(slfl)]‘:‘(tx(‘ll,s)+lus)u
$ € (Sy(us) < ty(us)+1)s € (Sy(a) byw+115
x(Uyt)
E(t7sx(u7t))Cx(fa,t)@;(ﬂ,,))l (EI )+1[E(t1,sl_1)6}_1(Slil)]C{(‘lu’S)(S),
=x(U,s
s e (tx(‘ll,s)vsx(‘u,s)]a re (sx(‘ll,t)7tx(ﬂ,t)+1];
xan B o
Cx(fu,t)(t) I1 [':'(tlysl—l)Cl—l(sl_l)]cx(us) (S),

I=x(U,s)+1
$ € (ty(as) Sy(ws)], T E (y(wn s Sy(wn)s

and I'(-,) is called non-autonomous conformable Cauchy matrix. U
Definition 3. (1.1) is exponentially stable if there are ¢; > 1 and ¢, > 0 satisfying
ID(t,5)|| < cre™ =), u<s<t.
Lemma 2. (see [/0]) Let a nonnegative piecewise continuous function B(t) sat-
isfies the inequality
t
B(1) < B+/ V) Bs)ds+ Y wBE ), [=0,1,-,m,
u U<<t

where B > 0, oy, v(t) > 0, t; are the first kind discontinuity points of the function
B(t). Then the following estimate holds:

B(t) <B [ (1+a)efa’®.

U<t <t
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3. LINEAR HOMOGENEOUS PROBLEM

In this section, we present the stability of linear homogeneous problem.
Let & = maxg;.
& =maxg

Lemma 3. For any t € (Sy(w,)»ty(us+1], there is

S [((t=U)S—(sy(qup—U)S +X(ﬂ'zt)7l u)s
TG, )| Seg[((t Vo= (sgun =W+ X (1= H 1aGs)
and for any t € (ty(qs),Sy(uy)], there is
g M , x(Uit)—1
2 Y (1 —Ws—(si—U)%) _
I, W) <e* = ICuunOIl TT NG
=1

Proof. By (2.1), for any t € (Sy(w,)»ty(u,)+1]s
x(Ut)

10, W) = 12, sy(2.) Gy (Syar) II:! [E(tr,s1-1) G—1(s,_)]E(t1, U) |
& (s xX(Ut)
Sew((t—ﬂ) (Sy(w0)— HCX uz))H H [e%’((tz—ﬂ)@—(szfl—ﬂ)@)
[=2
b,
Xl Gatsi e~
(= 25— (s W) % (1)
<e* ’ =0 H 1G(s;)
For any 7 € (tx(ru’t),sx(u’t)],
x(Ut)
IT(t, W) = | Cyeaun (@) TT [Ets1-1) G-1 (57|20, W)
=2

oL (- )

M - — Vet
<N Guaun @Il TT [e: G () e s
=2

x(Ut)-1
& Y ((n—ws—(s—u)) x(Wt)—1 B
se = G un® TT GG
=1

O

Definition 4. The solution B(¢) of (1.1) is locally asymptotically stable if there
exists & > 0 such that || By|| < §, it holds
lim || B(t, U, Bu)|| = 0.
t—ro0

If 3 is arbitrary, then B(t) is globally asymptotically stable.
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For the next theorem, we assume that s; and #;, | satisfy
(ll+1—ﬂ)g—(S[—u)g§n < oo, l:071727'”
and define { = sup max [|G(?)||.

I>1 1€t
Theorem 2. Assume that (3.1) holds. If
n

1
—+-In{ <0,
¢ & ¢

then (1.1) is asymptotically stable.

Proof. Combining Lemma 3 with (3.1), one has

€ 3 3 B x(Up)—1 B o
I, )| < eg[((t W (syun =W+ - (1= U= (5= U)F)]
S-S (- W)+ B )
<e® ’ =0 (;X(‘UJ)
< o B (U +InG)
By (3.2), there is
S3+eng) <1,
) . .
n n
lim |1, )| < ee MUNCTHIG g
—»00
Theorem 3. Suppose that
lim Xiglf))fl =p < oo
T W Gy~ W T (- W (- )
Ifd= % +pIn{ <0, then (1.1) is asymptotically stable.
Proof.
S-S~ (syqu [)7ngX("’i)*l((Im711)@7(“7“)%
IT(z, 1)) < e o g

< LW~ sy ~WIHHELG ™ (11— W) (51— 1))

