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EXISTENCE AND STABILITY OF SOLUTIONS FOR CAPUTO
FRACTIONAL DIFFERENTIAL EQUATION THROUGH BIELECKI
METRIC
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Abstract. In this paper, we have shown that, by considering the Caputo fractional differential
equation and Bielecki norm, the existence and uniqueness of solution for Cauchy problem is
established using Banach fixed point theorem and further demonstrate the existence of solution
without the Lipschitz condition utilizing the Schauder fixed point theorem. Furthermore, under
the condition of existence and uniqueness of solution for Caputo fractional differential equation,
we present some results about the error estimation, local approximation of solutions and the
Ulam-Hyers-Rassias stability. Finally, we provide a numerical example to verify the theoretical
results about error estimation.
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1. INTRODUCTION

Fractional calculus has significantly attracted attention in theories [7,12,19,21,22]
and applications [10, 13, 14], owing to their accuracy and effectiveness in describing
memory processes, power law phenomena and others. However, solving fractional
differential equations still faces substantial challenges. Therefore, many scholars
have focused on two main aspects of solving these equations. On the one hand,
authors have focused on utilizing numerical and analytical approaches to derive ap-
proximate solutions for fractional differential equations, which include Picard’s it-
erative method [2], Adams-type predictor—corrector method [5], radial basis func-
tions [0], variational iteration method [20], wavelet method [!] and others. On the
other hand,some scholars have applied fixed point theorem to analyze diverse types
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of fractional differential equations and demonstrate the existence and uniqueness of
solutions under different definition of fractional derivative [3,4, 8, 18].

Ulam-Hyers stability, being one of the most active research topics in differential
equations, has acquired a series of results. Li et al. [8] demonstrate the existence and
uniqueness of solution and Ulam-Hyers and Ulam-Hyers-Rassias stability for con-
formable fractional differential equation on finite and infinite time intervals. Liu et
al. [9] studied the Ulam-Hyers stability for the linear Caputo-Fabrizio fractional dif-
ferential equations with the Mittag-Leffler kernel. Wang et al. [16] prove the Ulam-
Hyers stability and Ulam-Hyers-Rassias stability using Laplace transform method in
terms of Caputo linear fractional differential equations.

Most papers are concerned with the existence and uniqueness of solution for the
Caputo fractional differential equation in Banach space, where the solution is given
in the sense of all continuous functions with the maximum norm. Thus, motivated by

[8,11,17], the objective of this paper is to consider the following Cauchy problem of
Caputo type fractional differential equation:
‘D% = f(x,y)

7 xel=0,al, 1.1

{ ¥(0) = yo, 0,4] (a-h

where a > 0, y € R™, the operator ‘D represents the Caputo fractional derivative of
order o, o € (0,1). The function f : I x R™ — R™ is continuous.

In the following, by using the Bielecki norm, we show the existence and unique-
ness of solution to Caputo fractional differential equation via the Banach fixed point
theorem and Schauder fixed point theorem. Further, under the condition of the exist-
ence and uniqueness of solution, we present the results about error estimation, local
approximation of solutions and Ulam-Hyers-Rassias stability.

2. PRELIMINARIES
Throughout this paper, we use R™ to denote m-dimensional Euclidean space,

1
where the norm is defined as ||§|| = ( " |§,|2) " and & € R™. Moreover, let C([a, b])

be Banach space consisting of all continuous functions from [a,b] into R endowed
with the Bielecki norm ||u|, = max e ||u(t)||, where 0 < a < b < oo and A > 0.

)

Definition 1 (see [7]). The fractional integral of order a > 0 with the lower limit
zero for a function y is defined as

1

90 = gy ) 9" v(os,

provided the right side is point-wise defined on [0,e), where I'(-) is the gamma
function.
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Definition 2 (see [7]). For o > 0 and y : (0,00) — R, the Caputo fractional deriv-

ative of y is given by
1 X
‘p* _ / _ yn—a—1_(n) d
Y0 = gy G s

where n € Nsuchthatn—1 < a < n.

Lemma 1 (see [7]). The solution of Cauchy problem (1.1) is equivalent to the
solution of the second kind of Volterra integral equation

1 * a—1
= — — ds. 2.1
Y0 =30+ gy ) (9% (s y(s))as e
Definition 3 (see [15]). If for each function y satisfying
‘Dy(x) = fxy)| < 9(x),  x € a,b],
there is a solution J(x) of the Caputo fractional differential equation (1.1) and a con-
stant C > 0 such that

y(x) = $(x)| < Co(x), x € [a,b],
where @ : [a,b] — (0,4-e0) is a nonnegative continuous function, then we say that the
Caputo fractional differential equation (1.1) has the Ulam-Hyers-Rassias stability.

3. RESULTS FOR EXISTENCE OF SOLUTION

To get our conclusions, we need to introduce the following assumptions.