CX( Uyt)

3.1

(3.2)

¢ ME(UUN =P l((t= )~ (sygaan ~WH+ELT (1~ W)= (51— %))

Using (3.3), for any enough large ¢, one has

x(Ut
(ur
(== Gogan =W L (1= (-0)9)

@

- ~— 2InC’
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Then
(L) =PI~ WS (s~ W) +ERG) ™ (11~ U~ (51~ )9)])
nCl((r— e x(’UJ)—lt S —(s)— x(U.t) -
_ el C(= )5~ (sy gz~ WL (741 = WS~ (s~ U) )]( T E—— H:z(o - l((rm—'u)@—(:,—ﬂﬁ) P)
< o SI=Us—(syun ~ WL ™ (1101~ W= (- )]
Hence,
o ST~ (s~ W) +TRG" ™ (141 - W= (51~ )9
lim |T(z, U)|| < e> Sy(u) o (s S —0.
t—roo

4. LINEAR PERTURBED PROBLEM
This section considers the stability of (1.2) by I'(-,-).
We firstly study the following problem:
DUB(1) = A(1)B(t) + j(t), t € (s1,t111], L € No,
B(t,")=G@)B(t;)+my, €N, @.1)
B(t)=Gt)B(t, )+my, t € (t1,8], LEN, '
B(s)=B(s; ), €N,

where 4(t), G(t), s1, t; are defined in (1.1), m; € R" and j € C(U,R").
Theorem 4. A solution B € PC(U R") of (4.1) with B(U) = By € R" is

141

B(t) = rtfuz;qu Z / [(t,5)j(s)(s — U ds

t X(ﬂvt)
+ [(t,5)j(s)(s — W) 'ds+ Y, T(t,s;)my
=1

Sx()
Proof. Whent € [so,t;], we set
DB(t) = A(1)B(1), 4.2)
and Lemma 1 implies that the solution of (4.2) is
B(t) =T(t,U)Bu.
Let By = @ru(l‘),
DB(t) =DIT(t, U)Bu(t) + (1, U)D Bu(t)
)+ Tt U) (1 — U)' 5By 1)
)+

and then
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) :/;F_l(s, U)j(s)(s — U 'ds + By.
Then
B(1) = T(t, U) Vrl(s, ) j(s)(s — W) ds+ By
u
=TI{(t, ‘U)Q%ru—i—/t [(t,5)j(s)(s — U ds.
u
Whent € (tl,sl],
B(t) = Ci(t)B(t; ) +my
_C](l)r(tl,ﬂ)@ﬂ‘l‘C](l)/:F(l‘], )]( )(S— )gflds—i—ml.
Whent € (Sl,l‘z],
B(t) = T(t,51)B(s1) +/t T(t,5)j(s)(s — U)\ds
— T(t,51) G ()T (11, W) By + Tt 1) G (51 / T(t1,5)j(s)(s — T)Sds
T(t,s1)m + / T(t,5)j(s)(s — WS ds
:F(t,‘ll)@ru—l-/: L(t,5)j(s)(s— ‘(,l)glds—l-/stl—‘(t,s)j(s)(s— U lds

+ F(l‘ , 81 )m1 .
If the following equality holds:

1
B(t)=T(t,U) Q%ru+ Z /Hl —U)Sds
1 X(‘uvt)
+ [(t,5)j(s)(s — U 'ds+ Y T(e,s)my,
Sx(.1) =1
fort € (Sx(‘ll.t)vtx(‘llt) 1], then
B(t) = G(t)B(t (ﬂ,)+1)+mx(Uz) 1
1141 g71
= 60 g @B+ % [ g hio)s- w0 as
Iy (u1)+1 . 1 X(‘Zl,t)
+ F(tx(u,)ﬂ,s)](s)(s—‘ll)g ds+ Z F(tx(‘u,t)Jrlvsl)ml
Sx(un) =1

+Fmynrrs € (a1 Syl
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Hence, fort € (Sx(ﬂ7t)+] 7lx(ﬂ7t)+2:|,
t

B(1) =T, sy(a0)+1) Blsy(arny+1) + (1,5)j(s) (s — W) 'ds
Sx(U)+1
= F(tasx(‘ll,t)+l)Cl(sx(‘ll,t)Jrl)F(tx(‘U,t)Jrl’ U) By
X({uvt)_l (/AN 1
+F(IaSX(‘Ll,t)Jrl)Cl(SX(‘U,t)Jrl) Z F(tx(fuz)ﬂa $)j(s)(s —U)>"ds
=0 Vs
tx(ﬂj)‘f’l . Q—l
+F(taSx(‘u,t)Jrl)Cl(sx(ﬂ,t)Jrl)/ F(tx(‘u,z)ﬂas)](s) (s—U)>ds
Sy(ur)
X(Ust)
+F(t’sx(‘ll,t)+l)a(sx(‘ll,t)+1) Z F(tx(‘u,t)ﬂvsl)ml
I=1
!
Fsgan g+ [ Ts)is)s— W ds
X(‘U,I) 1141
=I'(¢r,U)By+ Z L(t,5)j(s)(s — W) ds
=0 7t
! X(ﬂ7t)+l
+ L(t,s)j(s)(s— U 'ds+ Y, T@,s)m
Sy(a)+1 I=1
Using mathematical induction, the solution of (4.1) is:
1141
B(t) = zuclsu+ Z / [(t,5)j(s)(s — U ds

t X(u,l‘)
+ / [(t,5)j(s)(s — W) Mds+ Y T(t.s0)my
Ut =1

O
Then, the solution of (1 2) 18
41 |
B() =T U)Boy Z / T(t,5)7(s)B(s) (s — W) ds 4.3)
t X(‘U,t)
+ L(1,5)9(s)B(s)(s— W)~ 'ds+ Y T(t,5)MB(1; ).
Sx(a) =1
Theorem 5. Assume that (1.1) is exponentially stable. If
_ c
limsupM =0 < oo, supw =p < oo,
t—o0 t teU

limsup [|7(r)|| <8, limsup ||| <8,
t—>oc0 [—oo
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in which®@ , p and d satisfy
Upsilon =c; —c10p —®In(1 +J§) >0
then (1.2) is exponentially stable.
Proof. Since the exponential stability of (1.1), one has ¢; > 1 and ¢; > 0 with
I0(t,s)|| < cre =) au<s<t.
When ¢ € [Ut1,+1], lu €N, Jg = max [[J()]| , My = max || M],
(Ut e{1.2,lu}
(4.3) gives
x(W1)

H@()H<01H%H+01Ju/ 1B(s)II(s — ) ds + 1 My Z 1B()]-

With Lemma 2, we yield

(1—u)5
1B < 1| Ba| (1 + 1 M) WD)
(rlru+17[u)g
< 1| Baul| (14 ¢t My LU 70 = Cgy| B,
in which
(t]‘u+17(u)€

Cru—Cl(l—l-Ceru) x(W) Cljﬂ 3

For J(¢)|| < & and ||M;|| < & with any ¢t > #;,, and x(U,t) > g, taking the norm of
(4.3), there is

x(U
B < (e1+21)|[Bull +c18 Z / || B(s) || (s — W)s ds

I=ly V%
1 X((aat)
+c18 ecstQ;(s)H(s—‘U)gflds—i—clﬁ Z e B(1,)||
Sx(ar) 1=lq

x(U.t)
<61||f'3u||+015/ e ||B(s)||(s — W)~ 'ds+c18 Z e B,

where ¢ —C]Cru Z f”“ €| 9 (s)||(s— W) ds+c Cy Zﬂ || M|, €1 =c1+7.
1=0
Summarizing, we have
t X('UJ)
e ||B(1)]| SCH%IHQS/ e[| B(s)||(s— W s+ 18 Y, e B(;)],
a I=1

for any ¢ > U, in which ¢ = max{cy,Cqe®"u }.
According to Lemma 2, we obtain

) (-
B < (14 8K || By,
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SO .
(1— 71) (ﬂr)
1B(1)]| < ce™ (e SE -2 m0ad)r gy

Due to

—u)s x(Uy)
g — ln(l +C18)>

> —c18p—mln(1 —f—C]S) =1>0,

t
liminf <c2 — 018(
f—roo

we can find #; > U and
_ S
2 —018(t g;Zl) - X(‘ltl’t) In(1+¢18) >

for t > t;. Hence, when t > t;, we obtain

T
1B < ce™>"||Bul.

| =

O
5. NONLINEAR PROBLEM
This section presents the Ulam-Hyers-Rassias stability of (1.3).
The solution of (1.3) is:
11+1 1
B() =Tt U Byt Z / \B(s)) (s — W) \ds
x(Ut)
+/ T(t,5)2(s, B(s))(s — WS 'ds+ Y T(t,51)L 5.1)
(uy) =1