Al Let f: Go CIxR"™ — R" be continuous function and satisfy equation (1.1),
where

Go={(x,y) €I xR":0<x<a,lly—yol <b},
a>0,b>0and yg € R™. Then there exists a L > 0 such that
[1£Ce,y1) = fFOey2)ll < Lllyr —y2ll,  Vyi,y2 € R™.

A2 Let g: Gy — R™ be continuous function. Then there exists a monotone func-
tion p : I — R™ such that

1/ (x,y) —g(x,y) | < p(x), V(xy) eI xR"™
A3 Let ®,%¥, : Gp — R™ be continuous functions and n € N*. & and ¥,, are
Lipschitz with respect to second argument, i.e.
[@(x,y1) = P(x,y2)[| < Lillyr =2,
and
[Wn(x,y1) = Wn(x,32) || < La|ly1 —y2l|,

where Li,L, > 0.
A4 The sequence (‘¥,,),~ uniformly converges to ¥ over the domain Gy.
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Let IV P, and IV P be notations of following Caputo fractional differential equa-
tions, i.e.
‘D% =W (x,y) + P (x,y) +
IVP, ’ 7 neNT,
( n) { y(O) = Yo,

and
‘D% =¥(x,y) + P(x,y)
IVP ’ 0
(vP) { ¥(0) = o
Next, we first present the existence and uniqueness of solution to the Cauchy problem
for Caputo fractional differential equation in the sense of Bielecki norm.

Theorem 1. Assume that [Al] is true. Then the equation (1.1) possess a unique

1
solution defined on |x| < ho, where hop = min {a, {hr(]?;l)} * } and M = ( Sl)lp I|.f (2, ) |-
x,y)€Go

Proof. According to Lemma 1, we know that the solution of equation (1.1) is
equivalent to the solution of following Volterra integral equation

1

Y0 =0+ gy ) 9 (s, Il < ho

Here, we choose the Banach space consisting of all continuous functions on |x| <
ho. The initial value problem equation (1.1) for the case where x € [0,hg] := I are
discussed. Then we define the operator 7 : C(Iy) — C(lp),

1 X
T = —_— —s5)%! ds.
(19)(3) =0+ gy (9% (5. v(s))s
By direct calculation, we have
_ oc 1
[Ty —yoll» < r meal(fe H/ f(s,y(s))ds
M —Ax a—1
< F( )I)ICIEE}())(e /0 (x—5)""ds
Mhd o Mhd

< — < —
STla+1) veh e STlorl) =

For all y;,y, € C(ly), we obtain

7515 = T2 = || s | (=) (51 () = 5329
< g b G I ) = (o) ds
< (1 L= i (9) =) s
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Further, we get

1731~ Toall = g maxe™ [ (x=9)%1e™ 1 () = (o) | ds
xEI()
L||Y1 yalla [T -
<= S(x—s)*"'d 3.1
@) max e A e (x—s) s (3.1)
Llly1 —y2(l
< — e =By —y2llxs
3.2)
since
X
/ M (x—s) 1ds—e"”‘/ 1% le™Mdr = M0 / e "dr
0
M
I'a
< M / “lergr="¢ N’E )
Here, we choose the appropriate A such that 0 < 3 < 1. Thus the operator T is a
contraction via the Bielecki norm || - || on C(Iy), which demonstrate the equation
(1.1) possess a unique solution defined on . U

In the following, we shall use the Schauder fixed point theorem to demonstrate the
existence of solution for Caputo fractional differential equation without the Lipschitz
condition.

Theorem 2. Assume that f(-,-) is a continuous function defined on Gy. Then, the
equation (1.1) has at least one solution.

Proof. Similar operator T can be established in Theorem 1 and we will divide our
demonstration into several procedures.

Step 1: T is continuous.

Let u, be a sequence such that u, — u in C(I). For all x € I, we obtain that

I7a0) = Tl = e | [ 6= (Flssa(s)) = flss(5)))ds

0

1
I'(at)
1

S /Ox(x_S)a—le%se—ls(f(s,un(s)) — f(s,u(s)))ds

< Le“llf(»w(ii—f(uM('))llx'

Further, we have

LIFCoun() = fCu())lln
A0

since || f(-,un(-)) — f(-,u(-))|| — 0. This shows the fact that operator T is continu-

ous.

HTun—TuH;LS —0
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Step 2: T maps bounded sets into bounded sets of C([).

|Tu)] < ||yo|r+({“) [ =9 pls,uts))as
< Iboll+ gy | =51 ] < Iowl+ -
where M = sup || f(x,y(x))||. Further, we have
(x.y)€Go
7l < ol + 77

Step 3: T maps bounded sets into equicontinuous sets in C(I).
Let x;,x> € I, with 0 < x; < x5 < h. Thus, we have following results

| Tu(xr) - Tu(ez) | = F(la) [ = plsuts))ds
= [ =9 fsul)ds
< M o o
> m Iy — 7.