Then, we present the condition: (H;) z € C(U x R",R") and there is a £, > 0 satis-
fying:
l2(t,B1) —2(t, B)|| < LBy — B, t €U, By, B, €R™
Theorem 6. Assume that (Hy) holds. If system (1.1) is exponentially stable and
(V-

<1,
S

Lc
then (1.3) has a unique solution.
Proof. We set a mapping P : PC(U R") — PC(U,R"),

141

(PB)(1) = T(r. W By + Z / T(t,5)2(s, B(s))(s — U)>"ds

x(U.t)

+/ T(t,5)2(s, B(s)) (s — U 'ds+ Z T(t,51) L1,
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and

< /Hl |0(z,5) (s — )" [2(s,B(s)) —z(s, B(s))]||ds
=0 5
+/ T, 5) (s — W) [2(s, Bs)) — (s, B(s))] ||ds
Sl
x(Ut)—1 141
c e—c‘z(l—S) §— g_lds
§£z< l;) /S[ 1 (s—U)

t —
+ / cre” =9 (s — u)@lds> |B — B||pc
Ut

1 —
< LZ</ cr(s— ‘U)g_lds> |B— B|lpc
u
vV-u
< chl( : K 1B — B pc, (5.2)

forV B, B € PC(U,R").
Then (5.2) implies that

[(PB)(1) — (PB)(t)|| < Lo||B—B| pc,

in which
V—U)s
Ly := Q61g7
S
SO
[(PB) — (PB)|lpc < Lo B—Bllpc-
Hence, (1.3) has a unique solution. ]

Next, we refer to Ulam-Hyers-Rassias stability of (1.3).
Set€ > 0, k > 0 and u € PC(U,R.) be a nondecreasing function, and

IIQ;”Q%() A(e)B(t) —2(t,B(0))|| <eu(t), t € (s1,t141], | € No,
|B(57) ~ Gl ) B ) — Li| <ex, LEN, (5.3)
1B(t) — G(t)B(t;) — L] <ex, t € (t1,5], [EN.
Set
D:=PC'(U,R") (" C" ((s1.t141],R").
leN

Definition 5. We set a solutlon BeDof(1.3)is Ulam—Hyers -Rassias stable if for
each & > 0 and for each function B € D satisfying (5.3) with B(U) = By, , there is a
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¢z N > 0 satisfying
1B(1) — B(1)|| < covpue(u(t) +x), t € U.

Remark 2. (5.3) has a solution B € D iff there exists G € |J C! ((s1,t141],R") and
[ENy

g€ U C((1,s],R") satisfying
leN

) [GO)|| <eu(t), t€ U (si,t1], I8@)] <ex, t € U (1,81
1ENy leN

(ii) @é”%(t) — A(1)B(1) +2(t,B(1)) + G(t), t € (s1,1111], | € No;
(i) B(,") = G(,") B )+ Li+g(n), LEN;
(iv) B(t)=G(t)B(t; )+ Li+g(t), t € (t,81], LEN.

We suppose that the following conditions hold:

XUt
(Hy) o:=sup ¥ e 2uwni1=5) < oo holds.
telU I=1
(H3) There is a y > 0 satisfying

1
[ e uls) s = WF s < yule), 1 € U,

Theorem 7. Suppose that (Hy), (Hy) and (Hs) hold. If (1.1) is exponentially
stable and

N —

V—U)s
clLZmax{\p,K(g)} <1 5.4
is satisfied, then (1.3) is Ulam-Hyers-Rassias stable.

Proof. Let B(t) be a solution of (1.3) and B € D be a solution of (5.3) with

B(U) = By.
Consider
DUB(1) = A(1)B(1) +2(1,B(1)) + G(0), 1 € (s1,111], 1 € No,
B(t) = G(t7) Bty ) + Li+g(n), LN, (55)

B(t)=Gt)B(t, )+ Li+g(t), t € (tr,s1], [ EN.
The solution B(r) of (5.5) with B() = By, has the following expression:

~ (Up)-1 141 ~
B0 =T WBa+ Y [ Tt 25, Bs)) + Gls)] (s — W ds
=0 /s

" S’( Te) e BL6) + (9] 5~ 5 s
x(‘ll-,t; ~ -

+Y Tl (Li+ () = (@B)0) + (),
=1
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in which

x(Ust)
f="Y%
[=0

-1 f141

L, 9)G(s) (s W s+ / " TU,5)G(s)(s— T ds
x(Ut)