It is obvious that the right-hand side of above inequality tends to zero as x; — xp.

Thus, the operator 7 is equicontinuous.

By combined with Step 1 — 3, the operator 7" is completely continuous with the
Arzela-Ascoli theorem. Further, based on the Schauder fixed point theorem, the
operator T has a fixed point corresponding to a solution for (1.1). The proof is fin-

ished.

Under the condition of the Bielecki metric, we present the corollary about the prior

and posterior error estimate by using the Picard iteration.

Corollary 1. Let (C(I),]| - ||5) be a complete metric space and assume that [Al]

holds. Then the prior and posterior error estimate are present as follows

d(yn,y") = md()’om)v Vn>0,yeC(I),

and
d(yn,y") = md@n—la)’n)a
» Vx,y € C(I), and y* is a unique fixed point.

where d(x,y) = ||[x—y
Proof. By Lemma 1, we construct the Picard iteration
1

) = 00+ Frey /0 (x— )% £(5,3n1(s))ds,
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and define the operator S : C(I) — C(I) by
1 X

S = —_— — ) ! ds.

(900 =0+ gy [, (9% F(s.5(s))ds
Notice that, by (3.1), y, = S(y,—1), we have

d(y1.y2) = d(Syo,5y1) < Bd(y0.y1).
Thus, we deduce that
d(ynuyﬂ+l) S Bnd(y()ayl))

and
n+p—1 n+p—1
dnynip) < Y, doeyis) <Y Bd(vo.y1)
k=n k=n
Bl’l
<1 Bd(yom), Vn,p €N,p>0.
Finally, as p — oo, we obtain that
Bn Ln
* : _
d(yn,y") :[}E}}od(ynvyn—l-p) < qd()’oy)’l) = md(YO7YI)7 Vn > 0.

Let us notice that by (3.1), we have

d()’n+l>)’n) < Bd(ynaynfl)a

and by induction,

dnik—1,Ynik) < B*d(nyyn_1).
Then we get

A0 neg) < (B4 B 4 B0 100) < 11

By letting p — o, we get

L

p
d(ynv))n+p) < qd(ynflayn) = Wd(ynfla)’n)-

—L
O

Remark 1.

(i) The result of prior and posterior estimate indicate that the approximation
error of the nth iteration starting from the initial value yg is determined by
the Lipschitz coefficient, the parameter A, and the initial displacement.

(i) The posterior estimate provides a direct stopping criterion for Picard iteration
approximation of the fixed point, while the prior estimate indirectly gives a
stopping criterion.

(iii) The Picard iteration shows the rate of convergence is linear.

(iv) In most cases, the definition of (3.1) is locally satisfied on the whole space

c().
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Then we present the sufficient condition to the error estimation of solutions for
Cauchy problem of Caputo fractional differential equations.

Theorem 3. Assume that [A1] and [A2] are satisfied, then we have the error estim-
ation
h{A*P

— < 0<x<h
Hl/l VHK— F((X,-Fl)(}\,OL—L)’ >X>n,

1
where 0 < hy < min { [trteen) e } P = max [p(ol, My = max {[£(x)]|.
€[0,h;
llg(x,y)||} and u,v are solutions satisfying equation (1.1) with respect to f,g.

Proof. By Lemma 1, by using the equivalent Volterra integral equations (2.1), we
define the operators A,B : C(I) — C(I) by

1 x o
() () =0+ gy, =9 s u(s)as,

Lo
(Bv)(x) 32Y0+w/() (x— )" g(s,v(s))ds.

Draw on the Theorem 1, the existence of a solution is guaranteed by the continuous
conditions on f and g. The domain Gy turns into Gy, i.e.

G = {(x,y) el xR™:0 <x< h1>||y_y0|| < b}7

1
where 4| = min { a, [%ﬁl)} ¢ } We can write the initial value problems of Caputo

fractional differential equations as fixed points u = Au,v = Bv,u,v € C(I}). By using
the assumption [A2], we have following inequalities

Hr(loo/ox<x—s>°°—1<f<s,y<s>>—g(s,y<s>>>ds

|4y(x) — By(x)|| =

< o = U s9) — el s
1 * a—1
SF(O()/) (x—5)*""p(s)ds.
Further, we get
|Ay — Byl|, = mg}xe M/ s

<P axe Myt < LXP (33)
“I(o+1) xen F(a+1)’ '
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where P = max |p(x)|- By (3.1), we have
xX€l

Lilyr—y2
[Ay1 — A2l < w =By —y2lly- (34

The choice of B is similar to Theorem 1. Then we combine (3.3) and (3.4) to obtain
following results
[Ju =l = l[Au— Byl < [[Au—Av[], +[|Av = Bv]];
Llu—vly h§P h{A*P
< + < .
A% INo+1) ~ T'(a+1)(A*—L)

O

By using above approach, we investigate the local approximation of solutions for
a class of Cauchy problems based on IV P, and IV P.