+ Z '(z,s1)8(s1)-

=1
Combining (H,) with (H3), there is

- X(’U,l)—l 1141
Irol< y / T )IIGs)II (s — T)= ' ds
=0 I
t X(U)
+/S( )HF(M)HHG(S)H(S—‘U)g’lds+ Z TG, s0) [ lg (o)l

! Urt)
§801</ 8762073).“(5)( U~ 1ds+ Z e 2li- S”K)

u I=

§801< + Z e~ 2w K+K>

< ecymax{l +607\If}( (1) +%), t € (by(an) ty(aun)+1]- (5.6)

Using (5.1) and (5.6), we get

1B(r) — B@)|| < £+ I(2B)(r) — (PB) ()|
< ecymax{1+ o, y} (u(t) +«)

—|—c1L/ 20-5)||B(s) — Bs) || (s— WS Nds.  (5.7)

Set N
B(t) — B(t
b1 s 10 = B0
reu M) +K
and combining (5.7) with (H3), one has

I

1B(t) — B(r) | < ecy max{1+ o, y} (u(t) +x)
+e1 LA(V) /; e (u(r) +x) (s — U)S ds

< ecymax{1+ o, y} (u(t) +«)
+c1 Lh(V) [W(z) + [; ke 20=) (s — 11)S ds

< ecymax{1+ o, y} (u(t) +«)
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e Lh(V) [w(r)m“"f’)g]

< ecymax{1+ o, y} (u(t) + )

(V- )

. Fu@)+x), teU. (5.8

+c1£zh(‘l/)max{\|!,l<

(5.8) implies

(V-1u)*
h(V) < ecymax{l + ®,y} + ¢; LA(V) max W,K? .
Then,
1
<o o on)
1 —cllﬂnax{\p,K c }
SO
~ cimax{l+ o,y
1B() ~ B(1)| < UEOY) () +x)
1 —clemax{\u,K < }
<conge(u(t)+x), 1€, (5.9)
_ c; max{14+o,y}
and CZ7N7# - lfcl_[,z]max{\v’](%} > O
Since (5.9) is satisfied for any ¥ > 0, (1.3) is Ulam-Hyers-Rassias stable. O

Example 1. Wesetso=U=3,1=2, V=20,6=1%, si=1+3, 11 =1+2, 1=
1,2,---, and

1 1 1 t—4

Ly 0 36 T 30 0

a(s) — 2 (1 =s1) N=[ 207205 -

() ( 0 %(I—S[) ) Cl() 0 210+210t 1] )

si—1

@ﬂ:(é), z<z,as<r>>:(°5§’c§§2§?(§”>’ Ll:<(1)>'

Now x(U,t) = [t] —2. For sy g <t <ty(ap)+1 and Sy(qr) <8 <ty 41, XU t) >
x(U,s), there is

(t—1)2 —(sy(upn—1)2 . .
F<t?s>§ e 1 Ly ; (10 1 )
0 o3 =12 =3 (syun—1)? 0 L
x(Ust) -
< 1 (1064 0 >
11
=(tus+2 \ 0 1oe
e(l‘x(ﬂ,s)ﬁ—l)%_(s_l)% .
X
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Hence

The system is exponentially stable with ¢c; =In10 — % and ¢c; = e 1043
Note

) 1 . ew
sup Z e~ In10—3)(x(Ut)+2-1-3) <
€U =1 | —esInl0
J-n10
so (H3) holds and ® < le_e;lnlo.
Let u(t) = ti, k=1, and we have
L (n10-1)(-s) 3 1 " n10-1)s i ti
/ e~ In10=3)(=9) 52572 4 :/ eIM0=0) (=D g5 < - < o
so (H3) holds with y = lnléf%'
Then,
V—-Us 2420
LZK( S — <1,
e
so (1.3) has a unique solution from Theorem 6.
Also,
(V-1u)*
Lzmax v, K? < 1,

and (5.4) are satisfied.
Theorem 7 implies that (1.3) is Ulam-Hyers-Rassias stable with

ZII—InIO

In10+4/ e 2
cymax{l + o, y} ¢ 2(1%%—'“'0 +1)
CzNu= (V—1)e == mior L = 26.87.
1 — ¢ L;max {y, K - } 1_2\/27)5772
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