Theorem 4. Assume that [A3] and [A4] are satisfied, then the Cauchy problem of
Caputo fractional differential equation (IV P) has (locally) a unique solution.

Proof. Under the condition of Theorem 1, the Cauchy problem (IVP) has at least
one solution. Further, we can deduce from [A4] that sequence (W¥,),~, is uniformly
bounded such that N

Wl <Ma, [P <My, Vn>1,

for some M > 0. Let u,, and u be solutions with respect to IV P, and IV P. It is shown
that the problem (IV P,) possess a unique solution u,, which defined on

uy: (0,hp) — R,

bI(a+1)

1
A } * } The domain Gy turns into G, and we keep the

where /i, = min {a, [
same notations in Theorem 3, i.e.
G2 = {(x,y) €eh XRm:OSXShzv ”y_yOH Sb}’
and
flxy) =Walx,y) +@(x,y), g(x,y) =¥ (x,y)+P(x,y).
Further, by using the assumption [A3], we derive the results from f and g, i.e.
1 f(e,y1) = Fe )l = (|P(x,31) +Walx,y1) — P(x,y2) — Fnlx, 32) |
< (L1 +Lo) |yt = 2|l

where (x,y1), (x,y2) € G, and

1£(x,3) — g, )| = [¥nlx,y) — P(x,¥)]]-
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Within the framework of Theorem 3, we obtain following results between IV P, and
IVP

X
|Au, — Aulf, = =" maxe ™ [ ™ (x—5)*Te™ ||u,(s) — u(s)|| ds

= () en

[[sn = ul
o Y

o (Li+Lo) ||y —ully xx/ M(x—5)% ds (3.5)

IN
> (=

and

|Au— Bul|, = m X e 7“"/ M(x =) e™ || W, — || ds

XEIZ

H‘P 1% —"ll, e [ s gyt ¥ — Pl
< < IZn— 7 .
= (o) en” / = G0

By virtue of (3.5) and (3.6), we obtain that

Han - ‘PHK
— <ee——F—, Vxe(0,h).
Finally, as n — oo, we obtain uniform convergence that
u= lim u,,
n—oo

which demonstrates the uniqueness of u. g

4. RESULTS FOR ULAM-HYERS-RASSIAS STABILITY
Theorem 5. Assume that [A1] and [A2] are satisfied. If y € C(I) is such that
D% (x) = f(x, )] < 0(x).

Then there is a unique solution ¥ € C(I) satisfying equation (1.1) and

o

A
ly(0) =30l < 55—7 90),  xel. 4.1)

This implies that equation (1.1) exhibits Hyers-Ulam-Rassias stability under the afore-
mentioned condition.

Proof. Applying the Lemma 1, the equivalent integral equation for (1.1) is con-
structed and define the same operator T in Theorem 1. Further, for any u,v € C(I),
we have

L
Tu=Tvlly < ol —vil
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By choosing large enough parameter A, then the operator T is strictly contractive
in C(I). Thus, the equation (1.1) is Ulam-Hyers-Rassis stability. Further, by the
Bielecki metric in C(I), we have

d(TuTv) < =),

for any u.v € C(I). Based on the above inequality, we obtain
. " L "
d(».9) <d(y.Ty) +d(1y,9) = d (3 Ty) + 55d(%.)-

Further, we have following results

o

d(y,y) < dy,Ty).
09) < 55740 )
Thus, the result of (4.1) is obtained. ]

Remark 2. 1f @(+) is a constant function in Theorem 5, we say that the equation
(1.1) has the Ulam-Hyers stability.

5. AN EXAMPLE

We consider the Cauchy problems of following Caputo fractional differential equa-

tions
Dy = x Dy =x—y
" and ’ 5.1
{ ¥(0) =0, { ¥(0) =0, e-D
where the domain is defined by
1
G:{(x,y)G]Rx]R:Ong 1,0§y§2}.

We denote

f(xvy):xa g(xvy):x_ya
and let # and v be solutions with respect to f and g. The fractional differential equa-
tions (5.1) satisfy the following conditions

1 1 . T
A=10000, =2, L=, h—mm{l,ﬁ}.

Then we obtain the difference with respect to f and g,
1
[ (ey) =g y)l =Dl < 5.
Setting p(x) = % and combining with Theorem 3, we observe that
lu—v||; <0.2512562.

The numerical results for the equations (5.1) are presented in Figure 1.
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081

——F1:f(xy)
07F —F2:g(xy)

06

FIGURE 1. Error estimation of numerical result by (5.1).
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